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Abstract

The explicit algebraic Reynolds stress models are obtained from second-order closure models that are valid for
three-dimensional turbulent flows in non-inertial frames. The purpose of this present research is to simplify the
development of the Reynolds stress anisotropy tensor. This anisotropy stress tensor has seven scalar coefficients
and has seven tensor polynomial groups that are the integrity basis for the functions of both symmetric and
antisymmetric tensors. This research will also explicitly determine the six independent invariants of the mean
strain rate tensor and of the mean rotation rate tensor. The resulting algebraic equation for the anisotropy tensor
depends on the choice of the model that is used to determine the dissipation rate and pressure-strain correlation.
These equations also represent the slow pressure strain rate and an isotropic dissipation rate tensor of the Rotta
model. The results of present research can be compared with the results of Gatski and Speziale that give the
complete expression for a traceless symmetric second order tensor which depended on the symmetric and the
antisymmetric tensor that involved ten tensor polynomial groups with five independent invariants. The present
work reduces the ten tensor polynomial groups down to seven groups which drastically decreases computational
time.
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1. Introduction

Turbulent flows occur naturally in nature as well as in engineering applications on many levels. For example, in
nature one can observe turbulent flows that occur in the water below the surface of an ocean, in a river, in
atmosphere and even in the lungs of a human being. With respect to mechanical engineering, turbulent flows occur
in when one drives a car, flies an airplane, cools, and heats one’s home, etc. The Navier-Stokes equation can
properly describe the details of turbulent motions (Spencer & Rivin, 1958; Spencer, 1971). The ensemble averaged
Navier-Stokes equations are often sufficient and practical to describe the turbulent motions in engineering
problems. In taking an average of the Navier-Stokes equations for turbulent flow, which is three-dimensional,
unsteady, irregular, random, and rotational one must find the Reynolds stress equation that appears in the
Navier-Stokes equation (Pope, 1975). This is accomplished by multiplying the Navier-Stokes equation by a
fluctuating property and by the time average product. Using this procedure a differential equation for the Reynolds
stress tensor can be derived (Daly & Harlow, 1970).

The purpose of the present research is to obtain the Reynolds stress anisotropy tensor for the turbulent flows by
determining the seven L; coefficients. These coefficients are based from the Reynolds stress transport equation
(Lumley, 1970). The terms of the Reynolds stress tensor are the pressure-strain correlation II; , the
dissipation-rate correlation &;, and third-order diffusion correlation Cj; , where the pressure-strain correlation
I1;; is a function related to the anisotropy tensor by, the turbulent kinetic energy K, the scalar turbulent dissipation
rates & , Aj; and Mjjq; Ajj and Mg are actually functions, in time and are wave-number spaces, of the energy
spectrum tensor (Launder, Reece, & Rodi, 1975). The model for the pressure-strain correlation can be written in
equivalent form as a function of the anisotropy tensor bj;, the mean strain rate tensor S;; and the mean rotation rate

tensor Wj; (Rodi, 1996).

The anisotropy tensor b;; is a function of the pressure-strain correlation, and the main issue in obtaining this
anisotropy tensor is the determination of the seven L; coefficients, which are scalar functions, that involves seven
tensor polynomial groups with six independent invariants.

95



www.ccsenet.org/mer Mechanical Engineering Research Vol. 2, No. 1; 2012

2. Present Research

In the present research, for three dimensional turbulent flows the anisotropy tensor b;; shown as follows:

;
b; = Z Liw; @1
i=1

where w; is the integrity basis for the functions of a symmetric and antisymmetric tensor of the mean velocity
gradient and L; are scalar functions depend on the six of the irreducible invariants of S;; and Wj;. Let the integrity
basis w; as follows:

W0=I
Wi =V
Wy =V;

W3 = V3= g3 W - g3l
W4 = Vg - 435 W3 - Za1 Wi - 2401
Ws = Vs -850 W
We = Vg - Z65b Ws = Zeab W4 - Z63b W3 - Z61 W1 - Zeo |
W7 = V7 - 8750 W5 = 740 W4 - 8730 W3 - 872 W
and
Vg = 2850 Ws T Zgap W4 T Zgo W»
Vo = Zob W6 Bosb Ws + Zoab Wa T Zo3p W3 + 8o Wa + o1 W + goo |
Vio = Z1076 W7 + Z10sb Ws T Z1oab Wa + Z103b W3 T 102 W2 + Z101 Wi

where the mean strain rate tensor S;; and the mean rotation rate tensor Wj; are the symmetric and antisymmetric
parts of the mean velocity gradient tensor as follows :

Sij:l(ﬁJr&) Wij:l(@iwi)
2 & & 2 & &
Slom = trace(vyy.wy) and g;, = trace(vy.vy)
trace(w;.w;) trace(v,.v;)

I denotes the unit tensor and let v; is the functions of a symmetric and antisymmetric tensor as follows:

vi=S
v,=SW-WS
V3=82
V4:W2
vs=W S -S*W

ve=S W +W*S
v;=WSW -W'SW
vs=SWS*-S*WS
vo=W? 8%+ 8> W?
vip=W W - W*S* W

and let the six irreducible invariants of S;; and Wj; are:

[[=<8>
L=<W*>
L=<S$>
L=<SW>
L=<S*W?>
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=<’ W’ SW>
In the present research, an explicit relationship for the anisotropy tensor is computed by two methods. The
coefficients L; are determined by using two methods then the numerical results of the anisotropy tensor b;; of the
present research are compared with the numerical results of Gatski and Speziale (1993), from these results it will
be clear that all three methods will have the exact same numerical results. Therefore the anisotropy tensor can then
be written as follows:

bj :szT[ = ZLiwi

10 7
i=l1 i=1

3. Calculation and Numerical Results

Method One: Calculation of the Anisotropy Tensor

To find the explicit expression for the anisotropy tensor that requires some knowledge of basic in linear algebra,
the theory of invariants and the theory of matrix polynomials and its application to fluid mechanics. To determine
L; are the scalar functions of the six irreducible invariants of S;; and Wj;. First the matrix Hy, that is [7x7] matrix
must be determined.

7 7
2511' = Z(—@j -Hi+ 1) L 3.1
i1 i=1 =1

Where

Aji=- 0 - Hy+Jj (3.2)
and let
7
Bi= Y 4 (3.3)
i1
Bi=Ay L (3.4)
Thus
Li= 4, (3.5)

where L;,i1=1, 2, 3,4, 5, 6, and 7 are the solutions of the explicit expression for the anisotropy tensor. The present
numerical results can be compared with the numerical results of Gatski and Speziale, it can be seen that both of
them have exactly the same numerical results for the anisotropy tensor by, that is:

10 7
bU:ZGiY; = Liwi
i=1 i=1
The solutions of the matrices A;;, Hjj and Jj;.
1. Wi S+Sw -23<w; S>I=SS+8S8-2/3<SS>1=28-2/31;1
Where
SP=vi=witgyvitgnl,<S$>=1
and
_ trace(v;.0) _ trace(S*.I) _I
trace(1.I) 3 3
then
2(S*-131L1)=2(ws+gyvi+gol-1311)
Thus,
wiS+Sw;-23<w;S>1=2w;+2g3 w; (3.6)
2. Wy S+Sw,-23<w,; S>I=(SW-WS)S+S(SW-WS)-23<(SW-WS)S>I
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=SWS-WS+S*W-SWS-23<SWS-WS>1I
then
=- WS+ S W=-vs=-ws- g5 Ws
Thus,
Wy S+Swy-2/3<w,; S>1=-ws-gs5 W, 3.7
3.w3S+Sw3-23<w3S>1=(v3-g31Vi-80l)S+S(vi-gvi-g0l)-23<(v3-g31vi-g3l)S>I
=8’ - g5 S%-230S+S7-g3; $7-g3S-2/3<8 - gy >
=28-2g5,8%-2g30S-23L+23 (1) 1, (3.8)
where < g3 S>=0,S=v,=w;and g;; =13/,
From 3.8, let a =S then
S*=-1/2S(-<S8*>)+1detS,

Where
detS=1/3<S>=1y3
then
S*=1,2w, +15/3
and

S*=vi=ws+gy wi gyl
then equation (3.8) becomes as

=Lw+23L-2g5 (Wstgawi+gpl)-2gw

where
-2gg0=-231
Thus,
w3 S+Sws;-23<w3;S>1=w (] -2g312-2g30)-2g31W3 3.9)
Similarly
4. Wi S+Swi-23<wyS>T=w; [ ger-Ti Zaso+2(Gaso Z31° - a1 8a1) +
2 ((ga3b 830 - 240)] T W3 [ Zesb + 2 ( Zasb €31 - 8a1)] + Zeab Wa + Zesp W5 + We (3.10)
Ws S+S ws-2/3<wsS>1=w, (-11/2+ g + 852" ) + Zsap Wa T Ws ( Zssp + €52) (3.11)
W6 S+SWe-2/3<wegS>I=w (-2gs1 Zo1-2 o+ 2 231° Loso + 2 L30 Lezp +
2 231 841 Zoav t 2 Zao Beav - 2 g312 243b 8 64b = 2 830 B43b Soab - o1 Zoab - Zo1 T a1 11 -
gosnli + Zao S 1 2 831 L+ 2 1) +wa (- 852° & 65 - Zosb Zs2 - Boo + Zosp [1/2) +
W3 (-2 861 T2 231 L6302 Za1 Loab - 2 231 S43b Seab - Lo3b Leav - Loz + Lazp 1 +2 ) +
wa (- g64b2 - Zosb Zsab - Soab T 11 ) TWs (- 52 Zesb - Seab Sesb - Sesb Essb - Zosb ) + We (- Seab - Zosn)  (3.12)
7. W7 S+Sw-2/3<w;S>T=wi (-2gi01+2gs1° g3+ 2 g0 Erapt+

2851 841 ravt2 a0 Crab -2 2317 Basb rab - 2 830 S43b C7ab - o1 Crav- €730 L1 + Lo Zap L) F
W2 (-2 i+ 52 872 - 852” Grsh - rsb &s2 T Grsp /2 + g Lo 1y) +

W3 (-2 grosb + 2 318730 T 2 a1 74 - 2 31 8a3b S74b - Bo3b 874b ) T

Wy (-2 Z104b - S64b E74b = 756 Cgan ) T+

Ws (-2 Zrosb + €72 - Zosb E74b - E52 L7sb - E756 Zsso T 12) + We (- g7ap) T W7 (-2 gio)  (3.13)
To find the matrix J;;, that is [7x7] matrix

1. WIW-WWIZSW-WS, Wlw-WW1=W2 (314)
2. WaW-Ww,=(SW-WS)W-W(SW-WS)=SW-WSW-WSW+WS
where
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SW*+ WS = v
then
=v¢-2WSW
From equation (3.14),leta=W,b=S.
WSW=-(WS+SW*)+1L,/2S+I1,

then
W, W-Ww, =3v¢-LS-2114

where

V6 = We T Zesb Ws T Zoap Wa T+ Ze3p W3 + g1 Wi + ggo [ and S = w
Thus,

wWa W-Wwy=w; (3g6-1)+wWs(3 Ze3p) T Wal3gean)+Ws(3gesp)+3 Ws
3. Wi W-Ww3=(v3-23 V-0 )W-W(v3-g3vi-gl)
Where
V3=82
then
=S W-g SW-g I W-WS +g;, WS+g3 I W
Where
-2 (SW-WS)=-g5 v, and S W-W S =-vi=-ws-g5, W,
Thus,
w3 W-Ww;=w;(-8s5-83)-Ws
Similarly
4. W W =W Wy =W, (Za3b E52 T Zazp 231 - a1 ) + W5 Zazp
5. Ws W-Wws=w;(-381-38281T82hthgn+t2lign)twa(-3gn)+t
W3 (-3 2528630 T o+ 211 Za3b - 3 Gosp ) + Wa (-3 Zoap-3 g gean T2 11) +
W5 (-3 Zoso-3 Zs2 Zesb) T We (- 32osb- 3 52)

6. We W= W we=w; (3 852 861 Zosb T 3 Zosb 801~ 2 841 Zesb L1 - €31 8esv [2 - 852 Besv 1) +

(3.15)

(3.16)

(3.17)

(3.18)

Wa(-g61 231 Z63b T 252 Ze3b T 41 Leab - 231 L43b Lodb ~La3b 252 Leab - L7213 Zesb oo T1o/2) +

W3 (3 252 Z63b Zosb = Z736 T 3 Zesb Zo3b - 2 La3b Lesb L1 - Zesv 12 ) +
Wy (3 252 Zean Zesb - Z74b T 3 Zosb Soan - 2 esv 1) +
W ( Ze3b - Z43b Zoab + 3 2 Cosv - Z7sb + 3 Leso Gosp ) +
We (3 528656 + 3 Zesb Sosb ) - W7
7. w7 W=-Wwr;=w; (-3 g8+ 3 g2 81 &rsb T3 750 o1 - 2 a1 Grsv 1 -2 o1 Lo +
gnh-gigmh-gogmbth’-2guls)+

(3.19)

W (2318730 + 852 €730 T €52 2730 T 241 Z74b - €31 Z43b S74b - Ca3b L52 C7ap + 3 Lrsp Goo ) +
W3 (-3 Z63b 8721 3 €52 Z63b E75b + 3 Z75b Lo3b - 2 La3v Z75b 11 - 2 e3v I - E756 12 - 2 Gazp L)+

Wa (-3 Zeav €72 T 3 Es2 Loab Zrsb T 3 Lrsb Loav - 2 Zrsv L1 - 2 Geap [2-214) +
Ws (-3 Zosb &72+ Z73b - Z43b Z74b T 3 52 Zesb €756 T 3 756 Losb - 2 Zesv L2 )
We (-3 g+ 3 2528750 3 G750 Sosv - 2 12)
To find the matrix Ajj=-J ;- H i+

(3.20)

The main issue in obtaining an explicit relation for the anisotropy is determining the L; coefficients by taking the
inverse of the matrix Aj;, the first column of the matrix A; are the solutions of L;, L, L3 L4 Ls Lg, and L;. In
mathematical computation can be used by software Mathematica version 4.0 to calculate all this research, the

matrices Ay, Hj;, and J;;.
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Method Two: Calculation of the Anisotropy Tensor

Using equations (3.19) to (3.20) to calculate the anisotropy tensor and compare the present results with the results
of Gatski and Speziale, they let the anisotropy tensor as is function of ten terms T; that are the integrity basis for
functions of symmetric and antisymmetric tensor, and ten G; are scalar functions of the irreducible invariants of S;;
and Wj; as follows:

bij = Z Gi Ti (321)

10

;
=) GT+ Y, GT, (3.22)

i=1 i=8

From equation (3.22) the expression between w; and T; can be written as

7
>, wi=[Py Z T, (3.23)

i=1 Jj=1

7 7
Z T=[P;1" D, W (3.24)

=1 i=1
and from equation (3.24) the expression between T; and w; can be written as

10

7
D T=[Qi] DL W (3.25)

i=8 j=1
From equations (3.24) to (3.25) lead to find the anisotropy tensor b; that is result to compare the present solution
with Gastki and Speziale’s solution (p. 45).

7 7
by =[ Gi, Ga, G, G, Gs, G, G 1 [Pyl D Wi+ [ G, Go, Gio1[ Q51 2, W (3.26)

i=1 j=1
Thus,
bij = (G1+ Gio 101 + G3 231 + G4 241 + G o1 + Go go1 ) Wi +
(Gio 8102t G2t Gs 852+ Gy 872+ Gs 8so + Go oo ) Wa +
(Gio 81030 T G5 + Ga azp + G o3 + G7 g73p + Go Bosp ) W3 +
(Gio groav + Ga + G geap + G7 grap + G gsap T Go Zoap ) Wa +
(Gio 8iosb T Gs + Ge Zesv T G7 &7sb T Gs Zgsb + Go Gosb ) Ws +
(Gs + Go o ) We T ( Gio 1o + G7) Wy (3.27)
where
trace(v,,.v,) trace(v,.wy)

g = and g =
o trace(v,.v,) . trace(w;.wy)

View; =(WS*W?-W?S’W).S=WS W S-W?S*W S
then
trace (vio.w;) = trace (W S* W2 S ) - trace (W2 S*W S)
and from equation (3.27), leta= W, b =S then
WSW +W?SW=WSW trace (W )+ W trace (WS ) +
W [ trace(W? S) - trace(W) trace(W S)] - S determinant(W) + I determinant(W) trace(S) (3.28)
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Where
trace( W) =0, trace (W S)=0, trace (S)=0
and
determinant( W) =0
then
WS W2 +W?SW=W trace (W? S)
Where

trace (W2 S ) =trace (S W?) =1,
Thus, equation (3.28) becomes
WSW +WSW=WI,
Multiplication the left side and the right side of equation (3.29) with S? then
SSWSW +S W SW=1,8W
Taking the trace for both side of equation (3.30) then
trace (S* W S W?) + trace ( S* W> S W ) =, trace (S* W)
where
trace (S W ) =0 and trace (S’ WS W ) =1
thus equation (3.31) yields
- trace (S* W S W?) = trace( S’ W SW ) =1,
Then
trace ( vi. wy ) =trace (W S* W2 S ) - trace (W S* W S )=2 I,
trace (w.w; )=trace (S.S)=1,
Thus
gin=21¢ L

trace(v;w) _ trace(S’.S) — Iy

231 =

trace(w;.w;) trace(S.S) I

trace(vyw)) _ tmce(Wz.S) _ 1_4
trace(w,.w,) trace(S.S) 1 1

841 =

_ trace(vgw,) _ trace(SW?+W?3S)S 2trace(S*W?) _ 2
1= = = = —
trace(w;.wy) trace(S.S) I, I,

_ trace(vo.w;) _ trace(W?S* +S*W?*)S trace(W?S’ +S°W?) 11, +(2/3)1,1,

o1 trace(w,.wy) trace(S.S) I I

Similarly

trace(v,.wy) (-1, N

843b =
trace(wy.wy) A

) %) 12 -12 /1)

trace(vig.w,) 12213 1342115
trace(w,.w,) L1, -6l

g102b =

_ trace(vswy) L+ 1,15

trace(w,. w,) 11, —61;

gogp = raVes) AL+ 2L 201 ) (L -1 1)
trace(ws.wy)
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grsp = VW) _ o pip2 g2 (3.41)
trace(w;.wy) 6

trace(vy.w I
Zo3b = frace(vo-ws) _ (Ws-11,/3-21, 2 -2 L1 /(L 1P -1/ 1)) (3.42)
trace(ws.wy) A
Slo3 = trace(vyy.w3) __ 211, (3.43)
trace(ws.wy) 1,
gy = raclvaws) _ g g la g by (12 -1 1) (3.44)
trace(w;.wy) A 3

4. Discussion of the Numerical Results
Comparison of the Numerical Results the Anisotropy Tensor

The mean of strain rate tensor S; and the mean of rotation rate tensor Wj that the symmetric and antisymmetric
parts of the mean velocity gradient tensor as

1 .U, . dU;
Sij :_(ﬂJr_/) W, :l ﬂ__/)
2 & & Y2 & &

Sa  S12 Si3

Sij: S21 Sp S23

S31 S32  Sc

where
Sa sy T 5. =0and s;, =851, 813 =831, S23 = S32
0 W, Wy

w, 0 We
wp, we O

Wij =

Mathematica version 4.0 (Wolfram, 1999) was used to determine all the mathematical computation in this
research. The following describes the steps of performing the computation calculations. First input any random
numbers of S;; and Wj; from -1. to 1. and check the numbers of w,, w,, W3 W4 Ws, We, and w5, if one or more of them
equal to zero, for instance, if w; = {{0.,0.,0.},{0.,0.,0.},{0.,0.,0.} } and w5 = {{0.,0.,0.},{0.,0.,0.}, {0.,0.,0.} } then
243, Z63b, Z65bs E73bs E75b> 85bs Z93bs Zo5b, 1036, AN 1osp Will approach some constant and after that these terms time
with w3 and ws then they always equal to zero, it means every g relates to w; = {{0.,0.,0.}, {0.,0.,0.}, {0.,0.,0.}}
and ws= {{0.,0.,0.},{0.,0.,0.},{0.,0.,0.}} have to set equal to some constant because g3, = trace(v4 w3)/trace(ws
w3) that Mathematica could not solve but actual w; and ws approaches very small constants, then the program is
ran again. The result of the anisotropy tensor b;; can be written as follows:

bij = (G1+ Gio 101 + G3 231 + G4 241 + G g1 + Go go1 ) Wi +
(Gio 812+ G2+ Gs g2+ Gy 272+ G g2 + Go 8op ) Wa +
(G1o 81036 T G5 + Ga azp + G o3 + G7 g73p + Go Zosp ) W3 +
(Gio groap + Ga + Ge Zeap + G7 Zrap + G Zgap T Go Zoap ) Wa T
(Gio g1osb T Gs + Gg esb T G7 g7sp + Gs Gssb T Go Gosp ) Ws +
( G+ Go o6 ) We + ( Gio 8rom + G7) Wy
and w; = {{0.,0.,0.},{0.,0.,0.},{0.,0.,0.} }, ws = {{0.,0.,0.},{0.,0.,0.},{0.,0.,0.} } then these terms as:
(G1o 210367G3t Ga gazp + Gg gesb + G7 8730 + Go gosp )W3 ={{0.,0.,0.},{0.,0.,0.},{0.,0.,0.} }
(Gio giosb +Gs + Gg Zesv + G7 g75b + Gg gssp + Go Zosb)Ws ={1{0.,0.,0.},{0.,0.,0.},{0.,0.,0.} }
Case 1:
we = 0 and w7 = 0 when s, # s, # S, and W, # W, # W,
where
0={{0.0.,0.1,10.,0.,0.,},10.,0.,0.1}

Enter any random numbers of S;; and Wj; from [ -1, 1 ] as follows:
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055 00 0.0
Sij=100 045 0.0
0.0 04 06

0.0 04 06

Wi [06 07 0.0

0.6 0.7 0.0

1. Using the method two to calculate the anisotropy tensor, then find the numerical results as
bij= (G + Gio 101 T G3 231 + Ga 241 + G o1 + Go Zo1 ) Wi +
(Gio g2t G2+ Gs gso + G7 272 + Gs gga + Go Zoo ) Wa +
(Gio gio3b + G3 + Gy gazp + Gs Ze3b + G7 2730 + Gy Zozp ) W3 +
(Gio o4 T Ga + G Zoap T G7 7ap T Gs Gsap + Go Goap ) Wa +
( Gio g1osb T Gs + Gg gesb + G7 87so + Gs Gssb + Go Gosp ) Ws
and the numerical results of L;, L,, L3, L4, and Ls as follows:
Li =G+ Gio gio1 + G3 231 + Gy 841 + Ge Zo1 + Go o1 = - 0.366932
L, =Gio gi02 + Go + Gs gs» + G7 g7 + Gg o + Go goo= - 0.380989
Ls = Gio o3 + G3 + Gy a3 + Gg Zesb + G7 g73b T Go Zozp= - 2.34177
L4 = Gio Zroap + Ga + Go Zean + G7 Z7ap + Gs Zsap + Go Zoap= - 0.00702823
Ls = Gio gioso + Gs + Gg gesb + G7 7o + Gs Zssp + Go Gosp, = - 2.77578
The anisotropy tensor by; is:

—0.370838 —0.154602 —0.21923
bij = 1—-0.154602 0.0155636 0.517174
—0.21923 0.517174  0.355275
2. Using the method one to calculate the anisotropy tensor, to find the matrices Aj;, Hj;, and J;; after that taking the
inverse matrix Ajj, only the first column of its elements are the solutions of the scalar function L,, L,, L3, L4, and Ls
as follows:

L;=-0.366932
L,=-0.380989
L;=-2.34177
L,=-0.00702823
Ls=-2.77578

Thus, the solution of the anisotropy tensor by is:
bij=L1 Wi +L2W2+L3W3+L4W4+L5W5

—0.370838 —0.154602 —0.21923
—0.154602 0.0155636 0.517174
—0.21923  0.517174  0.355275

3. The numerical results for the anisotropy tensor of Gatski and Speziale as
bj=G i Ti+ Gy T+ G3 T3+ G4 Ty + Gs Ts + Gg Tg + G T7 + Gg Tg + Go To + Gy T

—0.370838 —0.154602 —0.21923
—0.154602 0.0155636 0.517174
—0.21923 0.517174  0.355275
4. To compare the present numerical results by using the method one and the method two with the numerical
results of Gatski and Speziale, it can be seen that three of them have exactly the same numerical result for the
anisotropy tensor.

bij =

bij =

Case 2: w3;=0 and ws=0 when s,=s;, or s;,=s, or S;=S, and W, # W, # W,
where
0={{0.,0.,0.},{0.,0.,0.,},{0.,0.,0.} }
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Enter any random numbers of S;; and Wj; from [ -1, 1 ] as follows:

05 00 00
Sij = 10.0 0.5 0.0
00 00 -1
0.0 -2/5 3/7
Wij = 2/5 0.0 —3/4
-3/7 3/4 0.0

1. Using the method two to calculate the anisotropy tensor, the numerical results as
bij=(G1+ Gio 101 + G3 231 + Ga 841 + G o1 + Go Zo1 ) Wi +
(Gio 8102t G2+ Gs gs2 + G7 872 + Gs 8o + Go oo ) Wa +
(Gio o4 T Ga + G Zoap T G7 7ap T Gs Gsap + Go Goap ) Wa +
(G + Go gogb ) We + G7 W7
and the numerical results of L, L,, L4, L, and L, as follows:
L1 =G+ Gio 8ot T G3 g31 + Ga ga1 + Gg go1 + Go go1= - 0.407073
Ly =G0 812+ G2+ Gs g2 + G7 g2 + Gg gso + Go gop=- 0.446724
L4 =Gio gioab + Ga + Gs Zeap + G7 Zrap + G Zsap T Go Zoap= - 0.0144359
L¢ = Gg + Go gogp= - 0.703069
L;=G7=0.351534

The anisotropy tensor by; is:

—0.434091 —0.0812456  —0.121203
bij = |—0.0812456 0.0270173 0.597408
—0.121203 0.597408 0.407073

2. Using the method one to calculate the anisotropy tensor, to find the matrices Aj;, Hj;, and Jj; after that taking the
inverse matrix Ay, only the first column of its elements are the solutions of the scalar function L, L,, L4, Lg and L,
as follows:

L;=-0.407073
L,=-0.446724
L,=-0.0144359
L¢=-0.703069
L;=0.351534

Thus, the solution of the anisotropy tensor by is:
bl‘j=L| Wi +L2W2+L4W4+L6W5+L7W7
—0.434091 —0.0812456 —0.121203

—0.0812456 0.0270173 0.597408
—0.121203 0.597408 0.407073

bij =

3. The numerical results for the anisotropy tensor of Gatski and Speziale as
bj =G Ti + Gy T+ Gy Ty + Gy Ta + Gs Ts + Gg Tg + G7 Ty + Gg Ts + Go To + Gy T
—0.434091 —-0.0812456  —0.121203

—0.0812456 0.0270173 0.597408
—0.121203 0.597408 0.407073

bij =

4. To compare the present numerical results by using the method one and the method two with the numerical
results of Gatski and Speziale, it can be seen that three of them have exactly the same numerical result for the
anisotropy tensor.
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5. Discussion of the Present Research

The present numerical results are compared with the experimental data of Tavoularis & Corrsin (1981) and the
other results. From these results, it is clear that:

1). The numerical results of present research are far better than the other results.

2). The numerical results of present research are close to the experiment data, with an error of approximately 2 to 3
percent.

3). The results of FLT model is better than the other methods and very close with the experimental data and the
present research.

4). The results of RK model is also better and very close with the results of FLT model, the present research, and
the experimental data.

5). It is clear from these results that the present research has excellent results and very close to the experimental
data.

The comparatively good predictions obtained from the second order closures are largely due to the fact that the
production and Coriolis terms in equation (3.44), which make a major contribution in determining the structure of
rotating shear flow, are accounted for exactly. However, like the other existing second order closures, it does not
yield accurate results when there is both shear and rotation, the development of significantly improved models
based on invariance arguments and dynamical systems approach will be subject in future research.

At the present time there are many variations of second order closure turbulence models available. However there
is no unique turbulence model exists which can predict satisfactorily all turbulence flows. Each turbulence model
applies successfully to some turbulent flows, but predicts unsatisfactorily to others.

6. Conclusion

The modern development of turbulence modeling began in the 1940s and 1950s, and the applications of second
order turbulence modeling began in the 1960s when computer became available to handle the computations that
required using the advanced turbulence models (Taulbee, 1992; Johansson & Wallin, 1996). In the 1970s, the
applications of turbulence modeling became very popular; however, most of the applications and calculations were
two dimensional (Abid & Speziale, 1992). In the 1980s, the computations and applications have been extended to
three dimensional problems and the use of more turbulence models, many of them were based on the Reynolds
stress models (Ching-Jen & Sheng-yuh, 1997). Although there are other approaches of turbulence modeling, but
the most popular trend at the present time and in the future is the Reynolds stress model with its applications and
computations (Wilcox, 1993). Each application of turbulence models is successfully to some turbulent flows, but
predicts unsatisfactorily to others.

The explicit algebraic Reynolds stress models of the present research for three dimensional turbulent flows in non
inertial frames have been obtained from the second order closure models that involve seven tensor polynomial
groups with six independent invariants. The anisotropy tensor of the present research looks complicated but easy to
use and apply because it requires less computational times.

This present research only used 49 terms to calculate for the anisotropy tensor while Gatski and Speziale model
used 100 terms to calculate the anisotropy tensor. The present results of the explicit algebraic Reynolds stress
models can apply and predict the turbulent flows by leading to second order closures in the applications and
calculations of turbulent flows.
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