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Abstract

Many properties of complex functions are pretty difficult to be generalized in the field of quaternion function, as
the commutative law of multiplication fails in the latter. The derivative of quaternion function is defined in this
paper. Moreover, by the similar method in judging the analytic property of complex function, Cauchy-Riemann
equation is used to determine the analytic property of quaternion function. Furthermore, several concrete
examples are discussed, and certain errors in (P. W. Yang. 2009) are pointed out as well.
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1. Introduction

The quaternion function is an important aspect of functions theory. With a similar method of Cauchy-Riemann
equation in complex functions, (P. W. Yang. 2009) defines the analytic of quaternion function directly. However,
the definition may lead to some mistakes. We define the derivative of quaternion function and give a different
definition of its analytic property. Moreover, we also present the derivative formulas as well as some examples.

Throughout the whole paper, let R and C denote the fields of real numbers and complex numbers respectively.
Set Q= {q =X, +X,0+x,7+ x4k|xl,x2,x3,x4 € R} be a real quaternion field. Assume D is a region in
R*and f(g) is a quaternion function defined in D . Let x = {xl,xz,x3,x4} be some element in R, such
that U:D—>Q ; w=f(q)=u +u,i+u,j+uk , where u,(x,x,,x;,x,),i=1,2,3,4 are real

functions definedon D .
Definition 1.1. Let w= f(q) be the quaternion function defined in the certain neighborhood of ¢, or

some region D containing ¢, we could consider the quotient
Aw _ f(@-Sq) _ (4 +A9)—f(4)
Agq q-4, Agq

If the limit of quotient exists whenever a point g approaches to the point g, arbitrarily, or equivalently speaking,

, Ag#0

the difference Agq vanishes in any arbitrary direction, the limit is called the derivative of the function f(g) at a

. . , dw
given point ¢, , and denoted by f"(g,) ord—,
q

£'(g) = lim 2 = lim L@~ /(4)

(1.1
Ag—0 Aq 94y q—9,

. Aw
Let the function f'(q) is derivative at a point ¢, then hmoA_ = f"(g) holds, i..
Ag—>

Aw , . ,

Ao =f (q)-H],AhmOT] =0. Hence, Aw= f'(g)Aq + &, where the remainder |8| = |77-Aq| is a higher
q ~

order infinitesimal of the difference |Aq | .

Definition 1.2. Define /'(g)Aq is the difference of f(¢), and denote to be dw ordf (q) .i.e.

dw=f"(q)Aq (1.2)
Taking f(q) = g specifically, dg = Aq holds. Then dw= f'(q)dq ,(i.e.) Z—W = f'(q) follows by (1.2).
q

Therefore, this implies the equivalence between differentiability and derivative of some certain function f(q) .

62 ISSN 1913-1844  E-ISSN 1913-1852



www.ccsenet.org/mas Modern Applied Science Vol. 4, No. 10; October 2010

Examplel.1. Let the function f(g) = ¢" (7 should be integers) be differentiable everywhere in R, so that

f'(q)=nq"" (1.3)
Examplel.2. Let the function f(q) = ¢ = X, — X,i — X, j — X,k , then it isn’t differentiable anywhere in R*.
It’s clear that the differentiability of the function f'(g) at the given point ¢ should imply its continuity. However,
the converse may not hold according to the second example. Speaking more precisely, to a given pointq , the
continuity of the function could not deduce the differentiability at that point.
Let two functions f,(q), f,(g) both be differentiable at the pointq , one can easily verify that

[A(@D* @D =L@+ (@) (1.4)
[A(@DLH@DT = K@@+ £(9) 1, (@) (1.5)
L@ _ K @h@-5@f @
= s /s 0 1.6
{fz(q)} 7@ L@ o
2. Main Results
Definition2.1 The quaternion function f(q) is an analytical function in D , if

f(q)=u, +uyi+u,j+u,k is defined properly in D(c R*),u,(x,,x,,X,,X,) are differentiable in this

region, and the following holds

%_8u2+6u3_8u420 o 90 0 0

ox, Ox, Ox; Ox, ox, ox, Ox, ox,

%+6u2_8u3_8u420 d 9 0 0|y

ox, Ox, Ox, Ox, otherwise. ox,  Ox ox, ox; || u, _o o
%_6u2+6u3_6u420 0 0 0 0 |u

ox, Ox, Ox, Ox, ox, ox,  Ox ox, |\ u,
%_8u2_6u3+8u420 o 9J 9J 0

ox, Ox; Ox, Ox ox, ox, ox,  Ox

The previous system of partial differential equations could appropriately be viewed as a generalized version of
the famous Cauchy-Riemann equation in complex functions.

Theorem2.1. Let the function f(q)=u, +u,i+u,j+uk be properly defined and analytic in region
D(c R"), then
ou, H,@uz .Ou, ou, Ou, . Ou ou,

ou
(9)=— + th—t=—2-ji—t4+;j 2k
S D= o e e T, o e Mo,

2.2)

z%—i%— ,%+k6u2 :6u4 +l_6u3 _j@uz ., Ouy
ox, Ox; = Ox, ox, ox, Ox, ~Ox, Ox,
Proof. Since f(q) =u, +u,i +u,j+u,kis analytic in regionD, and g € D, then f(q)is differentiable
at same point g , and the following limit holds
ACA V) NAC)
Ag—0 Agq
Let the differences of quaternion functions be
Aq = Ax, +iAx, + jAx, +kAx,, f(g+Aq)— f(q)=Au, +ilu, + jAu, +kAu,,
and denote Au, =u,(x, + Ax,,x, + Ax,,x; + Ax;,x, +Ax,) —u,(X,,X,,X;,X,) , then we could rewrite

down the form of the limit(2.3)in a concise way

= f'(q) (2.3)
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im Au, +iAu, + jAu, + kAu,
a0 - Ax, +iAx, + jAX, +kAx,

m=1,2,3,4

= f'(q) (2.4)

The limit(2.3)always exists whenever the difference of quaternion functions Ag vanishes in any arbitrary

direction. With the preceding assumption, we could set Ax; — 0,and Ax, = Ax; = Ax, = 0. Then we could
derive another elegant formula from (2.4)and(2.3)
. Au, . Au .Au Au
lim Lyi—2+j—2+k—2|=f"(q9) .
A =0 Axl Axl Axl Axl
_ . .. Ou, Ou, Ouy Ou, _
Therefore, four partial derivatives——,—=,—=,—— all exist, and such that
Ox, Ox, Ox, Ox,
ou, .0u .Ou
f(@)=—"F+i—=2+)=
ox,  Ox ox, ox,
Other formulas in(2.2)follows in a similar way.
Example 2.1 Discuss the analyticity of the function f(q) = g° = (x, +ix, + jix, + kx,)’.

Solution: The function f'(q) is well defined in entire R* , and with some computations,
we could obtain that g° = (x; —x; — X5 —x; )+ 2x,%,0 + 2X,X,  +2x,X,k .

By the definition(2.1), it’s easy to verify this function is analytic in R*, and such that
' Ou, .Ou, . Ou ou .
(qz) =—L4i—2+j—2+k—2=2x +2x,i+2xk+2x,k =2¢q
ox,  Ox, ox, ox,

Therefore, this completes the claim that the function ¢ %is analytic in R*. By a similar method, we could prove

!
that the function f(g) = ¢"is analytic in R* and(q" ) =ng"".
Theorem 2.2 Let two functions f,(q),f,(q) be analytic in region D , then

11(q)
+ , 1 £ AR 4
L@ (@), fi(9): f,(q) 7@

Example2.2. Recalling Theorem?2.2 and Example2.1, the polynomial function
f(9)=aq" +a, q"" ++aq+a,a €R(i=0,1,-+-,n) is analytic in R* .
Thus, the fractional polynomial function
flay=D@) _ad+ anfch”‘;+~--+ aq+a,

(@) b,4"+b,.q"" +---+bg+b,
is analytic, where f,(g) # 0.

By the way, the errors of definitions of analytic functions via two operators(4)and(8)are

,( fr(q) # 0) are all analytic functions in the same region D .

,a,b, € R(i=0,1,-,n, j=1,2,---,m)

unavoidable in (P. W. Yang. 2009), because even a simple function f(q)= q2 could not be valid by the

definition described in it.
3. Further open problems.

In the successive articles, we would like to discuss the analyticity of some other elementary functions of a
quaternion variable, i.e. exponential function and logarithmic function etc.
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