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Abstract 
Support vector regression is used to evaluate the linear and non-linear relationships among variables. Although it 
is non-parametric technique, it is still affected by outliers, because the possibility to select them as support 
vectors. In this article, we proposed a robust support vector regression for linear and nonlinear target functions. 
In order to carry out this goal, the support vector regression model with fixed parameters is used to detect and 
minimize the effects of abnormal points in the data set. The efficiency of the proposed method is investigated by 
using real and simulation examples. 
Keywords: robust regression, support vector regression, fixed parameters, outliers, leverage points 
1. Introduction 
Support Vector Regression (SVR) involves a new class of learning algorithms which is presented by Cortes and 
Vapnik (1995). It is a universal technique to handle regression problems. Since then, SVR has attracted the 
interest of researchers due to its excellent performance of solving a variety of learning problems (Ceperic, 2014; 
Dhhan et al. 2015). Some additional reasonsstand of behind the widely use of the SVR such as lower sensitivity 
to local minima, theoretical guarantees about its performance, and high flexibility to add extra dimensions to the 
input space, whichprevents the increasing of the model complexity (Ceperic, 2014). According to Chuang et al. 
(2002), there is possibility to select outliers as support vectors. Further, the highest Lagrange multipliers in EQ. 
(4) mostly belong to the data points which are considered as outliers in the training data and it control the model 
(Jordaan & Smits, 2004). 
In General, samples are always subject to unusual data which is called outliers. Hawkins, (1980) define an 
outlier as “an observation which deviates so much from other observations as to arouse suspicions that it was 
generated by a different mechanism”. There are various reasons behind the presence of outliers: misplaced 
decimal points, measurement errors that come from lack of experience, and exceptional phenomena such as 
earthquakes (Rousseeuw & Leroy, 1987). Robust regression is concerned with developing estimator that is not 
sensitive to the outliers and to the noise distribution (Calafiore, 2000). The main idea of robust methods is to 
give low weights for outliers. 
In this study, we have proposed Robust SVR based on fixed parameters SVR technique (FP-SVR), and we call it 
double support vector regression (DSVR). This articlehas shown that the proposed robust method achieves a 
higher efficiency in comparison with the standard SVR model. 
This paper is organized as follows: A brief description of the support vector regression model is given in Section 
2. In section 3, we present the proposed method based on FP-SVR. In Section 4 and 5, we apply the proposed 
method to real and simulation data sets. Finally, the discussion of the results is given in Section 6. 
2. Support Vector Regression 
In the SVR technique, the input ݔvector is first mapped onto a high-dimensional predictor space, which is 
nonlinearly related to the input space. The idea of SVR model is to employ the kernel function to transform the 
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nonlinear relationship in the input space to linear form in a high-dimensional feature space (Vapnik 2000). The 
linear model is given by ݂(ݔ, (ݓ = ,ݓ Φ(ݔ) + ܾ                                   (1) 
where Φ(ݔ) denotes a non-linear function, ݓ and ܾ are the slope and the bias term respectively. 
 
Support vector regression technique aims to estimate the parameter values ݓ and ܾ that optimize predicted 
risk by minimizing the following loss function ܮఌ(ݕ௜) =  ൜ 0if|ݕ௜ − ,ݔ)݂ ≥|(ݓ ௜ݕ| ߝ − ,ݔ)݂  (2)                          ݁ݏ݅ݓݎℎ݁ݐ݋ ߝ−|(ݓ

In order to find a flat function ݂(ݔ,  ଶ is needed (Smola and Schölkopf‖ݓ‖ minimizing the Euclidean norm ,(ݓ
2004). This can be done by introducing some positive slack variables (ߦ௜ ,  ௜∗), to measure deviations of theߦ
training vectors outside the ε-tube. Thus, a convex optimization problemcan be formulated as: ݉݅݊݅݉݅݁ݖ ଵଶ ଶ‖ݓ‖ + ∁ ∑ ൫ߦ௜ + ௜∗൯௡௜ୀଵߦ

݋ݐ ݐ݆ܾܿ݁ݑݏ ۔ۖەۖ
௜ݕۓ − ,ݔ)݂ (ݓ − ܾ ≤ ߝ  + ,ݔ)௜݂ߦ (ݓ + ܾ − ௜ݕ ≤ ߝ  + ௜ߦ∗௜ߦ , ∗௜ߦ  ≥ 0, ݅ = 1,2 … . , ݊                          (3) 

The coefficientܥ is defined as the trade-off between complexity of the model and the number of deviations that 
larger than the coefficient ε is tolerated (Smola and Schölkopf 2004). The coefficient ε controls the width of the 
ε-zone, which is used to fit the training data (Vapnik 2000). Thus, the estimated SVR function can be written as 
follows: ݂(ݔ) = ∑ ௜ߙ) − .௜ݔ)݇(∗௜ߙ ݔ )௡௜ୀଵ + ܾ                                (4) 
whereߙ௜and ߙ௜∗ define as Lagrange multipliers, and ݇(ݔ௜. ݔ )is the function of kernel. 
3. The Proposed Method Based on Fixed Parameter SVR 
The main contribution of this study is to detect outliers and leverage points first, and then to minimize their 
effects. To achieve the first step, we have used the FP-SVR (Dhhan et al. 2015) to detect outliers and leverage 
points. The FP-SVR technique is insensitive to outliers because it succeeded to control the free parameters (ε,  ,ܥ
and h). According to FP-SVR model (5), the optimal parameters to detect outliers are: ε =0, 100000= ܥ, and 
h=1.  ݖ = ොௌ௏ோݕ = ∑ ௜ߙ) − .௜ݔ)݇(∗௜ߙ ݔ )௡௜ୀଵ + ܾ, ,௜ߙ ,௜∗߳ ሾ0ߙ  ሿ                   (5)ܥ
Based on FP-SVR, any point with a ݖ value larger than theCP (6) is considered to be an outlier ܲܥ = |ݖ|݊ܽ݅݀݁ܯ2 + (݊ܽ݅݀݁ܯ)݀ݏ(݊ܽ݅݀݁ܯ)݀ݏ 2 = ඥ(ݖ)ݎܽݒߨ 2݊⁄                    (6) 

This method can be employed to prevent the effects of abnormal data the estimation. This can be done by using 
the following weight function. ߬௜ = ݉݅ ݊ሾ1, ܲܥ ⁄ݖ ሿ                               (7) 
The Eq. (4) can be rewritten based on ߬ function to achieve the final robust SVR function  ݂(ݔ) = ∑ ߬௜(ߙ௜ − .௜ݔ)݇(∗௜ߙ ݔ )௡௜ୀଵ + ܾ                       (8) 
4. Artificial and Real Case Studies 
In this part, we apply our proposed method (DSVR) to Belgian phone data, Hawkins-Bradu-Kass data and 
simulation example (Rousseeuw and Leroy, 1987), and compare the results with standard SVR. The mean 
squaire error (MSE) of the residuals is used to evaluate the proposed technique.  
4.1 Belgian Phone Data 
In this example, the proposed technique is tested using real data which has vertical outliers. In the Belgian 
Statistical Survey, a data set was found containing the total number of international phone calls made between 
the years 1950 and 1973, which contains heavily contaminated data (Leroy and Rousseeuw, 1987).  
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Table 1. The MSE of SVR and the DSVR methods for Belgian phone data 

Parameters SVR DSVR 
C=1 C=50 C=100 C=1 C=50 C=100 

ɛ =0 
h=0.5 0.068 0.247 0.249 0.059 0.084 0.087 
h=1 0.186 0.139 0.140 0.079 0.094 0.092 
h=5 0.129 0.150 0.150 0.048 0.031 0.032 

ɛ =0.1 
h=0.5 0.062 0.229 0.214 0.054 0.060 0.059 
h=1 0.156 0.188 0.184 0.058 0.056 0.052 
h=5 0.138 0.238 0.222 0.038 0.031 0.030 

ɛ =0.2 
h=0.5 0.092 0.217 0.257 0.064 0.063 0.064 
h=1 0.147 0.178 0.237 0.059 0.062 0.062 
h=5 0.127 0.317 0.274 0.060 0.049 0.044 

 
As shown in Table and Figure 1, the proposed approach is effective to minimize the effects of outliers much 
better than the standard SVR model. 
 

 
Figure 1. The MSE of SVR and the DSVR methods for Belgian phone data 

 
4.2 Hawkins-Bradu-Kass Data 
To illustrate the superiority of the proposed method, we have applied it to Hawkins-Bradu-Kass data. The data 
set consists of three predictors in additional to the dependent variables, with 75 observations. The first 10 
observations are classified as bad leverage points (have bad effect on the regression estimator), and next four 
observations are considered as good leverage points (have no or small effect on the regression estimator). 
 
Table 2. The MSE of SVR and the DSVR methods for HBK data 

Parameters SVR DSVR 
C=1 C=50 C=100 C=1 C=50 C=100 

ɛ =0 
h=0.5 0.222 0.247 0.950 0.165 0.019 0.004 
h=1 0.123 0.480 0.481 0.092 0.0001 0.0001 
h=5 0.024 0.320 0.320 0.021 0.0001 0.0001 

ɛ =0.1
h=0.5 0.208 0.349 0.497 0.159 0.023 0.014 
h=1 0.115 0.385 0.385 0.095 0.010 0.010 
h=5 0.032 0.356 0.356 0.029 0.009 0.009 

ɛ =0.2
h=0.5 0.208 0.303 0.293 0.165 0.048 0.043 
h=1 0.118 0.335 0.335 0.104 0.040 0.040 
h=5 0.056 0.413 0.413 0.049 0.034 0.034 
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The comparison results are recorded in Table and Figure 2. These results clearly show the superiority of our 
proposed method DSVR over the standard SVR method in terms of achieve lower values of the MSE. Based on 
these results we can conclude that the use of the proposed method is recommendedfor this data set. 
 

 
Figure 2. The MSE of SVR and the DSVR methods for HBK data 

 
5. Simulation Study 

In order to generalize the DSVR technique, we simulate a nonlinear regression model with two predictors. 

ݕ = ୱ୧୬ ට௫భమା௫మమට௫భమା௫మమ + ݔℎݐ݅ݓ௜ݎ ∈ ሾ−10,10ሿ                             (9) 

The values of ݔଵ ܽ݊݀  ݔଶ  are sampled from uniform distribution, while the residualsݎ௜, ݅ = 1,2, … , ݊ are 
simulated based on standard normal distribution. We contaminatethe data by differentoutliers’ percentages (10%, 
15% and 20%). This contamination is implemented by replacing some points of  ݔଵ ܽ݊݀ ݕ  by extreme value 
equal to 100. 
The results of the comparison of the proposed DSVR and the standard SVR are shown in Table 3. This explains 
the estimates of DSVR and SVR for different samples and contamination levels. These results are explained 
graphically in Figures 3, 4 and 5. These results reveal that the DSVR has smaller MSE than the standard SVR. 
 
Table 3. The MSE of the SVR and the DSVR methods for different sample sizes and percentages of 
contamination 

Cont. n Parameters 
SVR DSVR 

ɛ =0 ɛ =0.2 ɛ =0 ɛ =0.2 
C=1 C=100 C=1 C=100 C=1 C=100 C=1 C=100 

10% 

50 h=1 1.18 1.43 1.16 1.34 1.17 1.32 1.14 1.24 
h=5 1.11 1.61 1.10 1.43 1.11 1.40 1.10 1.26 

100 h=1 1.16 1.45 1.13 1.33 1.14 1.26 1.11 1.17 
h=5 1.08 1.14 1.06 1.11 1.07 1.10 1.07 1.07 

250 h=1 1.22 2.69 1.19 2.19 1.19 1.84 1.15 1.50 
h=5 1.12 1.34 1.10 1.26 1.10 1.19 1.08 1.13 

15% 

50 h=1 1.17 1.43 1.15 1.34 1.16 1.32 1.14 1.24 
h=5 1.11 1.61 1.10 1.43 1.11 1.40 1.10 1.26 

100 h=1 1.16 1.42 1.13 1.31 1.14 1.24 1.11 1.16 
h=5 1.07 1.14 1.06 1.11 1.07 1.10 1.06 1.07 

250 h=1 1.22 2.58 1.18 2.11 1.18 1.77 1.14 1.46 
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h=5 1.11 1.34 1.09 1.25 1.09 1.19 1.08 1.13 

20% 

50 h=1 1.17 1.41 1.14 1.33 1.16 1.31 1.13 1.24 
h=5 1.11 1.60 1.10 1.42 1.11 1.40 1.10 1.26 

100 h=1 1.17 1.37 1.14 1.27 1.14 1.20 1.11 1.14 
h=5 1.08 1.12 1.07 1.09 1.07 1.08 1.06 1.07 

250 h=1 1.21 2.53 1.18 2.07 1.18 1.75 1.14 1.45 
h=5 1.10 1.32 1.09 1.24 1.09 1.18 1.07 1.12 

 

 
Figure 3. The MSE of the SVR and the DSVR methods for different sample sizes and 10% percentage of 

contamination 
 

 
Figure 4. The MSE of the SVR and the DSVR methods for different sample sizes and 15% percentage of 

contamination 
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Figure 5. The MSE of the SVR and the DSVR methods for different sample sizes and 20% percentage of 
contamination 

 
6. Conclusion 
In this article, we have proposed the robust support vector regression technique for nonlinear function. Although, 
SVR is nonparametric method but it is still affected by outliers. In order to compare our proposed method, 
DSVR, with standard SVR method, real and simulation examples have been used. The results are calculated 
based on some of SVR parameters and sample sizes. Finally, the comparison results are demonstrated, the 
superiority of proposed method, DSVR over standard SVR method for nonlinear target functions 
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