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Abstract

In this paper, we have considered a prey-predator model with stage-structure for predator and selective
harvesting of prey species. A regulatory agency controls exploitation by imposing a tax per unit biomass of the
prey species. The existence of steady states and their stability are studied. The problem of optimal harvesting
policy is solved by using Pontryagin's maximal principle. It is also shown that time delay may cause a stable
equilibrium to become unstable. Finally, some numerical simulations are carried out.
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1. Introduction

In a fully dynamic model of an open-access fishery, the level of fishing effort expands or contracts according as
the net economic revenue to the fisherman is positive or negative. A model which includes this dynamic
interaction between the net economic revenue and the fishing effort is called a dynamic reaction model. In the
present paper, we study a dynamic reaction model of a prey-predator system where the selective harvesting of
prey species is considered.

Taxation, license fees, lease of property rights, seasonal harvesting etc. are usually considered as possible
governing instruments for the regulation of exploitation of biological resources which has become a problem of
major concern now a days. Out of such regulatory options, taxation is considered to be superior because of its
economic flexibility. Harvesting problems with taxation as a control instrument are studied by Chaudhuri &
Johnson (1990), Krishna et al. (1998), Chaudhuri (1998), Pradhan et al. (1999), Kar & Chaudhuri (2003), Dubey
et al. (2002) and references there in.

Prey-predator models play a crucial role in bioeconomics, that is the management of renewable resources.
Chaudhuri (1986), Leung (1995), Dai and Tang (1998), Jerry & Raissi (2001), Kar & Chaudhuri (2004), Kar
(2006) and some other authors have discussed the prey-predator system with harvesting. But they have not
considered stage structure of species. Some of the stage structure models were considered by Aiello and
Freedman (1990), Freedman and Gopalasammy (1986), Rozen (1987), Kar (2005), Kar and Pahari (2007) and
some other authors. In general, stage-structured models exhibit much more complicated dynamics than ordinary
models.

It is often that time delays are incorporated in the mathematical model of population biology. The dynamics of
some stage-structured prey-predator model with discrete delay have been studied by Xu et al. (2004), Gourley et
al. (2004), Zhang et al. (2000) and references there in. Xu et al. (2004) discussed the persistence and stability
of a delayed prey-predator system. Gourley et al. (2004) studied a stage -structured prey-predator model and
performed a systematic mathematical and computational study. Zhang et al. (2000) formulated a prey-predator
model with stage-structured for prey and obtained the necessary and sufficient conditions for the system.

The rest of the paper is organized as follows: a stage-structured prey-predator model with discrete time delay and
harvesting is established in the next section. Equilibria and their stability, optimal harvesting policy are discussed
in the third section. Numerical simulation are provided in section 4. Finally the paper ends with a concluding
remarks.

2. Formulation of the model

The ecological setup of the problem is as follows: for the prey-predator system only the prey is harvested and
hence harvesting does not affect the growth of the predator population directly.Thus it is observed that the
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interaction between the harvesting agency and the predator is through the prey. Since the predator is unable to
evolve a strategy for its survival, the regulating agency comes to the rescue of the predator through a suitable tax
policy. We now formulate this problem mathematically. The population dynamics of the fishery resource is
modelled by the equations

dN N
1:r1N1(1_?1]—aN1N3—qEN1,
dN
2 =fpN,-nN,,
0 Q2.1
dN, ;
dt ==1Ny+maN,(t-7)N;(t-7)+y N, =d Ny,
dE

with initial conditions

N, (t)=0  fort<0

2.2
=N, fort=0 22

E(t)=E, for t =0 (2.3)

Here N, = N,(f) is the size of the prey population at time t,
N, = N, (t) is the size of immature predator population at time t,
N; = N,(t) is the size of the mature predator population at time t,

E = E(t)isthe harvesting effort at any time t.

All these populations are growing in a closed homogeneous environment. We consider the logistic growth of
prey with birth rate 7, and carrying capacity k. At any time t (>0), the birth rate of immature predator is
proportional to the density of existing mature predator with proportionality constant /3. The death rates of

mature and immature predators are 75, 7, respectively. The term dN 32 in the third equation is taken due

to interspecific competition between the predators. The rate of conversion from immature predators to mature
predators is ;¢ 1is also a conversion factor, 7 1is discrete time delay which is the time interval between

the moments when an individual prey is killed and when some fraction 7(0 < m <1) of the corresponding
biomass is added to the mature predator. The constant ¢ is catchability co-efficient, p is the fixed price per

unit of prey species, ¢ is the fixed cost of harvesting per unit of effort and A is called stiffness parameter
used to measure the reaction of harvest effort.

To conserve the population in the prey-predator system the regulatory agency imposes a tax ¢ > 0 per unit

biomass of the prey. The harvesting agency and regulatory agency are actually to different components of the
society at large. Hence the revenues earned by them are the revenues accrued to the society.

The net economic revenue to the society is

PqEN,—CE =[(p—0)qEN,-CE]+0qgEN,
which equals the net economic revenue to the harvesting agency plus the economic revenue to the regulatory
agency.
3. Equilibrium analysis
From biological point of view we only concentrate on the interior equilibrium of the model where all species
co-exist. The interior equilibrium of the model system (2.1)is P(N 1* , N ; N 3* ,E *) where
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. c

' (p-o)g’

szﬁ(&—r3+maN1*j,
dr, \ r,

N;:l[&—r3+maN1*}
d\ r,

3.1)

E*:ll:r{l—ﬂj—aN;}.
q k

From the expression of N 1* ,N ; , N : and Eitis easy to check that the interior equilibrium point exists

provided thetax o lies in the range

Omin < O < O (3.2)
where
o —po_MAKC
q(ryry = pr) (3.3)
B cr, (dr, + mka®)
max = P kq(rir,d —afy +adrr)’
and the parameters must satisfy the condition
mar,c (dr, + mka*)cr, (34)

p> )
q(r,rs = By)  kq(nrd —afy +adr,r)

To discuss the stability at the interior equilibrium we construct the Jacobian of the model system (2.1) evaluated
at the interior equilibrium P, and write the following characteristic equation

- N* * *
%— 0 —aN’ —g,N,
O _rz _lLl ﬁ O :0
maNie H* Y —r,+maN, e ** —2d N} —u 0
AE (p-o)g 0 0 - u
Or, X(u)+e ™ Y(u)=0 (3.5)
where
X(Iu):ﬂ4+xllu3+x2ﬂ2+x3y+x4,} 36)
Y(1) = yp’ + yo i + yspi+ v,
X, :LN] +7, 4+ +2dN3*,
nN; . . T
X, = (r,+r, +2dN,)+r,r, +2dr,N, -y +A(p—-0)q”  E N,, (3.7)

N, ) : -
X, :”171(’,2’,3 +2dr,N; — By) +(r, + 1, -|-2a’N3)/1(p—0')q2 N E,

x, =(nn +2der; —ﬂ]/)ﬂ,(p—O')qz E*N1*5
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¥, =-maNy

s

N * *
v, :—ma(nkl +7, —aN3JN, ,

nr Nl*2 (3.8)

¥ =—ma{l(p—0)q2E*Nfz + —O%NI*NJ}

v, =-mar, A(p-0)q’ E'N; .

We now discuss the stability of interior equilibrium.
3.1 Stability analysis
3.1.1 Case I. 7=0.

In absence of discrete time delay we now investigate the stability of the model system around the interior
equilibrium and optimal harvesting policy. In absence of delay i.e. when 7 = 0, the system (2.1) is reduced to
the following form:

ﬂ:qu(l—&)—aM N,-qEN,

dt K

dN.

dtz = BN;—nN,, (3.9)
djl\f =-rN,+maN, N,+yN,-dN;,

dE

E=/1[(p—0)61N1—C]E,

and the corresponding characteristic equation become

,u4 +(x, +y1),u3 +(x, +y2),u2 +(x;+y)u +(x, +y,)=0. (3.10)

By Routh - Hurwitz criterion it can be stated that the model is locally stable around the interior equilibrium point
P if following set of conditions involving the parameters are satisfied.

(x; + 1) >0, (x; + y)(x; +y,) = (x5 +y3) >0 } 3.11)
and (xl +y1)(x2 +y2)(x3 +y3)_(x3 +y3)2 _(xl +y1)2(x4 +)/4) > 0.

For finding the condition of global sability at P(N 1* ,N ; ,N 3* E *) we construct the Lyapunov function

3
v(N,,N,,N,,E) = Z[(N,. ~N))-N; ln%}+(E—E*)—E* In

i
*
i=l1

E

3.12
z (3.12)

1

The time derivative of v is given by

dv N B v AV
b NI)H1 kj an, qE}(Nz Nz)[N

2

—rzj+(N3—N3*)><

[—zg +maN, + 7/]\]/\[2 —dNJ +(E-ENA(p-0o)gN, —c].

3

Now along the steady state solution of (3.9)
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dv * _rl * * * 1 * *
E:(Nl _Nl) T(Nl _Nl)_a(NS _Ns) +(N2 _Nz)N_[IB(N3 _N3)_72(N2 _Nz)]
2
+(N3_N3* N N* % * * d 2 *2
———[-r(N; = N;)+ma(N,N; =N, N; )+ y(N, —=N,)—d(N; =N, )]

3

+(E~E)A(p—0)q(N, - N])].
Again writing N, N, —NI*N; =N,(N, —N;‘)+N3*(N1 —Nl*) and rearranging the terms we get,

dv n a2 b o | 1 N, d . 12
—=—(N,-N,)" ——(N,—-N,) -| =——ma—+—(N; +N;)|(N;-N
dt k 1 1) N2( 2 2) N3 X NS( 3 3)( 3 3)

maN;_ g ot B v o g
+( N a](Nl N (N, N3)+(N +N](Nz N,)(N; = N;)

3 2 3
+A(p-0)g(E—E )N, -N;)=-X" A4X, (3.13)
Nl_ Nl*
N,— N,
where X =| 2 i
Ns_ N3
E- E
and
I 7 ma N, A |
2( N, ] 2(]? )q
0 S 1£41J
A= N, 2\ N, N,
N, N \
% mao 3 —a l £+l r_3_m0( 1+i(N3+N3)
N, 2(N, N,) N, N, .
A
Ew—ﬂq 0 0

Now dv/dt <0 if the matrix A is positive definite i.e if the principal minors are positive. The principal
minors of A, say, M,,M,,M,,M, aregivenby M, =r,/k, M, =nr,/kN,,

and

i

k

0
I(maN;
20 N,

1({ma N,
— -a
2 N,

e _ r
2\ N, N,
ma N,

+Lv N
N3 N3

S
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n l(£+L]

A N 2(N, N

M, =5(p—0')q 1 B 2 r, maNn 2 d 3 .
( + 7} 5 PR L LN HND)

2\N, N,) N, N, N,

These minors are all positive if

1 [4r, Ny Ny (r,—ma N, +dN,+dN;) —(BN,+yN,)’ 1> kr, (ma N, —aN,)*. 3.15)
Thus the model (when 7=0) is globally stable in the region given in(3.15).

3.1.2 Optimal harvesting policy

In this section we derive an optimal harvesting policy to maximize the total discounted net revenue from the
harvesting biomass using & (the tax) as a control parameter and keeping the attention to the sustainable

development of the prey-predator ecosystem. The net economic revenue 7 (N,,N,,N;,E,o,t)= net
revenue of harvesting agency + net economic revenue to the regulatory agency
=(p-0)qEN,—cE+0cqEN,=(pgN,—-c)E. (3.16)
Our objective is to maximize J'e*& [pgN,(t)—clE(t) dt, where O is instantaneous annual rate of
0
discount and the optimization problem is subjected to the model system (3.9). The control variable o (f) is

subjected to constraints ©,. < o(f) < O

max *

Using Pontryagin’s maximal principle (1964), the associated Hamiltonian

H(N, (1), N,(t), N5(t), E(t), o(t), t) is given by

H=e"[pgN,(t) ~ ] E@t) + 41, Nl(f)(l—N'T(t))—aNl(f)Ng(t) —qE@N(@®)]

+ LIBN; () = 1y Ny (0] ++ 24, [=r; Ny (6) + ma N, (1) Ny(1) + y N, ()=d N3 ()]

+ A4, [A{(p—0)gN,(t) — c}] E(1), (3.17)
where A (£)(i =1,2,3,4) are adjoint variables.
The condition for a singular control to be optimal is 0H /8o =0 which in turn implies
A,(@#)=0 (3.18)
d, _ oH dA, _ oH di _ OH dA, _ oH

The adjoint equations are =

dt  ON,’ dt ON,  dt  oON, dt  OE

These equations when evaluated at the interior equilibrium, give

% = —pqu_&+/’tl%—ma/13N3, (3.19)
i
==y, (3.20)
dA,
S8 = LN, ~ 1B = A(~rmaN, -2 N,), (3.21)
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dl s
jz—e"’(qul—c)+ﬂqul. (3.22)

From (3.22) we get
A =e(p-clgN,) (3.23)

In order to obtain an optimal equilibrium solution we get from (3.23) and (3.19) that

£

% % N % %
~5e¥(p-c/qN;)=—pgE e+ ’"1716—& (p—c/gN,)+maN;, A,.

or, A, =A4,e”, (3.24)
1 1
where Ay =——|—-pqE MLEA (p c/gN)+5(p—c/gqN;)]|. (3.25)
ma N,
dA _ dA, _
From (3.20) and (3.24) we get, 72 =A4n—Aye ¥ or, 7 - ALn=—4ye ¥ which is a linear
t t
-1 d -7 - 7
differential equation with integrating factor e ' . Thus we write it as ;(/12 e 2t) =—A4Aye @)t To
t
have a bounded solution we integrate it and make the arbitrary constant of integration zero, so that
A=A e (3.26)
+7,
Using (3.23) & (3.24) in (3.21) we obtain
_ _ABY _
A,6e* =aN, e (p-c/qN;) - 2 A e (-r,+ma N, — 2d N;).
o+ r2
From which we have
c A . .
pP— = —5+ﬂ+m05Nl -2dN; —n |. 3.27)
gN, aN, +7,

This provides an equation to the singular path and gives the optimal equilibrium levels of the populations

N, =N, N, =N,;, N, = N,;. Then optimal equilibrium of harvesting effort and tax can be obtained as

E; :l["l (1-N,;/k) —0£N35] and 05 =p-—c/qN,; .
q

Now A, (t)e5t (i = 1,2,3,4) represent shadow prices along the singular path. From (3.23), (3.24) & (3.26) it

may be concluded that these shadow prices may remain constant over time interval in an optimal equilibrium
when they satisfy strictly transversality condition at 00. Further they remain bounded when ¢—00. From

v s " 5 0m
(3.23), 4(t)gN, =e* (pgN, —c)=e™* E which implies that the total users cost of harvest per unit

effort is equal to the discounted values of the future price at the steady state level.

3.2 Case II: 7> (0. We now discuss the stability of the model system (2.1) in the presence of delay. Let
L =1® be aroot of (3.5), where @ is a real number. Putting 4 =i® in (3.5) and separating real and
imaginary parts we get,

w,—x, @ +x, = (@ y,—wy,)sinot+(@’y,-y,) coswr, (3.28)

ox, —ox, =(0’y,—y,)sinor—(0’y,—wy,) cosar. (3.29)
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Squaring and adding these two equations we get,
o' +B o’ +B,0" +B,w +B, =0, (3.30)
where B, = x7 — 2x, -y ; B, =x2 +2x, =2x, X, +2), Vs =3 ,} 331)
By=0x3 =20, X, +2y, v, =y By=x; -y} '
If B,<0 and B,<0 ie. x;—2x,x,+2y,y,—y; <0 and x;—y; <0, then (3.30) has a unique

positive root, say, @), and then (3.5) has a pair of imaginary roots *i@,. Eliminating sin @7 from (3.28)
and (3.29) it can be obtained that

(0)4 _xza)z +x4)(y2a)2 _J’4)(a’3y1 _@3)(6033‘1 — wx;)

cos WT = . (3.32)
3 2 2 2
(0" —oy,) +H(0"y, = y,)
Then 7, correspondingto @ = @, is given by
4 2 2 3 3
1 | (@) —x,05 +x,) (@) v, —y,) — (1,05 — y,0,) (X0 —X,0,) 2km
T, =—COosS 3 5 > > + (3.33)
@, (@)Y, —y,00)" + (¥,05 —y,) @,

where £ =0,1,2,......

Thus by Butler’s Lemma we conclude that the model system (2.1) is stable around the interior equilibrium for
T<71, as k=0.

Now differentiating the characteristic equation (3.5) we can obtain,

(d_,u)l _ A’ +3x, 407 +2x, 11+ x4 N 3y + 2y, 4+ ys T
dr —p (P X x,) O Y YY) u
_ Aut +3x, 187 + 25,107 + x5 1 N 3y + 2y, 17 + yiu T
=1 (ol ol st x) DAYy ut ) p
3t +2x, 187 +x, 17 —x, N 2y, 80 + 5~ v, T
1 (X A x  F xyutxy) 0 Ay Yt y,)
Thus
)] -
dr o
By —x,w; —x,)—2ix,m; (v 5 +v,) +i(2y,0;) T

wg [(a)é _xzwg +x4)_i(x1w3 —X;0,)] 0)5 [_(yzwg _y4)_i(J’1a)g —y;0,)] i, .

ke (d_ﬂj 1[Gl 5,0 —x) (0~ x,08 +x,) + 20,0 (x,@} - x,0,)
dr . wg (wg _xzwg "'954)2 + (xlwg _353500)2
u=ia
(y4 _yzwg)()’4 _yza)(?) + 2)’1503()’3% _ylwg)

+
(Vs _yza)g)2 + (Jﬁwg —y3a)0)2

1
=—— [20; +(x} —=2x, = y) )@y —(x; = y; 2,5, +2,v,) 05 —=2(x; =y )], (3.34)

0
(using (3.30))
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2 4 2 2 3 2 212 3 2
where &7 = (@) —x,0, +x,)" + (X,0; =x;00)" = (¥, —y,0;)" + (y,05 —y;0,)".

-1
d
Now on the basis of existence of positive root of (3.30), sign of Re (d—'uj is positive if
T

X =2x,-y. >0 that is if

2
[% - m’ az] N +4d> N; +4r,d N,—-2A(p—0)q" EN, +r] + 1] +2y >0

when evaluated at interior equilibrium.

, d . du)”
In that case, sign —(Rep | ¢ =signsRe | — .
dr dr

That is transversality condition holds and Hopf bifurcation occurs at 7 = 7.

4. Numerical simulation

We consider the following set of values of the parameters for our numerical simulations:

rn=25, k=100, «=05,4g=05,b=05,r,=01r,=3 m=0.1 =05, d=0.05 p=15,
c="7.5, 6 =0.01 inappropriate units.

Then for the above values of parameters optimal tax becomes & =13.73742, and corresponding stable
optimal equilibrium is (11.87044, 9.405178, 1.880436, 2.525543).

<Figure 1 >

< Figure 2 >

< Figure 3 >

< Figure 4 >

<Figure 5 >

< Figure 6 >

5. Concluding remarks

Attempts are made to understand the effect of delay on the stability of the considered system. Stability analysis
shows that the discrete time delay may cause for the stability switch of the model system, and phenomenon of
Hopf bifurcation occurs as the time delay crosses through a certain threshold.

In the present work we have elaborated a bioeconomic model which is realistic because we force the fishing
effort to remain under control by imposing a tax to keep ecological balance. Another important feature of the
present model is that it assumes a fully dynamic interaction between fishing effort and the perceived rent in the
case of a prey-predator fishery.
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Figure 1. Solution curves corresponding to the optimal tax & = 13.73742, beginning with
N, =25N,=2,N,=4,E=1.
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Figure 2. Phase space trajectories of N} N, & N;, corresponding to the optimal tax ¢ =13.73742 begin

with different initial levels. Trajectories clearly indicate that the optimal equilibrium (11.87, 9.406, 1.881) is
asymptotically stable.
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Figure 3. Variation of prey population with time for different tax levels
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Figure 4. Variation of immature predator population with time different tax levels
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Figure 5. Variation of mature predator population with different tax levels
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Figure 6. Variation of harvesting effort with different tax levels

195



