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Abstract 
The analytical expressions for the densities of states for graphene formed on semiconducting substrates are 
obtained. The problem on the induced gap is studied thoroughly. It is shown, that graphene electronic spectrum 
according to the relation between the system’s parameters can contain two gaps or one gap, overlapping with the 
energy gap of substrate. The gaps width dependences on the coupling regimes (tight and weak) are obtained. 
Numerical estimations are fulfilled for the epitaxial graphene on 6H-SiC{0001}. 
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1. Introduction 

The unique properties of graphene are well-known and, of a large extent, theoretically based now (see, e. g., 
(Castro Neto A.H., et al., 2008; Kotov V.N., et al., 2012; Falkovsky I.V. and Vassilevich D.V., 2012; Cooper D.R., 
et al., 2011; Wu Y.H., et al., 2010; Haas J., et al., 2008; Seyller Th., et al., 2008) and references therein). 
Graphene coupled with substrate and, as a rule, formed on it is called epitaxial graphene (Castro Neto A.H., et al., 
2008; Cooper D.R., et al., 2011; Haas J., et al., 2008; Seyller Th., et al., 2008). The silicon carbide substrates 
6H{0001} and 4H{0001} are used most often, since thermodesorption of silicon atoms from these surfaces leads 
to the formation of the graphene film (Haas J., et al., 2008; Seyller Th., et al., 2008). The results of such a 
process are critically depended from what face (Si or C) silicon atoms desorption has taken place (Mathieu C., et 
al., 2011; Srivastava N., et al., 2012; Goler S., et al., 2013; Jayasekera T., et al., 2011; Deretzis I. and La Magna 
A., 2011). If the SiC(0001), or Si-face, substrate has been used, than the obtained graphene monolayer is 
separated from the substrate by the so called buffer leyer, which is covalently bonded to substrate.  

For the SiC (000 1 ), or С-face substrate situation is not quite clear. In the most part of the studies it is 
demonstrated that the graphene monolayer only weakly bound with substrate is formed. 

However, there are opposite data (see, e. g., (Mathieu C., et al., 2011; Srivastava N., et al., 2012) and references 
therein) that the interaction of the first carbon atoms layer with substrate is tight. Note also, that one of the 
epitaxial graphene type is the so called quasi-free standing graphene, which realizes due to intercalation of some 
stranger atoms (say, atomic hydrogen) just under the outer carbon layer to destroy the covalent bonding between 
graphene and substrate. Thus, the nature of the graphene-substrate interaction is of the great significance since it 
is determined the one-sheet graphene characteristics. One of the most significant feature for the one-layer 
epitaxial graphene is the presence or absence of the energy gaps in it density of states (DOS). Actually, gap of the 
appropriate width, or, better, tuned width is the pledge of the graphene usage in the device structures. Here we 
put forward rather simple model which permits us to obtain graphene DOS in an analytical form and solve the 
problem on the gap existence. To obtain the epitaxial graphene DOS we employ the simple artificial method 
firstly used in (Davydov S.Yu., 1978), where one takes as the bare Green function those for the single adatom 
instead of free atom. 

2. Method 
In what follows we will use the Green’s functions method together with the model Hamiltonian approach to the 
problem. In our opinion this scheme is the most adequate for the study of epitaxial graphene since it permits to 
clarify the substrate effect on the graphene DOS in a simple and straightforward way. 
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Let us consider isolated atom with the energy level aε , occupied site i of the adsorbed layer. The corresponding 
Hamiltonian is:  

0 ( )k k k a i i ka k i ak i k
k k

H c c a a V c a V a cε ε+ + + += + + +          (1) 

Here kε  is the dispersion low for the substrate electrons, kaV  is the matrix element of the adatom’s state ia  
interaction with the substrate state k , ( )k kc c+  is the creation (annihilation) operator for the electron in the 
state k ,  ( )i ia a+ the same operators but for the adatom’s state ia . The Green function ij j ig a g a= , 
corresponding to the Hamiltonian (1) has the form (see e. g., Davydov S.Yu., 2011; Davydov S.Yu. and Troshin 
S.V., 2007; Anderson P.W., 1961): 

1( ( ) ( ))ij ij ag iδ ω ε ω ω −= − − Λ + Γ .          (2) 

Here ijδ is the Kronecker symbol, the quasilevel half-width function is 

2( ) ( )sVω π ρ ωΓ = ,           (3) 

where ( )sρ ω  is the substrate DOS, and the quasilevel shift function is 

1 ( )
( )

d
P d

ω ωω ω
π ω ω

∞

−∞

′ ′Γ ′Λ =
′− .         (4) 

Note that we introduced here the mean value of the matrix element putting 2| |kaV V= , where ...  stands 
for the k-average of kaV  (Haldane F.D.M. and Anderson P.W., 1976). 

Introduce now the operator for the electron interadatom transitions ij j iT a T a=
 

with amplitude t , which 
acts between the adjacent adatoms, occupied nearest neighbor sites i and j . To find corresponding Green 
function ijG we use Dyson equation of the form: 

ij ij il lm mjG g g T G= + .          (5) 

Take the “zero” adatom at the site (0, 0) and three its nearest neighbors at the sites: 1 − ( 3 / 2,   1/ 2)a − , 2 − 
( 3 / 2,   1/ 2)a , 3 − (0,  1)a − , where a = 1.42 Å is the nearest neighbor separation. Then we get 

00 00 00 10 20 30( )G g g t G G G= + + + .       (6) 

Taking into account the transforming properties of the Green functions 0iG , we obtain 

1
00

2

( , ) ( ) ( ) ( ),

( ) 3 2cos( 3) 4cos( 3 / 2)cos(3 / 2).x x y

G i tf

f k a k a k a

ω ω ω− = Ω − Λ + Γ

= + +

 k k

k


     (7) 

Here k is a wave vector for graphene, aω εΩ = − , upper sign corresponds to the *π -band 
( ( ) 0ωΩ ≡ Ω − Λ > ), lower sign corresponds to the π -band ( 0Ω < ). In what follows we will accept the 
low-energy approximation of the dispersion of the form (Castro Neto A.H., et al., 2008; Davydov S.Yu., 2011):  

3
( ) | |

2aq taε ε± = ± q ,          (8) 

where = −q K k , 1(2 / 3 3,   2 / 3)a π π−=K  is the Dirac point vector. Eq.(8) is correct only for small q . 
Finally we get 

1
00

3
( ,  ) ( ) ( )

2

t
G q i aqω ω− = Ω + Γ  .          (9) 

Further we will omit the site indexes and introduce index “g” which demonstrates that this value corresponds 
graphene. 

Now the DOS corresponding Green function (9) is 
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2 2

1 ( )
( ,  )

[ (3 / 2)( )] ( )g q
t aq

ωρ ω
π ω

Γ=
Ω + Γ

.         (10) 

By integrating ( ,  )g qρ ω over q vectors from the first Brillouin zone and introducing the cutoff vector Bq , we 
find 

2 2
1 1

2 2 2

1 ( ) ( )
( ) ( ) ln 2 tan tan

( ) ( )( )g

ξ ω ξρ ω ω
ω ωπξ ω

− −  Ω + Γ Ω Ω= Γ + Ω −  Γ ΓΩ + Γ   

 
,    (11) 

where 3 / 2Btaqξ ≡ . 

3. Results and Analysis 
3.1 Induced Energy Gap 

To describe semiconducting substrate we take Haldane-Anderson model (Haldane F.D.M. and Anderson P.W., 
1976; Davydov S.Yu. and Troshin S.V., 2007), where for the substrate DOS sρ  the following expression is 
accepted:  

( ) ,   | | / 2,

         0,    | | / 2,        

s s g

g

E

E

ρ ω ρ ω
ω

= ≥

= <
           (12) 

where gE  is the substrate energy gap (energy zero coincides with the center of the gap), const.sρ = Using (3) 
and (4), we arrive at 

( ) ,    | | / 2,

       0,    | | / 2,        

g

g

E

E

ω ω
ω

Γ = Γ ≥

= <
          (13) 

/ 2
( ) ln

/ 2
g

g

E

E

ω
ω

π ω
−ΓΛ =
+

.            (14) 

Now let us consider substrate energy gap domain taking ( ) 0ωΓ → . Note that ( )ωΛ  does not become zero in 
this energy interval. Going to the dimensionless quantities 

( ) ( ) ( )gB x x xε η λ= − − , | | 1x < ,        (15) 

where 2 / gx Eω= , 2 /a gEη ε= , / 2g gEε = Γ , and 1( ) ln(1 ) / (1 )x x xλ π −= − + , we find from Eq.(11) the 
condition for the gap opened in the epitaxial graphene DOS:  

1 1( ) ( )
tan tan 0

B x B x

s s

ν− −− =
, 0s += ,         (16) 

where /ν ξ= Γ . Since the arc tans in Eq.(16) can be equal only to ( / 2)π± , it is necessary and sufficient to 
fulfill the following inequality:  

( )( ( ) ) 0B x B x ν > ,            (17) 

where minus sign stands for ( ) 0B x > , plus sign stands for ( ) 0B x < . Inequality (17) is satisfied for two cases: 
(i) ( )B x ν> , (ii) ( )B x ν< − . Both these conditions can be transformed to one, i. e.  

| ( ) |B x ν> .                  (18) 
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Figure 1a. | |B  v.s. | |x  for 1gε =  and 2,  0,  2η = − . 

 

Figure 1b. | |B  v.s. | |x  for 0η =  and 0.5,  1, 2gε = . 
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Figure 1 demonstrates graphical method of the gap width determination. For the tight graphene-substrate 
bonding when the graphene atoms interaction with the substrate atoms is much stronger than the interaction 
between the graphene atoms, i. e. for 1ν << . We see from Figure 1a that at the limit 0ν →  the graphene gap 

gEΔ → . The nature of such a result is quite clear, since at this limit the epitaxial graphene DOS is proportional 
to the single adatom DOS 0 ( )gρ ω , corresponding to the Green function (2) and equals to 

1 2( ) / [ ( )]π ω ω− Γ Ω + Γ , which goes to zero for the substrate gap energy region. More exactly, for 1ν <<  there 
are two equal symmetrical gaps divided by the narrow band of the midgap states around the Dirac point, since 
this latter is determined by the equation ( ) 0B x = . It is worthy to note here that this equation gives the local 
states within the substrate energy gap for the single carbon adatom (see Eq.(2) and Haldane F.D.M. and 
Anderson P.W., 1976; Davydov S.Yu. and Troshin S.V., 2007).  

In the opposite case for the weak graphene-substrate bonding ( 1ν >> ) two gaps in the vicinities of the valence 
and conduction bands appear. Here must be taken into account that the asymptotes | ( ) |B x → ∞  which are 
arisen from ( )xλ → ±∞ for 1x →   have their origin in the substrate DOS approximation (12). If the more 
realistic model for the DOS (without steps) would be accepted then these discrepancies have to vanish. Thus, for 
the 1ν >>  case the narrow gaps near the band edges can be theoretical artefacts. Thus, at the limit ν → ∞  the 
epitaxial graphene DOS transforms to the free graphene DOS 2( ) 2 | | /free

gρ ω ω ξ=  for | |ω ξ<  and 0 
otherwise (Davydov S.Yu., 2012).  

 

Figure 2a. Wide gaps: Δ  v.s. ν  for 1gε =  and 0,  2η =  . 
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Figure 2b. Wide gaps: Δ  v.s. ν  for 0η =  and 0.5,  1, 2gε = . 

 

Figure 2c. Narrow gaps: Δ  v.s. ν  for 1gε =  and | | 2,  1.5, 1η = . 
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Figure 2 demonstrates the calculated results for the reduced graphene energy gap 2 / gEΔ = Δ dependences on 
the ν  value for the number of the problem parameters. From Figure 2a for the wide gaps it is clear that with ν  
increasing from the zero value two gaps are realized (see also Figure 1a). For 0η =  they are symmetric and 
their widths decrease. In the case | | 1η >  and rather small ν we have both narrow and wide gaps. For 0η <  
the narrow gap is localized near the valence band edge, while the wide gap coincides with the conduction band. 
For 0η >  one has opposite situation. It is easy to show that for the case | | 1η >> , 0η <  the Dirac point is 
equal to 1 2exp( | |)gx πε η− ≈ − + − . Thus, the maximal gap width is 2exp( | |)gπε η− , or exp( | | / )g aE π ε− Γ . 
For the case | | 1η >> , 0η >  the Dirac point takes the form 1 2exp( )gx πε η+ ≈ − − , which gives 2exp( )gπε η−
for the maximal gap width. Note also that for | | 1η <<  we find that the Dirac point is 0 / [1 (2 / )]l gx η πε≈ + .  

Figure 2b presents the Δ
 

increase with the / 2g gEε = Γ value (see also Figure 1b). That is not surprising since 
the | ( ) |B x  increases with gε . Figure 2c indicates the narrow gaps shrinkage with the ν  increasing, i. e., with 
the transition from the tight graphene-substrate bonding regime to the weak one. 

4. Discussion 
4.1 Numerical Estimations 

As far as the authors know the data on the epitaxial graphene energy gaps available (Seyller Th., et al., 2008; 
Goler S., et al., 2013; Jayasekera T., et al., 2011; Zhou S.Y., et al., 2007; Mattausch A. and Pankratov O., 2007; 
Vitali L., et al., 2008; Pankratov O., et al., 2010; Kim S., et al., 2008; Huang B., et al., 2011) are very 
contradictory and display Δ  from zero to gE . The same is concerned to other characteristics, say, the Dirac 
point positions. For example, for the graphene on the C-face of SiC papers (Zhou S.Y., et al., 2007; Mattausch A. 
and Pankratov O., 2007) give the Dirac point position at 0.4 eV below the Fermi level, while in (de Heer W.A., 
et al., 2010) this value is equal to 0.3 eV and in (Emtsev K.V., et al., 2008; Berger C., et al., 2006) to 0.2 eV. 
Moreover, authors of (Lin Y.M., et al., 2010; Miller D.L., et al., 2009; Hofmann T., et al., 2011) find that the 
Dirac point lies above the Fermi level. Nonetheless, we try to make some numerical estimations here for the 
6H-SiC{0001} substrate.  

Taking χ = 3.45 eV (Davydov S.Yu., 2007) and gE = 3 eV, we obtain that the substrate energy gap center 
corresponds to the energy / 2gEχ + = − 4.95 eV below vacuum level. Let the Dirac point for the 6H-SiC(0001) 
substrate lies at 0.4 eV below the Fermi level (Zhou S.Y., et al., 2007; Mattausch A. and Pankratov O., 2007). 
Since the corresponding work function 1gφ = 3.75 eV (Mattausch A. and Pankratov O., 2007), we get the Dirac 
point at 0.8 eV above the substrate gap center. For the 6H-SiC(000 1 ) substrate the Fermi level coincides with 
the Dirac point and the corresponding work function 2gφ = 5.33 eV (Mattausch A. and Pankratov O., 2007). 
Then the Dirac point has the energy − 0.38 eV below the substrate gap center.  

Now we have to determine the epitaxial graphene gaps from the equation ( ) 0B x = . To fulfill it we have to 
estimate the problem parameters. Taking into account the results of (Davydov S.Yu., 2011), we may equate 
matrix element V  to Harrison’s covalent energy for the σ -bond of the two sp3 orbitals 2 2

2 3.22( / )V md= 
(Harrison W.A., 1983), where  is the reduced Planck constant, m  is the free electron mass, d is the 
graphene-substrate bond length, equal to 2 Å (Mattausch A. and Pankratov O., 2007). Then we obtain ~V 6 eV. 
Since only one third carbon atom of the buffer layer participates in covalent bonding with the substrate Si atoms, 
we take the effective interaction ~ / 3 ~effV V 2 eV. Estimating sρ to be ~ 0.25 eV-1 (valence band of the width 
~ 15 eV (Mercer J.L., 1996; Persson C. and Lindefelt U., 1997) contains 4 electrons), we get ~Γ 3 eV. Then

~gε 0.5. Since ~t 3 eV (Castro Neto A.H., et al., 2008), we have ~ξ 3 eV, where we put (3 / 2) ~ 1Baq . 
Consequently, / ~ν ξ= Γ 1. Using equation ( ) 0B x =  for Si-face we find η ≈ 1.71. Finally, we have  

the lower wide gap at (− 1.50, − 0.20) eV and the upper narrow gap at (1.46, 1.50) eV. This latter one is most 
likely the artefact. For the 6H-SiC(0001) we find η ≈ − 0.58, provided the carbon sheet is the buffer layer. Then 
we find the lower narrow gap to be at (− 1.50, − 1.31) eV, while the upper wide gap at (0.87, 1.50) eV. Here the 
lower gap seems to be artifact. As to quasi-free standing graphene, the estimation shows the gapless electronic 
structure.  

Thus, in this study we have considered a row of possible energy schemes wich can be realized for the epitaxial 
graphene. Underline that the simple model approach used here permits us to obtain the quite reasonable results in 
an analytical form. Moreover, such an approach can be easely complicated for the account of additional 
experimental data. Unfortunately, the lack of this data prevents more thorough investigation of the epitaxial 
graphene problem.  
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