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Abstract 
The vehicle increase prediction was discussed in the article. Starting from the actual situation and the characters of 
vehicle increase on the highways, various factors such as the large base of vehicle amount, the increase of average 
income, rural vehicle amount, the enhancement of comprehensive vehicle amount and the increase phenomena of 
vehicle purchase by young people to impact the vehicle increase on highways were considered comprehensively, and 
the statistical analysis were made aiming at these factors one by one, and the impacts of these factors on the vehicle 
increase on highways and the concrete impacting modes were discussed, and the vehicle increase model were 
established and improved. By the statistical software SPSS, the regression analysis of the curve parameter estimation 
was made to confirm the function form of the concrete curve, and the Mathematica and Matlab were used to confirm the 
parameters and influences of various factors in the model by a series of data fitting, and the final model were 
established. 
Keywords: Statistical analysis, Curve fitting, Grey prediction, Differential equation 
1. Description of the problem 
Some new characters have occurred in the development of the vehicle on highways in recent years, and the increase of 
amount, the continual rise of the ratio of different vehicles, the average income and other factors all influence the 
increase of vehicle on highways. The “Report of National Vehicle Development Strategic Research” issued in the 
beginning of 2007 also further analyzed these characters. 
There are many researches about the amount of vehicle, and abundant data materials have been accumulated. 
In the article, starting from above characters about the actual situation of highway and the increase of vehicle, and using 
relative data (including searching relative literatures and supplementing new data) in the Appendix 2 for references, the 
mathematical model of the vehicle increase on highways is established, and the model is used to predict the middle and 
short-term trend and the long-term trend of the vehicle increase on highways. 
2. Hypotheses of the problem 
(1) Under normal situation, there are not large numerous of vehicles to enter and quit. 
(2) The influence degrees of all discussed factors on the vehicles on highways can be denoted by the function about the 
time t, and they all change with the changes of t according to certain rule. 
(3) The ideal vehicle entering and quitting proportion is about 1:1, and this proportion will not influence the settlement 
of the problem. 
(4) The ideal vehicle structure is the time structure in the stable vehicle model. 
(5) Entering and quitting are independent each other. 
(6) The speed of vehicle increase v  is proportional to the base amount of vehicle. 
(7) The vehicle increase is limited by the total amount. 
(8) The level of vehicle is higher, and the increase speed of vehicle amount is slower. 
(9) It is generally to think that the unreasonable structure of vehicle increases the increase of vehicle on highways. 
3. Denotation of symbols 

N  is the total amount of vehicle at the time of t. 
v  is the vehicle increase speed at the time of t. 
r  is the vehicle increase rate at the time of t. 
η  is the measurement value of vehicle quality at the time of t. 
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mN  denotes the most total amount of vehicle which can be accepted by the highway. 

S  denotes the difference between the vehicle structure and the expectation structure at the time of t. 

W  is the proportion of urban vehicle at the time of t. 
b  is the vehicle increase rate at the time of t. 
d  is the vehicle scarp rate at the time of t. 
δ  is the proportion of vehicle transfer at the time of t. 
4. Analysis of the problem 
According to the statistical data of the traffic office, the core indexes influencing the vehicle increase on highway 
include the amount of vehicle possessed by the city along the highway, the vehicle structure (including truck and car), 
the vehicle speed, the speeds of vehicles with different structures, the work efficiency of the highway toll station, and 
the vehicle fault rate. 
In recent years, the vehicle development of highway continually rise with the development of the society, the increase 
of vehicle speed, the continual increase of vehicle amount, the increase of rural vehicle, and the speed-raising of 
highway, and these factors all impact the amount of vehicle on highways. 
Concretely speaking, the increase rate of highway vehicle amount is impacted by many factors, and the vehicle structure 
decides different speeds of vehicles, and the vehicle increase speed will be impacted to slow down, and the increase of 
vehicle speed will decrease the natural increase of vehicle amount, and the increase of vehicle fault rate will decrease 
the increase speed of the highway vehicle amount, and the increase of vehicle will accelerate the increase of the 
highway vehicle amount, and the vehicle structure will influence the increase rate of vehicle amount, i.e. the level of 
vehicle is higher and the fault rate is lower, which will make the natural increase rate of vehicle amount decrease, and 
the uncertain vehicle amount will accelerate the vehicle change, and the speed of vehicle increase is related with the 
base amount of highway vehicle, and the base amount of vehicle is larger, and the speed of vehicle increase is higher. 
The classic model to describe the highway vehicle increase (Yang, 2003) is 

0 0

r (1 )

( )
m
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dt N
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⎧ = = −⎪
⎨
⎪ =⎩

 

Where, mN  denotes the most total amount of vehicle which can be accepted by the highway and r is the natural 
increase rate. 
This model only considers the base amount of vehicle and the influence of limited resource to the vehicle increase, but 
doesn’t consider the influences of vehicle speed, the continual increase of vehicle amount and the increase of urban 
vehicle on the highway vehicle increase, so we need improving this model to comprehensively consider these factors. 
(1) Considering the influence of the base amount of vehicle, the speed of vehicle increase v  is proportional to the base 
amount of vehicle, i.e. 
∝v N  

(2) Considering the factor of limited resource, the increase of vehicle is limited by the total amount of highway vehicle, 
and the mathematical description is 

v N N∝ m（1- / ） 
(3) Considering the running speed of vehicle, i.e. the influence of the vehicle speed on the amount increase speed, the 
speed is higher and the vehicle increase speed is lower, i.e. 

η/1∝v  

i i
i

Wη η=∑  

Where, 
iW  denote the proportions of various types of vehicle. 

iη  denotes the vehicle speed, and for the yearly value 
of 

iη , {0.25 0.50 0.75 1.0}iη ∈ ， ， ， , and for the type C vehicle speed, 1 0.25η = , and for the type B vehicle speed, 1 0.50η = , 
and for the type A vehicle speed, 1 0.75η = , and for the vehicle speed with higher types, 1 1.0η = . 
(4) Considering the influence of amount structure on the vehicle increase speed, the reasonless vehicle structure will 
accelerate the increase of vehicle amount, i.e. 

Sv ∝  
The so-called vehicle expectation structure means the stably increasing vehicle model in the vehicle increase model, and 
it can be denoted by the vehicle rate of each type. 
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2( )i i
i

S b a= −∑  

Where, ia  denotes the proportion of various vehicle amounts in the expectation time structure, ib  denotes the rate of 
the i’th vehicle at the time of t. 
Concretely, according to the mathematical knowledge of social vehicle, the static vehicle increase model, i.e. the age 
structure of stable model, is seen in Table 1. 
(5) Considering the influence of village and town distribution on the vehicle increase speed, the town living condition is 
better than the condition of village, so the town vehicle will accelerate the increase of highway vehicle increase, i.e. 

Wv ∝  
(6) Considering the influence of the vehicle type rate on the vehicle increase speed, the vehicle type rate is higher, and 
the increase of vehicle amount will be limited, so 

)1/(1 Sv +∝  
(7) Considering the influence of entering rate and quitting rate of vehicle amount on the vehicle increase, the natural 
increase rate of vehicle amount equals to the different of the entering rate and the quitting rate, i.e. 
r=b-d 
Where, the vehicle entering rate is 

)(highwayttotalamoun
ountenteringamb =  

And it is influenced by the vehicle increase rate, and the entering rate from the city to the highway = entering amount/ 
the total amount of vehicle in the city. So, 

)(* highwayttotalamounmounttotalcitya
ountenteringamb =  

At the same time, the vehicle increase speed is proportional to the natural increase rate of vehicle amount r, so 
v r b d∝ = −  
(8) Considering the influence of the proportion of fault vehicle amount in the vehicle amount on the vehicle increase, 
the fault proportion is higher, and the increase of vehicle amount is more limited, i.e. the increase speed is lower, 

δ/1∝v . 
(9) The influence of flow vehicle amount on the vehicle increase speed, i.e. the increase of flow vehicle amount will add 
pressure to the highway, will accelerate the vehicle increase speed, and this factor and its influences are not considered 
in the article. 
(10) Considering the influence of vehicle life on the vehicle increase, the enhancement of average vehicle life will 
increase the vehicle amount, and the vehicle increase will be impacted, and the vehicle increase speed will be 
accelerated. 
So based on above factors influencing vehicle increase, the vehicle increase speed model can be established. Through 
data fitting by corresponding data, corresponding parameters can be solved, so the development trend of future vehicle 
amount can be predicted. 
5. Establishment of the model 
For the long-term prediction of highway vehicle increase, the model is established to predict this trend. 
First, nine factors influencing the vehicle increase speed in the problem are changeable, i.e. these factors are the 
functions about the time t, and they can be denoted by 

( ); 1, 2,..,9i if f t i= =  
So, the model equation about the vehicle increase speed can be denoted by 

 

Where, K1 is a constant number. 
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Because the data can not allow us to quantitatively discuss the eighth and ninth factors (i.e. the proportion of fault 
vehicle amount in the total vehicle amount and the amount of flow vehicle), so the factors from the first factor to the 
seventh factor are used to establish the model. 
Concretely, replace Model 1 by the concrete expressions of 7 factors, and the following model expression can be 
obtained. 

 
Where, K2 is a constant number, and 

( ); ( ); ( );
( ); ( ); ( )

N N t S S t t
r r t W W t t

ϕ ϕ
η η

= = =
= = =

 

i i
i
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2( ) ( )i i
i

S t b a= −∑  

According to relative data, the mathematical software is used to perform the data fitting to all functions about the time t, 
and the mathematical expressions about the time t with good fitting effect are 

( ); ( ); ( ); ( ); ( ); ( ); ( )N N t S S t t r r t W W t t tϕ ϕ δ δ η η= = = = = = =  
Put them into the original model equation, so 

 
Where, K3 is a constant number. 
But, because the actual data are limited, the influences of the vehicle fault rate, the vehicle level and the flow vehicle 
amount on the vehicle increase speed are not analyzed, so these factors are not considered in the concrete problem. 
Modify the model 3 and eliminate ,δ η  and the flow vehicle amount, and the model 4 can be obtained. 

 
Where, K is a constant number. 
According to above formula, the mathematical software Mathematica  is used to solve the vehicle amount function 
about the time t (year) (concrete program is seen in Appendix 3). 

5 :Model  

 
The expression is denoted by t, K and N. 
Replace the actual vehicle amount data 

1 1( , )t N  and 
2 2( , )t N  in ( )N N t= , we can obtain the values of K and N, so the 

expression of vehicle amount can be obtained. 

( )N N t=  
The problem is to predict the vehicle amount in future certain year, and to obtain the highway vehicle amount in future 
period, replace the time it  in the vehicle amount expression, so the predicted vehicle amount of that year can be 
obtained. 

( )i iN N t=  
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By this way, we can obtain long-term prediction result. 
For the middle-term and short-term prediction of highway vehicle increase, the (1,1)GM  model is used to perform the 
grey prediction. 
(1) Associated coefficients. 
Supposed that 

( )
( )

( )
( )

( )
( )

( )
( )

0 0 0 0

1 , 2 ,...,N k N N N n
∧ ∧ ∧ ∧⎧ ⎫⎪ ⎪= ⎨ ⎬

⎪ ⎪⎩ ⎭
 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }[ ]0 0 0 01 , 2 ,..., 0,1N k N N N n=  

So the associated coefficient is defined as 
( )
( ) ( ) ( )

( )
( ) ( ) ( )

( )
( ) ( ) ( )

( )
( ) ( ) ( )

0 0
0 0

0 0
0 0

min min max max
( )

max max

N k N k N k N k
k

N k N k N k N k

ρ
η

ρ

∧ ∧

∧ ∧

− + −

=

− + −

 

Where, 
( )
( ) ( ) ( )

0
0N k N k

∧

−  is the absolute error between the k’th point ( )0X  and ( )0X̂ . 

( )
( ) ( ) ( )

0
0min min N k N k

∧

−  is the minimum error between two classes. 

( )
( ) ( ) ( )

0
0max max N k N k

∧

−  is the maximum error between two classes. 

p is the distinguish-ability, 0<ρ<1, generally, ρ=0.5. 
For the sequences with different units and different initial values, they should be initialized before computing relative 
coefficients, i.e. eliminate the first value in all data in this sequence. 
(2) Degree of association. 

( )∑
=

=
n

k
k

n
r

1

1 η  is the association degree between ( ) ( )0N k  and 
( )
( )

0

N k
∧

. 

For the establishment of the (1,1)GM  model, 

First, the time sequence ( )0X  has n observation values, ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }0 0 0 01 , 2 ,...,N N N N n= , and through accumulation, 

the new sequence ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }1 1 1 11 , 2 ,...,N N N N n=  generates, so the corresponding differential equation of the  

model (1,1)GM  is 

( )
( )

1
1dN aN

dt
μ+ =  

Where, α is the grey number of development, and μ is the endogenetic grey number. 

Second, supposed α̂  is the solve-for parameter vector, 
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

μ
α aˆ , it can be solved by the least square method. 

( ) n
TT YBBB 1ˆ −

=α  

Solve the differential equation, and the prediction model can be obtained. 
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6 :Model  
( )
( ) ( ) ( )

1
01 1 akN k N e

a a
μ μ∧

−⎡ ⎤+ = − +⎢ ⎥⎣ ⎦
, nk ...,2,1,0=  

Third, the test of grey prediction is the residual error test. 
For the short-term and middle-term predictions of vehicle increase, the Model 5 can be used to solve these predictions. 
6. Solution of the problem 
(1) The grey prediction to the future short-term and middle-term vehicle amounts 
According to the data, the statistics of the highway vehicle amount in recent years is seen in Table 2. 
The corresponding scatter diagram is showed as follows. 
FIGURE (simulation) 
The grey prediction model of Model 6 is utilized to obtain the short-term vehicle amount by the Mathematica  software, 
and the concrete situation is seen in Table 3 (concrete program is seen in Appendix). 
(2) The model prediction to the long-term vehicle amount 
First, solve the concrete expression of the model. To solve the function expressions of various factors about the time t, 
the data fitting should be implemented for corresponding data. 
The least square method is used to perform the curve fitting of data. 
Supposed the curve expression is ( )y y x= . 

Solve the objective function 2min [ ( ) ]i i
i

z y x y= −∑ , i.e. minimize z. 

(1) The relationship fitting between the difference S of the age structure and the expectation age structure of vehicle 
amount at the time of t and the time of t 
By the software of EXCEL, the data in the appendix (including data from Internet) are processed to table the 
corresponding values of s and t (seen in Table 4). 
From the data in the table, (supposed) on abnormal point (11, 0.0027) is found, the data fitting at this point should not 
be performed. Perform the relationship fitting of S and t by the data. First, the future vehicle amount fault rate will be 
reduced gradually according to the prediction information (seen in Figure 1), and the reasonless speed of vehicle 
structure will be reduced also, so one function curve corresponding with the curve in the following figure is tried to find 
to perform the data fitting. 
Figure 1. Prediction Diagram 
For the data analysis, the software SPSS is used to perform the multiple regression analysis about the curve parameter 
estimation, and the information obtained is seen in Table 5. 
From the information in Table 5, through repetitive fitting and analysis of curve, the function form with good fitting 
curve with the original data, i.e. the power function form can be found. 
For the parameter estimation, perform the power function curve fitting to the data, so 

3 2( ) 0.0000039666 0.023714 47.259 31393S t t t t= − + −  
(2) The relationship fitting between the difference ϕ  of the vehicle type rate and normal value in the year t and the 
time of t 
In the same way of (1), the corresponding values of ϕ  and t are seen in Table 6. 
According to the prediction information in appendix (seen in Figure 2), the general development trend of the future 
vehicle type rate can be obtained, so one curve basically corresponding with the curve in the following figure can be 
found to perform the data fitting. 
Figure 2. Variance of New-added Vehicle Type Rate Period 
In the same ways of (1), the SPSS is used to perform the regression analysis to the data, the fitting function form of the 
optimal fitting curve, i.e. trigonometric function, can be obtained, and then use the Matlab to perform the curve fitting 
of data. By the data fitting, the following formula can be obtained. 

( ) 0.0152104 Sin(81.5969 + 0.960176 x)tϕ =  
(3) The relationship fitting of the natural increase rate r of the vehicle amount and the time of t in the t’th month 
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As seen in Table 7, the quitting rate can be computed according to the relative data. 
Part result of data processing is seen in Table 8. 
So the data about the corresponding natural increase rate r can be obtained. 
In the same way of (1), combining with the entering rate and the quitting rate, the corresponding values of r and t are 
seen in Table 9. 
In the same way of (1), the SPSS is used to perform the regression analysis for the data, and the fitting function form of 
the optimal fitting curve can be obtained, and then the Matlab is used to perform the curve fitting for data. 
Through data fitting, the following formula can be obtained. 

3 2( ) 0.00048983 -2.9258 +5824.8 -3864900r t t t t=  
(4) The relationship fitting between the urban vehicle amount proportion and the time of t in the year of t 
In the same way of (1), combining with the entering rate and the quitting rate, the corresponding values of W and t are 
seen in Table 10. 
In the same way of (1), the SPSS is used to perform the regression analysis for the data, and the fitting function form of 
the optimal fitting curve can be obtained, and then the Matlab is used to perform the curve fitting for data. 
Through the data fitting, the following formula can be obtained. 

3 2( ) -0.000060889 +0.36533 -730.66  +487090W t t t t=  
The relationships between four factors including the vehicle amount age structure, the natural increase rate, the type 
property, and the urban vehicle amount proportion with the time t are found through above analysis and computations, 
i.e. 

( ); ( );
( ); ( )

S S t t
r r t W W t

ϕ ϕ= =
= =

 

According to the model 4, replace the concrete expressions of ( ); ( ); ( ); ( )s s t t r r t W W tϕ ϕ= = = = , and 
0( 2005) 1308N t = =  (supposed that the total vehicle amount is 13.08 million in January of certain year) in the model 4, 

the differential equation about the time t can be obtained. 
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⎪
⎩

 

Utilize the software Mathematica  to solve the differential equation, and the expression about t , K  and 
mN  of the 

vehicle amount can be obtained (program and result are seen in appendix 4). Replace any two groups of actual vehicle 
amount data 

1 1( , )t N  and 
2 2( , )t N  in ( )N N t= , and use the software of Matlab  to solve the equation group with two 

unknowns, and K = 61.1e−− , 
mN =81. So the expression of vehicle amount can be obtained. 

11 7 7 6 5 4 3 2( 1.2 10 1.6228 10 0.00097 3.23082 6446.693 7717896 5133023692 )

810000( ) 11
130756

t t t t t t t
N t

e
− −− × − × − + − + −

=
+

 

Next, this model is used to predict the development of vehicle amount in future 50 years in China. 
Replace the time (year) in the expression, and obtain the predicted vehicle amount. 

( ); 2006,2007,.., 2055iN N i i= =  

iN  denotes the total amount of vehicle in the years of i , and the total vehicle amount in china from 2006 to 2055 can 
be predicted. 
The software Matlab  can be used to seek the total amount of vehicle in China from 2006 to 2055. 
The mathematical software is used to draw the long-term vehicle increase line chare on highways. 
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7. Evaluation and extension of the model 
This model comprehensively considers the influences of numerous factors on the vehicle increase speed in China, and a 
comprehensively general mathematical model about the vehicle increase is established. The character of this model is to 
take the function model of vehicle amount about the time of t as the base, and respectively establish function 
relationships about the time of t under the influences of many factors such as vehicle type proportion, vehicle amount 
age structure, vehicle amount comprehensive quality, and the village and city vehicle amount distribution. These factors 
were comprehensively considered to establish the vehicle amount prediction model to perform the prediction. By this 
way, the analysis of single variable will reduce the complexity of the problem and make the establishment of the model 
become more easily. At the same time, in the settlement of the model, the fitting precision is considered fully, so the 
final model is more reasonable, and the prediction result of the vehicle amount is more reasonable. 
There are deficiencies in the model. For the short-term and middle-term vehicle amount prediction, only the classic grey 
prediction method was used, but the grey prediction can only predict the short-term vehicle increase, and it will produce 
large prediction error for the long-term vehicle amount. So we attempted to use the prediction result of the first time to 
predict the result of the second time, but the prediction effect was not good, so for the middle-term vehicle amount 
prediction, the method is not efficient enough. At the same time, the rationality and the validity of the model will 
depend on the fitting precision and quality of a series of data, which would bring difficulties to establish the reasonable 
model and prediction. 
In addition, for part problems in the vehicle amount model, the probability statistics knowledge can be used to establish 
the model, and the normal distribution can be used to establish and solve the model. 
This model is the vehicle amount prediction model, and this model can predict the vehicle amount on highways in 
future, which can help the traffic office to control the vehicle amount and eliminate the burst fuse of the vehicle amount 
on highways. 
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Table 1. Age structure of the quiet vehicle increase mode 

Vehicle type A B C Senior vehicle 

Proportion 0.25 0.5 0.2 0.05 
 
Table 2. Data statistics of vehicle amount (unit: million) 

Month 1 2 3 4 5 6 7 8 9 10 

Amount of vehicle 1224 1236 1248 1258 1267 1276 1285 1292 1300 1308
 
Table 3. Short-term prediction of vehicle amount (unit: million) 

Year 11 12 13 14 15 16 17 18 19 20 

Amount of vehicle 1319 1328 1337 1346 1356 1365 1375 1384 1394 1403

 
Table 4. Corresponding values of S and t 

t (month) 16 15 14 13 12 11 10 9 

S (t) 0.0638  0.0624  0.0607 0.0592 0.0577 0.0027 0.0553  0.0551 

T (month) 8 7 6 5 4 3 2 1 

S (t) 0.0548 0.0545 0.0543 0.0541 0.0538 0.0536 0.0535 0.0534 
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Table 5. Model summary and parameter estimates 

 

Table 6. Corresponding values of the vehicle type rate warp and the time t 

t (month) 15 14 13 12 11 10 9 8 
ϕ (t) 0.0630 0.0629 0.0620 0.0606 0.0600 0.0674 0.0589 0.0513 

t (year) 7 6 5 4 3 2 1 0 
ϕ (t) 0.0436 0.033411 0.042065 0.045082 0.041812 0.04273 0.055166 0.062693

 
Table 7. Fitting of the relationship between the natural increase rate of vehicle amount in the t’th month with the time t 

Unit: % 8 9 10 11 12 13 14 15 

Entering rate b 15.64 14.64 14.03 13.38 12.86 12.41 12.29 12.4 
 
Table 8. Part result of data processing 

Unit: ‰ 8 9 10 11 12 13 4 15 

Quitting rate b 6.5 6.46 6.45 6.43 6.41 6.4 6.42 6.51 
 
Table 9. Corresponding values of r and t 

t (month) 15 14 13 12 11 10 9 8 

r (t) 5.89 5.87 6.01 6.45 6.95 7.58 8.18 9.14 

t (month) 7 6 5 4 3 2 1 0 

r (t) 10.06 10.42 10.55 11.21 11.45 11.6 12.98 14.39 
 
Table 10. Corresponding values of W and t 

t (month) 1 2 3 4 5 6 7 8 

W (t) 26.94% 27.46% 27.99% 28.51% 29.04% 30.48% 31.91% 33.35%

t (month) 9 10 11 12 13 14 15  

W (t) 34.78% 36.22% 37.66% 39.09% 40.53% 41.76% 42.99%  
 
 


