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Abstract 

The quality of a curve for industrial design and computer graphics can be interrogated using Logarithmic 
Curvature Graph (LCG) and Logarithmic Torsion Graph (LTG). A curve is said to be aesthetic if it depicts linear 
LCG and LTG function. The Log-aesthetic curve (LAC) was developed bearing this notion and it was later 
extended to a Generalized Log-aesthetic curve (GLAC) using the ߢ-shift and ߩ-shift approach. This paper 
reformulates GLAC by representing the Logarithmic Curvature and Torsion graph’s gradient function as a 
nonlinear ordinary differential equation (ODE) with boundary conditions. The outputs of solving the ODEs 
result in a well defined Cesaro equation in the form of curvature function that is able to produce both planar as 
well as spatial curves with promising entities for industrial product design, computer graphics and more. 
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1. Introduction 

1.1 The Formulation of Logarithmic Curvature Graph That Leads to Log-Aesthetic Curves 

Designing visually pleasing industrial products is crucial since this feature dicates the success of a product (Pugh, 
1991). Harada et al. (1999) proposed a novel method to investigate curves used in automobile design called the 
Logarithmic Distribution Diagram of Curvature (LDDC). They proposed aesthetic curves as curves with a 
constant LDDC gradient where the gradient is denoted as	ߙ. In 2003, Kanaya et al. simplified the formulation of 
LDDC to a simpler form, hence denoting it as Logarithmic Curvature Graph (LCG). Recently, Gobithaasan and 
Miura (2014) further proposed on using LCG as a shape interrogation tool for arbitrary curves.  

In 2005, Miura derived the fundamentals used to design aesthetic curves and consequently developed a general 
formula of aesthetic curves called Log-Aesthetic Curves (LAC). Yoshida and Saito (2006) further proposed a 
method to draw the Log-Aesthetic Curve segment interactively by using two endpoints and their respective 
tangent vectors, known as the G1 data. In 2009, Levien and Sequin stated that the Log Aesthetic curve is the most 
promising curve for aesthetic design. In 2012, Yoshida and Saito further derived a method to render the drawable 
boundary for Log-Aesthetic Curve segments to indicate whether a segment can be drawn from the given G1 data 
or otherwise. 

1.2 Generalized Log-Aesthetic Curve 

In 2011, Gobithaasan and Miura proposed a planar curve called Generalized Log Aesthetic Curve (GLAC) by 
extending the formulation of Generalized Cornu Spiral (GCS) (Ali et al., 1999) in a similar manner to 
Log-Aesthetic Curve. The GLAC comprises of high quality planar spirals such as Generalized Cornu Spiral, 
Log-Aesthetic Curve, clothoid, Nielsen’s spiral, logarithmic spiral, circle involute and etc. It has an additional 
parameter (denoted as	ߥ) to determine its shape. Compared to the Generalized Cornu Spiral, the Generalized Log 
Aesthetic Curve segment can be used to satisfy an extra constraint during the design process. To date, it has been 
further extended to the 3D GLAC called Generalized Log Aesthetic Space Curve (GLASC) (Gobithaasan et al., 
2012). 
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1.3 Recent Advancement of Log Aesthetic Curve 

The Log Aesthetic Curve has attracted numerous researchers around the world to investigate its practical 
applications. Readers are referred to a comprehensive review of these curves by Miura and Gobithaasan (2014) 
and references therein. In 2013, an article published in Computer Aided Design and Application journal entitled 
“Designing G2 Log-Aesthetic Spline” was selected as the best overall paper during the 10th International 
Conference of Computer Aided Design & Application held in Bergamo, Italy. This paper highlights the readiness 
of Log Aesthetic Curve for practical Computer Aided Design application pertaining to designing G2 continuous 
LAC in automobile design (Miura et al., 2013).  

1.4 Research Highlight 

In order to indicate its robustness in Computer Aided Design applications, Gobithaasan et al. (2013) showed that 
the Generalized Log Aesthetic Curve has wider drawable region compared to Log Aesthetic Curve. However, the 
Logarithmic Curvature Graph gradient of GLAC is in the form of a nonlinear function as follows: ߙ ൅ߥሺΛݏߙ ൅ 1ሻభഀሺ1 ൅  The LCG gradient of GLAC may consist of two .ߙ ሻ whereas LAC has LCG gradient asߙ
segments with opposite sign of LCG gradient, known as the compound rhythm LAC. The highlight of this paper 
is that we re-formulate the Generalized Log Aesthetic Curve. The final output indicates that the curvature is in a 
simpler form as compared to the original Generalized Log Aesthetic Curve and the new 2D and 3D GLACs 
preserve the linearity of Logarithmic Curvature Graph. 

2. Logarithmic Curvature and Torsion Graph’s Gradient 

Gobithaasan et al. (2009) proposed the formula of the Logarithmic Curvature Graph’s gradient as follows: 

ሻݏ఑ሺߣ  ൌ 1 െ ఘሺݏሻఘᇲᇲሺ௦ሻఘᇲሺ௦ሻమ  (1) 

From Equation (1), we know that when the first derivation of the curvature radius equals to zero, hence Equation 
(1) cannot be determined. For the circle and straight line, only the first derivation of curvature radius equals to 
zero. A straight line has no radius of curvature hence it does not have both LCGand corresponding gradient. In 
the case of a circle, the radius of curvature is a constant value and arc length is	2ܣߨ, where Α	is the radius of a 
circle. Hence, the LCG gradient should be 

ሻݐ఑ሺߣ  ൌ ೏ౢ౥ౝ൤ρ(t)
ds
dρ൨೏೟೏ ౢ౥ౝሾρሺtሻሿ೏೟ ൌ ௗ	୐୭୥ሾ஺ሺଶగሻሿௗ	୐୭୥ሾ୅ሿ ൌ 0 (2) 

Similarly, the Logarithmic Torsion Graph’s gradient proposed by Gobithaasan et al. (2012) is 

ሻݏఛሺߣ  ൌ 1 െ ఓሺ௦ሻఓᇱᇱሺ௦ሻఓᇱሺ௦ሻమ  (3) 

Equation (3) is not available for helix due to its constant torsion profile, so the LTG gradient for helix, ߣఛ ൌ 0. 
2.1 Curvature Profile from Linear Logarithmic Curvature Graph’s Gradient  

Equation (1) can be modified with regards to the curvature function, ߢሺݏሻ as 

఑ߣ  ൌ சᇲᇲሺୱሻ఑ሺୱሻ఑ᇲሺୱሻమ െ 1 (4) 

Therefore, a linear LCG gradient setting is 

 
சᇲᇲሺୱሻ఑ሺୱሻ఑ᇲሺୱሻమ െ 1 ൌ ݏߛ ൅  (5) ߙ

where ߛ	represents the gradient in LCG and	ߙ  is a constant value. Solving the second order nonlinear 
differential Equation (5) results in  

ሻݏሺߢ  ൌ
۔ۖۖەۖۖ
ۓ cଶ݁ୡభ௦ ݂݅	α ൌ γ ൌ 0cଶሺcଵ ൅ ሻିଵߙݏ ఈ⁄ ߛ	݂݅ ൌ 0
cଶ݁ି

మఽ౨ౙ౐౗౤ێێۏ
ۍ ഀశೞംටషഀమశమౙభംۑۑے

ې
ටషഀమశమౙభ	ം otherwise

 (6) 

where ܿଵ	and	ܿଶ	are constants solved from differential equation. Equation (5) is rearranged to become  

 κᇱᇱሺsሻ ൌ ሺଵାఈା௦ఊሻ఑ᇲሺୱሻమ఑ሺୱሻ  (7) 
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where 0 ൑ ݏ ൑ ܵ, ܵ	is the total arc length. Let 

 ݂ሺݏ, ,ߢ ᇱሻߢ ൌ ሺଵାఈା௦ఊሻ఑ᇲሺୱሻమ఑ሺୱሻ  (8) 

for 0 ൑ ݏ ൑ ܵ, with κሺ0ሻ ൌ ௔ߢ  and κሺSሻ ൌ ௕ߢ . ݂ሺݏ, ,ߢ ܦ ᇱሻ is continuous on the setߢ ൌ ሼሺݏ, ,ߢ ᇱሻ| for  0ߢ ൑ ݏ ൑ ܵ, with െ∞ ൏ ߢ ൏ ∞ and െ∞ ൏ ′ߢ ൏ ∞}. The partial derivatives are ఑݂ሺݏ, ,ߢ ᇱሻߢ ൌ െ ሺଵାఈା௦ఊሻ఑ᇲሺୱሻమ఑ሺୱሻమ  

and	݂఑ᇲሺݏ, ,ߢ ᇱሻߢ ൌ ଶሺଵାఈା௦ఊሻ఑ᇲሺୱሻ఑ሺୱሻ , where both are continuous on D. According to Keller (1968), the first 

condition for an unique solution to exist is, a constant M must exist so that | ఑݂ᇱሺݏ, ,ߢ |ᇱሻߢ ൌ | ଶሺଵାఈାௌఊሻ఑ᇲሺୱሻ఑ሺୱሻ | ൑ M.  

The second condition which must be satisfied is ఑݂ሺݏ, ,ߢ ᇱሻߢ ൌ െ ሺଵାఈା௦ఊሻ఑ᇲሺୱሻమ఑ሺୱሻమ ൐ 0 for all ሺݏ, ,ߢ ᇱሻߢ ∈   ,Hence .ܦ

these conditions can be used as a guide to ensure that Equation (7) has an unique solution based on the selections 
of ሼߙ, ߙ ሽ. For example, whenߛ ൌ െ1, the curve becomes clothoid in which a solution always exists when ߛ ൏ 0. In general, the inequality ߛ ൏ ሺെ1 െ  .must hold in order to ensure an unique solution always exist ݏ/ሻߙ
Similar analysis can be carried out for torsion function to cofirm the existence of a solution.  

In order to control the curvature’s end point, Equation (6) is modified as 

ሻݏሺߢ  ൌ
۔ۖۖەۖۖ
ۓ ቀசభ௖భቁ௦ ௌ⁄ ܿଵ ߙ	݂݅ ൌ ߛ ൌ 0κଵሺߙݏ ൅ ܿଵሻିଵ ఈ⁄ ሺܵߙ ൅ ܿଵሻభഀ ߛ	݂݅ ൌ 0
݁ି మටషഀమశమം೎భ൮୅୰ୡ୘ୟ୬൦ ഀశೞംටషഀమశమം೎భ൪ି୅୰ୡ୘ୟ୬൦ ഀశೄംටషഀమశమം೎భ൪൲κଵ otherwise

 (9) 

where	ߢଵ ൌ  .ሺܵሻ. To ensure that Equation (9) is always monotonic, there are constraints that need to be satisfiedߢ
These include, when	ߛ ൌ ଵߢ ,0 ് 0 and has lower bound where	ݏ ൐ െ ௖భఈ . In the case of ߛ ് 0	and	ߙ ് 0, 2cଵ	ߛ ൐ ଵߢ	and	ଶߙ ് 0. 

2.2 Torsion Profile from Linear Logarithmic Torsion Graph’s Gradient 

First, change Equation (5) with regards to torsion profile, ߬ሺݏሻ as  

ఛߣ  ൌ தᇲᇲሺୱሻதሺୱሻதᇲሺୱሻమ െ 1 (10) 

Then, to obtain the torsion profile from linear LTG gradient, set 

 
தᇲᇲሺୱሻதሺୱሻதᇲሺୱሻమ െ 1 ൌ ݏ߰ ൅  (11) ߚ

where ߰ represents the gradient of LTG and ߚ is just an arbitrary constant. Solving the second order nonlinear 
differential Equation (11) results in 

 ߬ ൌ
۔ۖۖەۖۖ
ۓ dଶ݁ୢభ௦ ߚ	݂݅ ൌ ߰ ൌ 0dଶሺdଵ ൅ ሻିଵߚݏ ఉ⁄ ݂݅	߰ ൌ 0
dଶ݁ି

మఽ౨ౙ౐౗౤ێێۏ
ۍ ഁశೞഗටషഁమశమౚభഗۑۑے

ې
ටషഁమశమౚభഗ otherwise

 (12) 

where ݀ଵ	and ݀ଶ	are constants solved from the differential equation. Similar to the formulation of curvature 
profile, Equation (12) too has an unique solution. Equation (12) is modified to enable control of the torsion at 
end point 

 ߬ሺݏሻ ൌ
۔ۖۖەۖۖ
ۓ ቀதభௗభቁ௦ ௌ⁄ ݀ଵ ߚ	݂݅ ൌ ߰ ൌ 0߬ଵሺߚݏ ൅ ݀ଵሻିଵ ఉ⁄ ሺܵߚ ൅ ݀ଵሻభഁ ݂݅	߰ ൌ 0
݁ି మටషഁమశమഗ೏భ൮୅୰ୡ୘ୟ୬൦ ഁశೞഗටషഁమశమഗ೏భ൪ି୅୰ୡ୘ୟ୬൦ ഁశೄഗටషഁమశమഗ೏భ൪൲߬ଵ otherwise

 (13) 

where ߬ଵ ൌ ߬ሺܵሻ. To ensure that Equation (13) is always monotonic, some constraints need to be followed. 
These conditions are, when	߰ ൌ 0, ߬ଵ ് 0 and has lower bound where	ݏ ൐ െ ௗభఉ . When ߰ ് 0	and	ߚ ് 0, 
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2dଵ	߰ ൐ ߬ଵ	and	ଶߚ ് 0. 

3. The Construction of 2D and 3D Generalized Log Aesthetic Curve  

A planar curve is obtained when the curvature profile is solved using the Frenet-Serret equation without the 
torsion profile (Gray, 1994). For example, when κଵ ൌ 1, ߙ ൌ 1, ߛ ൌ 1, cଵ ൌ 1	with various ܵ ൌ ሼ1, 2, 3, 4, 5ሽ. 
These are monotonic decreasing curvature profiles as shown in Figure 1 and thecurves are rendered in Figure 2. 
On the other hand, when values are changed i.e. ߛ ൌ െ1 and cଵ ൌ െ1, these curvature profiles will increase 
monotonically and κଵ ൌ 3	as shown in Figure 3 and 4. Figure 5 shows the curvature profile with different end of 
curvature value with the same arc length, 2ߨ and corresponding curves are shown in Figure 6. 

 

 
Figure 1. Monotonically decreasing curvature profile with arc length ݏ ൌ ሼ1,2,3,4,5ሽ 

 

 
Figure 2. Five examples of planar curves with similar end curvatures and arc length ݏ ൌ ሼ1,2,3,4,5ሽ 

 

 
Figure 3. Monotonically increasing curvature profile with arc length ݏ ൌ ሼ1,2,3,4,5ሽ 
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Figure 4. Examples of planar curves with similar curvature at end point with arc length ݏ ൌ ሼ1,2,3,4,5ሽ 

 

 
Figure 5. Curvature profile with different end curvatures 

 

   
 (a) (b) (c) (d) (e) 

Figure 6. Examples of planar curve with various end curvatures but same arc length 

 

The formulation of the torsion profile is done in the same way as the formulation of curvature profile. Therefore 
in Figure 7, the pattern of curvature profile of Figure 4 is applied into the torsion profile. Figure 8 depicts the 
pattern of Figure 6’s curvature profile when applied into the torsion profile. 
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