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Abstract

The purpose of this research is to develop a mathematical model of the collapse behaviour of symmetric hexagonal
tubes. For that, a finite element analysis procedure was conducted using ABAQUS software to determine the
lateral collapse behaviour of symmetric hexagonal of angles, 8 = 30°,45° and 60° and square tubes to compare
the results with the cylindrical tube. Then, a new predictive mathematical model of the lateral collapse behaviour
for the generalized symmetrical geometric tubes is developed based on rigid, perfectly plastic model and the
energy balance method. The newly mathematical model was validated with the simulation method results. It was
discovered that symmetric hexagonal and square tubes performed different deformation behaviour than the
cylindrical tube. Square and symmetric hexagonal with 8 = 15° tubes performed Type II deformation behaviour.
Symmetric hexagonal tubes with 8 = 30°,45° and 60° performed Type I with the perfectly plastic collapse
behaviour whereas cylindrical tube performed Type I with strain hardening deformation behaviour. The
mathematical prediction model had managed to model the deformation behaviour of symmetric hexagonal tubes
with 8 = 30°45°and 60° but failed to model the square and symmetric hexagonal with 8 = 15° tubes because
it was the perfectly plastic model which suitable for Type I with perfectly plastic deformation behaviour.
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1. Introduction

The crashworthiness or the response quality of a vehicle during collision or impact has become one of the
important engineering studies in the designing of vehicles. This study is important in order to improve on the
crashworthy properties of a vehicle so that the fatalities rate on the occupants involved in the crash could be
reduced (Johnson, 1990). When a collision occur, the energy absorption system should react by absorbing and
dissipating the kinetic energy into an irreversible or inelastic energy such as plastic deformation, viscous energy
and friction or fracture energy (Olabi, Morris, & Hashmi, 2007). One of the popular energy absorption systems is
the lateral compression of cylindrical tube.

Several experimental and analytical studies which basically focused on the cylindrical tube had been performed
with regards to the lateral collapse of tubes compressed between two flat rigid plates. The first mathematical model
was developed based on rigid perfectly plastic material model where the load-deformation prediction was based on
the energy balance method and it took into account the geometrical components of stiffening phenomenon (De
Runtz & Hodge, 1963). The model included four stationary plastic hinges where the plastic deformation occurred
to replicate the experimental quasi-static lateral collapse of mild steel cylindrical tube which was compressed
between two flat rigid plates. Another separate mathematical model assumed that there were six plastic hinges
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around the perimeter of the tube and the ring straightened at the moving contact point (Burton & Craig, 1963).
However both mathematical models (Burton & Craig, 1963; De Runtz & Hodge, 1963) did not take into account
the material strain hardening hence the actual results were under estimated. Those mathematical models were then
improved by introducing a rigid linear strain hardening material model (Redwood, 1964). Lastly, the mathematical
model was improved further by relating the contribution of strain hardening over a variable length of plastic hinges
(Reid & Reddy, 1978). This vastly improved mathematical model was to be the most accurate with the
experimental results and still being applied until now. However, the focus of all these mathematical models was on
cylindrical tube.

Several studies on the impact loading have focussed on the geometrical tube's shapes such as hexagon and octagon
in the last few years to find the alternative of cylindrical and square tubes (Abdewi, Sulaiman, Hamouda, & Mahdi,
2008; Radzi et al., 2013; Song, Chen, & Lu, 2012; X. Zhang & Huh, 2009; Z. Zhang, Liu, & Tang, 2010). These
researches were conducted mainly to increase the plastic deformation zones and hence improved the energy
absorption efficiency. This was to reduce the initial peak and the subsequent fluctuations in the load-deflection
curve and improved the uniformity of the load—displacement curve which showed a great potential of geometrical
tube's shape. However, the studies of these geometrical shapes effects are still new and more studies need to be
conducted to improve the results obtained and to deliver more convincing results.

During the compression process, the cylindrical tube was deformed by undergoing three major phases which
resulted in three stages in the force-deformation curve. The first stage was the linear increasing force, followed by
a flat force, an increasing force or a curve and lastly an unbounded increasing force. The first stage was for the
elastic collapse, the second stage was for the plastic collapse and the last stage was for the densification of the
cylindrical tube (Gibson & Ashby, 1997). During the plastic collapse, three types of behaviour can take place
which are the strain hardening, strain softening and perfectly-plastic (Li, Magkiriadis, & Harrigan, 2006). Strain
hardening is the case where the stress will continue to increase as the deformation continues after the yield stress,
ay. Strain softening is the case where the stress will reduce as the deformation continues after the yield stress.
Perfectly-plastic is the case where the stress will remain at the yield stress, g, as the deformation continues.
Figure 1(a)—(c), the stress - strain relationship illustrates these behaviours. In these figures, o represents the stress
and ¢ represents the strain. There were two type force-displacement curves under the compression loading, named
as Type-I and Type-II (Calladine & English, 1984). Type I executes flat force whereas Type-II performs an initial
peak force and then followed by an immediately reduced force. These conditions are illustrated in Figure 2.

L 4

Te L ey 1
(b)

Figure 1. Collapse behaviour of tube under lateral compression (a) Strain-hardening behaviour, (b)
Strain-softening behaviour and (c) Perfectly-plastic behaviour (Li et al., 2006)
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Figure 2. The force vs displacement relationship of Type-I and Type-II deformation behaviour pattern (Calladine
& English, 1984)
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Based on the previous works, an attempt has been performed to develop a mathematical model to predict the
collapse behaviour of symmetric hexagonal and square tubes. This mathematical model is discussed in section two.
The mathematical works were then being validated with the finite element analysis (FEA) simulation results. The
simulations were conducted by using a finite element analysis software i.e. ABAQUS to study the collapse
behaviour of symmetric hexagonal tubes. The simulation procedure is discussed in section three. In section four,
the results of the deformation behaviour analyses and the mathematical model validation are discussed. Then, the
discussion of the results is presented in section five. Lastly, in section six a conclusion of the study is included.

2. Mathematical Model
2.1 Hexagon

Consider the equilibrium of a segment in a symmetric hollow hexagonal shape as shown in Figure 3. Let
H,L,R and 6 as the total height, total length, the length of an oblique side and the angle between vertical axis
and the oblique side respectively.

Figure 3. Symmetric hexagonal shape

F/2 F/2
Figure 4. Symmetric hollow hexagon shape compressed between two rigid plates

The symmetric hollow hexagonal shape was placed in between two flat rigid plates as shown Figure 4. The top flat
rigid plate was positioned on top of the shape that acted as the compressor which provided the downwards axial
loading while the bottom plate stayed stationary and acted as the fixed base. It was expected that there were six
stationary plastic hinges for symmetric hexagonal tube at all the vertices of the hexagon which forced all of the
four oblique sides to collapse until the wall of top half of the hexagon contacted with the wall of bottom half of the
hexagon and the symmetric hexagonal tube will become flat.
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Figure 5. The point of hinge of the symmetric hollow hexagon shapes during the lateral collapse

Since the symmetric hexagonal tube was compressed between the two rigid plates, the forces and moments which
acted on the top half and bottom half of the tube were equal i.e. F/2. As the hexagonal tube was symmetric, the
deformations at all four quadrants were expected to be similar. Let’s just consider the first quadrant (refer Figure
5). At the equilibrium, the forces and moments worked along the same horizontal line in the middle of the hexagon
of length [. At the beginning [ = R cos a, where @ = 0. Thus [ = R.

For an angle of segment rotation ¢, the compression was

H
R_Zcose (1)
> =Rsina ©)
l=Rcosa (3

From the energy balance: E;;, = P *x Ax= D = Y., M,|6,]

The elastic collapse of the tube was very small when compared to the plastic collapse and thus for simplification,
the elastic deformation process can be discarded from the development of the mathematical analysis (Lu & Yu,
2003). Thus, a rigid, perfectly plastic model was used as the collapse model. Based on the energy balance method,
the force F/2 was equal to 2M,,/l, where M,, = Ybh?/4 was the fully plastic bending moment of the ring with
b was the width of the ring or tube and h the thickness of the ring or tube. Hence

F_ 2My

P @
= ©)
The initial collapse load was therefore
Fo = 120 (M)
P 1 ®)

F 2
O
Substituted (1) and (7) into (8). Then, the deformation could not exceed the total length of the shape, H =

2Rcos 6. After this point, densification occurred and force, F will be unbounded. Then, the model of the lateral
collapse of symmetric hexagonal tube was defined as follow:

YR for  0< & <2Rcosf;
5\22
F={ -] ©)
o0 for 6 > 2Rcos 6.
__ 2¥bhfcos6 for 0< 6 <H,
5 212
Or F= H[l—(ﬁcosﬁ) ] (10)
o for 6>H.
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2.2 Square

Figure 6 is the diagram of a square shape. By assuming that the equilibrium of a segment in a hollow square was
just like the equilibrium of a segment of symmetric hollow hexagon with H = L, § =0 and R = H/2. Similar
to hollow hexagon, there were six stationary plastic hinges for hollow square which were at the four vertices and at
middle of the vertical sides of the shape that will make the vertical sides deformed and the horizontal will remain
unchanged.
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Figure 6. Square shape

Based on the hexagon shape, for comparison, by letting 8 = 0, the hexagon shape would form a square shape.
From (2), since 6 = 0, then R = H/2. Thus the model of the lateral collapse of symmetric square tube was
given as

Ybh? - for 0< 6 <2R;
22
F = /-G (1
o) for 6 > 2R.
2vbh? T for 0<d <H;
2]z
o F={ -G (12)
o for éd>H.

3. Simulation Procedures

The simulation procedure was performed by using a finite element analysis software i.e. ABAQUS (Hibbitt,
Karlsson, & Sorensen, 2006). The lateral collapse of various symmetric hexagonal and square tubes of different
angles compressed between two flat rigid plates was simulated using quasi static analyses. Three dimensional (3D)
model was developed by using the Arbitrary Lagrange Euler (ALE) solver by setting the analysis according to the
“Static-General Implicit” analysis procedure. The shape of the symmetric hexagonal tubes was modelled by using
a 3D modelling space, deformable behaviour with a solid extrude base feature. The rigid plates were modelled by
using a 3D modelling space and the ‘discrete rigid’ type behaviour with a shell extrude base feature. Both flat rigid
plates were assigned with 100 R3D4 or quadrilateral rigid elements. All of the geometric symmetric tubes were
meshed by using 15000 to 30000 ‘C3D8R’ type elements or 8 node brick elements. Mesh discretisation method
was performed to get the optimum number of elements (Koslan et al., 2013). The material properties were set
based on the stainless properties, i.e. Young's modulus, E = 200GPa, Poisson's ratio, v = 0.35. yield strength,
oy = 207 MPa and ultimate strength, oy = 517 MPa.

The top and bottom flat rigid plates were assumed to be rigid bodies where there were no deformations for both flat
rigid plates during the compression. The simulations were performed by placing the object in between two flat
rigid plates (see Figure 7). The bottom flat rigid plate was set to be fully fixed at its location while the top flatrigid
plate which acts as the compressor was set as moving in negative y-axis (downward) direction so that the object
can be compressed. The frictional effect between the flat rigid plates and the object was neglected.
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Figure 7. The diagram of symmetric hexagonal tube placed in between two flat rigid plates

4. Results

4.1 Comparison of the Deformation Behaviour among Cylindrical, Square and Various Symmetric Hexagonal
Tubes Based on Simulation Method
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Figure 8. Force vs deformation/ total height relationship for cylindrical, square and symmetric hexagonal of
various angles, 8 = 15°,30°,45° and 60° tubes

Symmetric hexagonal tubes with different angles, 8 = 15° 30°,45° and 60° (see Figure 3) which had been
compressed laterally, between two flat rigid plates and their collapse behaviours were compared to the ones of
square and circle tubes. Square tube could be assumed to have similar geometry as symmetric hexagonal tubes
with 8 = 0° (see Figure 6). These collapse behaviors were obtained from the observation of the force vs
deformation relationship as shown in Figure 8. It can be observed that, the square and all the symmetric
hexagonal tubes in this study had produced different deformation behaviours than cylindrical tube.

The cylindrical tube had an immediate increasing force, followed by a steadily increasing force and lastly, the
force increased unboundedly. On the other hand, for square tube, there was as a high initial peak which then
immediately reduced and lastly, the force then rose unboundedly. Symmetric hexagonal tube with 8 = 15° also
had an initial peak but the peak was shallow. The height of the peak was one third of the height of the initial
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peak of square tube. For the other symmetric hexagonal tubes, there was an immediately increasing force,
followed by a flat or nearly flat force and ended with an unbounded rising force. The flat force of the symmetric
hexagonal tubes became lower and longer when the value of 6 was increased.

4.2 Validation of Mathematical Model Results with Simulation Results for Square and Various Symmetric

Hexagonal Tubes
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Figure 9. Comparing mathematical against simulation results of force vs deformation/total height relationship of
square and symmetrical hexagonal of various angle, 6 tubes: (a) square (6 = 0°), (b) 6 = 15°, (c) 8 = 30°,
(d)® = 45° and (e) 6 = 60°

The diagrams in Figure 9 (a) - (e) demonstrate the comparison of the force vs deformation/total height obtained
from the simulation processes and the mathematical models for the square and symmetric hexagonal with angles of
6 = 15°,30°,45° and 60° tubes respectively. Figure 9 (a) shows that the mathematical model results did not well
agree with the simulation results. The square tube in Figure 9 (a) had the highest gap between simulation results
and mathematical model results. However, the gap between both results was reduced when the angle, 6 was
increased. The diagram in Figure 9 (e) shows the closest result between both methods when 8 = 60°. Figures 9 (a)
and (b) show that for square and symmetric hexagonal with 6 = 15° tubes under simulation methods, the
deformation curves had an initial peak, followed by a reduced curve and ended with an unbounded increasing force.
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Figures 9 (c) - (e) show that the symmetric hexagonal with 8 = 30°,45° and 60° tubes had a flat or nearly flat
force and ended with high rising force. Figures 9 (a) - (e) show that under the mathematical model methods, all the
diagrams had a flat force and ended with high rising force.

5. Discussion

The comparison of force vs deformation/total height relationship under the simulation method for cylindrical,
square and symmetric hexagonal of the various angles i.e. 8 = 15°,30° 45° and 60° tubes had shown that the
square and symmetric hexagonal tubes was different than the cylindrical tube regarding the deformation
behviour pattern at the plastic collapse zone. All the tube structures had an early and immediately increasing
force which was the elastic collapse zone. Then, there was the plastic collapse zone where all of the three types
of structures had shown the different behaviours. The cylindrical tube had a steadily increasing curve force, the
square and symmetric hexagonal with 8 = 15° tubes had an initial peak, and the rest of symmetric hexagonal
tubes i.e. with 8 = 30°45°and 60° tubes had a long flat or nearly flat force. For all of the tube structures in
this study, the force ended with a high rising force which was the densification zone for all the tubes.

The initial peak phenomena for square and symmetric hexagonal with 6 = 15° tubes was in accordance with
the Type II deformation behaviour (Calladine & English, 1984) since a high early force was needed against the
elastic deformation of the vertical sides of square tube and the oblique sides with acute angle of symmetric
hexagonal with 8 = 15° tube before plastic deformation could take place. The cylindrical and symmetric
hexagonal with 8 = 30°45° and 60° tubes closely resembled the Type I deformation behaviour with the long
flat or nearly flat or the steady increasing force (Calladine & English, 1984) since no high force was needed to
collapse their oblique sides. For this type of collapse behaviour, the early linear increasing force is the elastic
deformation zone, the following long flat force or plateau is the plastic deformation zone and the last high rising
force is the densification zone (Gibson & Ashby, 1997).

The plastic collapse for the cylindrical tube was due to the four stationary hinges (De Runtz & Hodge, 1963) or six
hinges around the perimeter of the cylindrical tube (Burton & Craig, 1963). Based on the mathematical model
prediction and simulation performed, the plastic collapse for symmetric hexagonal tubes was due to the stationary
plastic hinge at all the six vertices which made the four oblique sides at the left and right of the symmetric
hexagonal tubes to collapse. The steadily increasing force of the cylindrical tube resembled the strain hardening
deformation whereas the flat force of the symmetric hexagonal tubes resembled the perfectly plastic deformation
behaviour (Li et al., 2006).

For square and symmetric hexagonal tubes, the yield stress oy was reduced when the angle 6 was increased.
For square tube, oy = 120kN, for hexagon tubes, when 6 = 15°, gy = 40kN, when 6 = 30°, oy = 20kN,
when 6 = 45°, gy = 10kN and when 8 = 60° oy = 5KN. This shows that the increased of 6 has reduced
the elastic deformation and hence reducing the possibility of injury and damage due to the effect of repetitive
acceleration and deceleration under the elastic deformation zone (Johnson & Reid, 1978).

In contrast, the long flat force or the stroke length became longer when the angle 6 was increased. For square
tube the percentage of stroke length to the tube's size was 44%. The stroke length percentage for hexagon tubes
was 60% when 6 = 15°, 64% when 6 = 30°, and 72% when 6 = 45°, but slightly reduced to 68% when
6 = 60°. The longer stroke will produce a longer plastic displacement, increasing the rate of hindering after an
impact and hence will reduce the possibility of severe injury and damage (Lu & Yu, 2003). Thus, this shows that
the increased of 8 has improved the energy-absorption mechanism of symmetric hexagonal tubes.

The validation of the mathematical model with the simulation method showed a big gap for square and
symmetric hexagonal tubes with a small angle, 8. The gap was reduced when the angle was increased and when
6 = 60° the result was almost close. The gap was due to the yield stress, gy for square and symmetric
hexagonal tubes with small 6 were very high. This was because the deformation behaviour for square tube and
the symmetric hexagonal tube with small 6 were in accordance with the Type II and the deformation behaviour
gradually change to the Type I behaviour as the angle 6 for symmetric hexagonal tube was increased. Since, the
mathematical model was based on the rigid, perfectly plastic model which resembled Type I deformation
behaviour, it showed contrasting results to the Type II deformation behaviour. However, the mathematical model
had managed to show the general deformation pattern of the symmetric hexagonal tubes where there is an
existence of a long flat force before densification occurred at around 80% of the collapse.
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6. Conclusion

The validation of the mathematical model with the simulation method has shown that for square and symmetric
hexagonal tubes with = 15°, both methods did not have good agreement since these tubes had Type II pattern
with an initial peak but the mathematic model was based on the rigid, perfectly plastic model which resembled
Type 1 deformation behaviour without the initial peak. When the angle 6 for symmetric hexagonal tubes was
increased, the deformation behaviour of the hexagonal tubes had gradually changed to the Type I behaviour
which showed the agreement of both methods was getting better. The symmetric hexagonal tubes with 6 = 60°
showed very close results between both methods.

For symmetric hexagonal tubes, the increased of the angle 8 had reduced the yield stress oy but increased the

plastic deformation thus improved the energy-absorption system by reducing the possibility of damage and
injury during the collision.
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