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Abstract

In this paper, some topological properties were studied, especially including relative Hausdorff, relative regular and
relative strongly regular and the property of nearly-paracompact under the perfect mapping was also discussed .
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1. Introduction

Relative topological properties are extension of classic topological invariants.In 1989, the relative topological properties
were discussed by A.V.Archangel’skii and H.M.M.Genecli in Note 1, and A.V.Arhangel’skii gave the first systematic
text on relative topological properties in 1996. In recent years, some further new results of the relative topology were
obtained respective by A.V.Arhangel’skii, J.Tartir and W.Just, O.Pavlov and M.Matveer, 1.Yaschenko, V.V.Tkachuk,
M.G.Tkachenko and R.G.Wilson, etc.

In my paper, some relative topological properties were studied and some results were given.
2. The Properties of Relative Regularity

X is a space, Y CX, the concept of Y is Hausdorff, regular, superregular and strongly regular in X were introduced in
Note 1. In this part, some properties of them were discussed, and I gave there results.

Definition 2.1 Y is Hausdorff in X: If for every two distinct points x and y of Y, there are disjoint open subsets u and v
of X, such that: xeuandy €v.

Definition 2.2 Y is regular in X: If for each y of Y and each closed subset p of X, such that y & p, there are disjoint
open subsets u and v of X, such that: yeuandp pNY Cv.

Definition 2.3 Y is superregular in X: If for each y of Y and each closed subset p of X, such that y & p, there are
disjoint open subsets u and v of X, such that: yEuand p Cv.

Definition 2.4 Y is strongly regular in X: If for each x of X and each closed subset p of X, such that y & p, there are
disjoint open subsets u and v of X, such that: x€uand pNY Cv.

Theory 2.5 IfY is a dense subspace of a space X. Then, Y is Hausdorff in X if and only if Y is Hausdorff.
Proof. “=> " Let y,, y, are arbitrary points of Y. Since Y is Hausdorff in X, so there exist two disjoint open subsets
u,and v,in X, such that: y, € u; and y, € v,. We may assume that: # =u;, N"Y andv=v, NY . Then, u and v are

two open sets in Y and such that: u v =, y, €u andy, € v.ThatisY is Hausdorff.

“<=”Lety,,y, are arbitrary points of Y. Since Y is Hausdorff, so there exist two disjoint open subsets #,and V,in
Y, such that: y, €u, and y, €V, . So there exist two open sets u and v in X , such that: u, =uNY, v, =vNY . As

follow we will prove u v = . We may also assume thatzz v # J . Then # M Vis open in X since u and v are
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open in X, and Y is a dense subspace of X, so (uNv)NY =, thereforeu, NV, #. This is contradict
withu, "y, = . So, uNv=J.ThatisY is Hausdorff in X.
Theory 2.6 IfY is closed-open subspace of X. Then, Y is regular in X if and only if Y is superregular in X.

Proof. “=> Lety is an arbitrary point of Y and an arbitrary closed subset p of X, such that y& p, since Y is regular in
X, there are disjoint open subsets #, and v, of X, such that: ye u, and pNY Cv,. We may assume

thaty =Y Mu,, then Since y is a point of Y and Y is open in X, so u is an open set of X, and such that: y € u . Since Y
is closed in X, so X /Y is an open set of X. We may also assume that: v = v, U (X /Y, then we can get: p C vand
uNv=_ . ThatisY is superregular in X.

“<=" Let y is an arbitrary point of Y and an arbitrary closed subset p of X, such that y & p, there are disjoint open
subsets # and v of X, such that: y €uwand p CVv.Obviously, p Y Cv.ThatisY is regular in X.

Theory 2.7 Y is strongly regular in X if and only if for each point x of X and arbitrary open set # of X, such that
X € X , there existan open # _of X,suchthatyxeu Cuand u N(Y\u)=9.

Proof. “=> Let x is an arbitrary point of Y and an arbitrary open subset u of X, such that x € p. Let p=X\u, then p is
closedin X and y & p . Since Y is strongly regular in X, so there are disjoint open subsets %, and v, of X, such that:

x€u, and pNY =Y\ucv,.Wemaylet u =u, Nu ,therefore, xeu Cuand u, NY\u)=J.

“<&=” Let x is an arbitrary point of X and p is an arbitrary closed subset of X, such that x& p. Let u=X\p. Then
X € u.So there is an open set #_of X, suchthat x eu_ Cu and u, N (Y \u)=J . Since Yw=p MY, So we can
assume: u, =u_and u, =X \Z~ Obviously, x€u,, pNY Cu,and u, Nu, = . That is Y is strongly
regular in X.

3. The Property of Relative Compactness under the Perfect Mapping.

The definition of nearly-paracompact was introduced in Note 3. Some properties of topological spaces under the perfect
mapping were given in Note 6. In this part, I studied the property of nearly-paracompact under the perfect mapping, and
gave a result about it.

Definition 3.1 Y is nearly-paracompact in X: If for each open covering A of X, there exists an open family covering
R of Y, such that: R refines A andR is locally finite at each y of Y.

Theorem 3.2 Let f: X—Y is a perfect mapping. If Y] & nearly-paracompactinY.Then, () s nearly-paracompactin X.

Proof. Let A= {us :s €S} is an open covering of X. Since f is a perfect mapping, so for each y€Y, the fiber
f - (¥) is a compact subset of X. Thus, there exists a finite subset S()) of S, such that:
() c Uses(y) u, =u, . Since f is a perfect mapping, by the TH1.4.13 in Note 6, there exists an open
neighborhood w,\ of y, such that ') e f (W) Sty - We may also assume that: f (W) s

That is v, = f_l(wy(s)) . Then, it is obvious that: Vv is open in X and such that:

Voo
y(s)
') va(s)=f71(f(vy(s)))cuy(s) and  f(v,,) is an open subset of Y. Obviously,

R={f (Vy):yey } is an open covering of Y. Since Y| is nearly-paracompact in Y, so there exists an open

y(s)

family coveringR, ={v, :a € A} of Y by open subsets of Y|, such that: R,refines R,, and R, is locally

finite at each y€Y. We may also assume that f (Vy(s)) which contains v, is f(),(s) ). Since f is perfect

mapping ,thus, R,;={f""(v,);a € A} is an open family of X and locally Finite ecach x € ' (¥,).Obviously,
-1 -1 -1 .

ST () =V, o) =U, - LetR={f"(v,)nu nY:aed,seS,(y)}. Then, R

is an open family covering of Y and such that R refines A, and R is locally finite at each x€ f B (Y,) . That is

(. ¢ ) is nearly-paracompact in X.
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