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Abstract

Consider the high order neutral delay difference equation with positive and negative coefficients

A" [x(n)+ px(n—17)]+ R (m)x(n—8) ~ Ry(m)x(n—6,) =0

Where pe R;7€ N(1);0,,0,€ N;{R,(n)},{R,(n)} are positive real sequences. A sufficient condition for the

existence of the eventually positive solution of the above equation is set forward in terms of

+oo
Z n R,(n)<{teo,i=1,2,n€ N(n,) - This result got rid of a quite strong tentative of existing literature, which improve
n=l1

the relevant theorem.
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1. Introduction

Nowadays, as the rapid development of computer science, automation technology, biology and numerical research,
neutral delay differential equations oscillation study attracts the attention of many scholars, and some research
achievements have been taken in this area. At the same time, a difference equation with positive and negative
coefficients attracting more attention becomes a new study field. However, only a few research results have been
achieved in this field, and rare results on bounded positive solutions in neutral delay difference equation with positive
and negative coefficients. Reference studies the existence of positive solutions in second-order neutral delay difference

equation with positive and negative coefficients A’[x(n)+ px(n—17)]+ R (n)x(n—36,)— R,(n)x(n—35,) =0, and
gets a sufficient condition for the existence of positive solutions in this equation. Another reference promotes it to the
higher order, that is, it focuses on following 7/+1 order difference equation with positive and negative coefficients

A" [x(n) + px(n=7)]+ R (m)x(n=8) = R,(m)x(n=6,) =0 M

Where/€ z*; pe Ryte {1,2,--+};6,,0, € {0,1,2,---};{R (n)},{R,(n)} are positive real sequences.

For convenience, now the basic concepts and marks in this paper are listed as follows:

“A” Said for the forward difference operator Ay(n) = y(n+1)— y(n); Z Said for the set composing by all integer; R
Said for the real number set. Setae Z, and N(a) = {a,a+1,---}, N = N(0), {x(#)} is named as the solution of difference
equation (1) when the {x(7)} satisfied the equation (1). Whenne N(M), andx(n) >0, {x(7)} is eventually positive
solution which means that positive integral M exists. When positive integral M existed, where ne N(M), and

x(n) <0, {x(n)}is eventually negative solution. Oscillation refers to that {x(7)} are neither eventually positive
nor eventually negative, otherwise it called as nonoscillation.

Lemmal Assume

(1) in’Ri(n)Goo,i =1,2,ne N(n,) 2)

n=1
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(i) There exists a large enough positive integer 7, to every a > 0 and n>T hold, where aR (n)—R,(n) >0
A3)

(i) p#=xl “)

hold, then Equation (1) has an eventually positive solution.

The proofing processes could be found in references.

2. Main results and proof

Among the sufficient conditions for the existence of nonoscillatory solution in differential equation(1), the condition (3)
may look too restrictive; we will delete the strong condition (3), permit p =1, to get the overall sufficient condition
for existence of eventually positive solution on the p value in equation (1).

Theorem 1 Consider the difference equation with positive and negative coefficients

A"[x(n) + px(n—7)]+ R (n)x(n—8) = R,(n)x(n-8,) = 0

Where /€ z";pe R;7e N(1);6,,6, € N;R (n),R,(n)e C([n,,>),R")

If condition (2) is hold, where p # —1, then equation (1) has an eventually positive solution.

Proof: Let the B, be the Banach space which is composed of all bounded real sequences x = x(n) in N (n,) > define
sup norm”x” = sup x(#) . The proof of Theorem 1 will be divided into five claims.

Claim1. p =1

From condition (2), choose a large enough positive integer N > (n,) , so that whenn >N,

ZkR(k)<L2 (5)
= 1

! — (6)
;k Rz(k)sl+2

hold. Define a subset as 4 = {xe B, :/ <x(n) <I+2,ne N(n,)}, then it is easy to see A is a bounded, closed, and
convex subset of B, .

Define a mapping7: 4 — B,, as follows

+oo n+lit—1 400 400 oo
TES)E5 30 SHED Y 35 3) yI ety
i=l jiy=n+(li-D7T jis=ji,  j=j k=) s=k
Tx(n)=1[R,(s)x(s—8,)— R,(s)x(s = &,)] n>N ™
Tx(N) ny<n<N

Clearly, Tx is continuous. Next we will prove that T is a self-mapping in 4. Whenn > N ,Vxe 4, by using (5)and (7),
we have

+oo n+lit— n+(li-1)7-1 +oo  +oo  foo
Tx(m)<(+1)+) lzl + > Z ZZZ(S k+DR (s)x(s—3,) <
i=l | jiy=n+(li-)T  ji_,=n+(li-1)T J1-3=J1-a =j, k=j, s=k

+oo n+lit—1 +oo  +oo

(+D++2)>., >, Z ZZZ(S k+DR (s)=

i=l jio=n+(li-D7 ji3=ji,  j=j k=] s=k

+oo 4o

(1+1)+(1+2)Z Z ZZZ(S k+DR,(s) <

Jia=n Jis=ji2 =i k=) s=k

(1+1)+(l+2)is1Rl(s)S(l+1)+(l+2)xﬁ:l+2
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Furthermore, in view of (6) and (7), we have:

Tx(n)= (1 +1) - (Z+2)2s R,(s)=(+1)— (l+2)><%:l

sS=n

Clearly, when ny<n<N,We have/ < x(n) <[+2,thus Txe A which means that T is the self- mapping in A.

Next we will prove that 7 is a contraction mapping in 4. When » >N, for every X,, X, € A, we have:
+oo n+lit—1 +oo 400 +oo

|Tx,(n) - Tx,()| <> D Z DD (s—k+D)-
i=l =t (li=D7 ji3=jin  ji=j2 k=) s=k

R (9)[x,(s=8)—x,(s=8)] <

i i ---ziZ(s—k+1)Rl(s)||xl—x2||S

Jia=n Jis=jia =i k=) s=k

Zs R(9)|x—x] < Ile — x|

Where q:l 12 , SO that|T)c1(n)—Tx2(n)|Sq”x1 —x2||.
+

Clearly, when ) < <N, We have|Tx, (n) - Tx, (n)| < ¢ |x, — x,|| - Thus 7 is a contraction mapping in 4 .

Above all, according to Banach contraction mapping, 7 has a fixed point on 4 such that7x = x . Andx = {x(n)}
satisfies equation (7), so we have

+o0 n+lit-1 oo oo oo

x(m)+x(n-1)=QI+4H+>, D] Z DD (s—k+1):

i=l ji_,=n+(li-1)T j, 3=j,_» J1=J2 k=j; s=k
[R1 (s)x(s—6,) — Ry (s)x(s _52)] =

400 4oo +oo

(2l+4)+z Z ZZZ(S k+D[R (s)x(s—6,)— R, (s)x(s—6,)]

Jia=n jis=ira  hi=h k=jj s=k
To get the [ +1 order difference equation from the above equation,
A" [x(n)+x(n—=7)]+ R (n)x(n—38)—R,(n)x(n—38,) =0
Thus, the fixed point {x(#7)} is a positive solution of equation (1). This completes the proof of Claim].
Claim2. 0< p<]1

From condition (2), choose a sufficiently large positive integer 7, 2> maX{Tl, n, + 5} , where &= max{‘[,é‘l, 52} , SO
that

ZnR()< “ p) @®)
ianz(n)Sl_p_;;Mz_Ml ©
n=n 2

inl [Rl(n)+R2(n)]<1—p (10)

n=n

hold. Where M, and M, are positive constant, |_ M,<p< 1- .
+M,

Let4={xe B, :M,<x(n)<M,,ne N(ny)}> then it is easy to see A is a bounded, closed, and convex subset OfBN .
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Define a mapping7: 4 — B,, as follows

1= p—px(n-1)+ 3L [R (5)x(s - )
Tx(n) = R,(s)x(s=6,)] n>n, (11)
Tx(n) n<n<n,

Clearly, 7x is continuous. Next we will prove that T is a self- mapping in 4 .

When 7 2n,, and Vxe A by using (8) and (11), we have

Tx(n)Sl—p+ZCl

s+l-n

R(s)x(s—8) <

s=n

< M, (M, —-(1-
1—p+M22s[Rl(s)Sl—p+ 2 3‘4( P _
s=n 2

M.

2

Furthermore, in view of (9) and (11), we have:

Ta(n) 21— p-px(n—-1)=3 C\,, Ry (5)x(s—5,) >

S=n

1-p—pM, _Mzzisz(S) 21—p—pM2—M2(1_p;4pM2_M]) =M
s=n 2

Clearly, when n, < n <n,, we have M, <x(n) < M,. Thus Txe A4 which means that 7 is the self- mapping in A.
Next we will prove that 7 is a contraction mapping in 4. When n > n,, for every X,, X, € A, we have:

|Tx1 (n)—sz(n)| < |—px1 (n—T)+px2(n—T)|+

SRS (s —6) —x(s—8)|+
i Csl+l—nR2 (S)|x1 (s=0,)—x,(s— 52)| <
Pl =+ = 35 (R () + Ry(s) =

b=l SR 0 R (9|

From condition (10), where 0 < ¢, <1, so tha‘[|T)c1 (n)—Tx, (n)| <gq, ”)C1 - X, ” :
Clearly, whenn, <n <n,, we have|Tx1 (n)—Tx, (n)| < q”x, - x2|| .Thus T is the contraction mapping in A.

According to Banach contraction mapping, 7 has a fixed point on 4 such that 7x = x . And x = {x(n)} we have

l-p—px(n—7)+ i Cl,  [R()x(s—6)-

s=n

Tx(n)= R,(s)x(s—6,)] nxn,

Tx(n,) ny<n<n

So this fixed point x = {x(7)} is a positive sequence.
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To get the [ +1 order difference equation from the above equation,

A" [x(n)+ px(n—7)]+ R (m)x(n—8) ~ Ry(m)x(n—6,) =0

Thus, the fixed point {x(72)} is a positive solution of equation (1). This completes the proof of Claim2.
Claim3. p>1

From condition (2), choose a large enough positive integer 72, > T1 >n,,where n,+7=n,+ max{é‘l R 52} , S0 that

an( )<p(M “)+1 W)
n=n, 4

ianz(n)Sp(l_M3z4_(l+M4) (13)
n=n, 4

i [R )+ Ry(m)] < p—1 (14)

hold. Where A7, and Az, are positive constants, (1-M,)p=1+M, and p(1-M,)<1

Let A={xe B, :M,<x(n)< M, ,ne N(n,)}, then it is easy to see A4 is a bounded, closed, and convex subset
of B

N

Define a mapping7: 4 — B,, as follows

- Lin-n+ L 3 L [RX(s=6) -
p p p\ =n+7

Tx(n) = R,(s)x(s—6,)] n>n, (15)

Tx(n,) ny<n<n,
Claim4. —-1< p<0

From condition (2), choose a large enough positive integer n, > max{T;,n, +3} where § = max{'[’ é,, 52} , so that

> 'k () < ML DZCE D) (16)
in’&(n)ﬁ (1+p)—]é45(1+p) a7)
n=ny 6

i n'[R (n)+ R, (m)[<1+p (18)

n=ny

hold. Where M, M are positive constants, and 0 < M, <1< M.

LetA={xe B, : M, <x(n)< M ,ne N(n,)}, then it is easy to sce A is a bounded, closed, and convex subset
of B

N

Define a mapping7: 4 — B, as follows

1+ p—px(n- f)+ZCW LR (9)x(s=6) -
Tx(n) = R,(s)x(s=6,)] nzn, (19)

Tx(ny) ny<n<mn
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Claim5. p<-1

From condition (2), choose a large enough positive integern, > T, > n,, where n,+7T=n,+ rnax{é‘l , 52} , so that

) (M, -D(p+1) (20)
;:4 n'R(n)< M,

n=n, 8

in’ [Rl(n)+R2(n)]<—l—p (22)

n=ny

hold. Where M., M are positive constants, and ) < M, <1< M,.
LetA={xe B, : M, <x(n)< My,ne N(n,)}, then it is easy to see A is a bounded, closed, and convex subset ofB, .

Define a mapping7: 4 — B,, as follows
1 1 1 &
l+———x(n-1)+— Y. C [R (s)x(s=6,) -
p p

s+l-n—-1
p s=n+7T

Tx(n)= R,(s)x(s—6,)] n=n, (23)

Tx(n,) n,<n<n,

Due to the proofs of Claim 3, 4, 5 are similar as Claim 2, these proofs are left out.
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