
Modern Applied Science; Vol. 14, No. 9; 2020 
ISSN 1913-1844   E-ISSN 1913-1852 

Published by Canadian Center of Science and Education 

55 
 

On the Deformation Retractions of Frenet Curves 

 in Minkowski 4 - Space 

A.E. El-Ahmady1 & A.T. M-Zidan2 

1Mathematics Department, Faculty of Science, Tanta University, Tanta, Egypt 
2 Mathematics Department, Faculty of Science, Damietta University, Damietta, Egypt 

Correspondence: A.T. M-Zidan, Mathematics Department, Faculty of Science, Damietta University, Egypt. 
E-mail: atm_zidan@yahoo.com 

 

Received: July 15, 2020            Accepted: August 22, 2020         Online Published: August 28, 2020 

doi:10.5539/mas.v14n9p55          URL: https://doi.org/10.5539/mas.v14n9p55 

 

Abstract 

In this paper, the position vector equation of   the Frenet curves with constant curvatures in Minkowski 4 -space 
has been presented. New types for retractions and deformation retracts of Frenet curves in ܧଵସ are deduced. The 
relations between the Frenet apparatus of the Frenet curves before and after the deformation retracts are 
obtained. 
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1. Introduction and Definitions 

Minkowski space time in ܧଵସ is an Euclidean space provided with the standard flat metric given by 〈ܺ, ܻ〉 ଵݕଵݔ− = + ଶݕଶݔ + ଷݕଷݔ + ,ଵݔ) ସ, whereݕସݔ ,ଶݔ ,ଷݔ ,ଵݕ)  ସ) andݔ ,ଶݕ ,ଷݕ ,	〉 ସ. Sinceܧ ସ) are rectangular coordinate system inݕ 〉 is an indefinite metric, recall that a vector ݑ ∈  ଵସ can have one of the three casual characters; itܧ
can be space like, if < ,ݑ	 	ݑ >	> 0 or ݑ	 = 0, time like, if < ,ݑ	 	ݑ >	< 	0, null or light like if < ,ݑ	 	ݑ >	= 	0 

and ݑ	 ≠ 	0.	The norm of a vector ݒ is given by ∥ 	ݒ	 ∥= ඥ|〈ݒ,  is (ݏ)ߙ  Space like or time-like curve .|〈	ݒ
said to be parametrized  by arclength function s, if ݃(ߙᇱ(ݏ), ((ݏ)ᇱߙ = ±1	. The velocity of ߙ at ݐ ∈ ᇱߙ  is	ܫ = ௗఈ(௨)ௗ௨ ቚ୲.   Next, ,ݒ	 ଵସܧ	݊݅	ݓ  are said to be orthogonal vectors if  ݃(	ݒ, (ݓ = 0  (M. Turgut & S. 

Yilmaz.2008) (R. Lopez. 2008) (A. E. El-Ahmady. 2007). 
In this paper,  we introduce  some characterizations of retraction and deformation retract of Frenet curves in ܧଵସ 
by the components of the position vector according to the Frenet equations. Also we obtain some relations 
among curvatures of Frenet curves and their deformation retracts. 

2. Main results 

Definition: Denoted by {T(s), N(s), ,(ݏ)ଵܤ ,in the space Eଵସ. Then T (ݏ)ߙ the moving Frenet frame along the curve  {(ݏ)ଶܤ N, ,ଵܤ  ଶ are the tangent, the principal normal, the first binormal and the second binormal vectorܤ
fields respectively. Let ߙ(s) is a curve in the space-time in Eଵସ  parameterized by arc length function s 
Lopez .Then for the unit speed curve ߙ(s) with non-null frame vectors, such that the Frenet equations are, 

൮ ଶ′൲ܤ′ଵܤ′ܰ′ܶ = 	൮ 0 ݇ଵ 0 ଵ݇ଵߤ0							 0 ଶ݇ଶߤ 		000 ଷ݇ଶ0ߤ ହ݇ଷߤ0 ସ݇ଷ0ߤ ൲൮ ௜(1ߤ ,is a time like curve in ۳૚૝. Then ܶ is a time like vector, so the Frenet equations ࢻ  ૚. If	ࢋ࢙ࢇ܋ ,ଶ൲ܤଵܤܰܶ ≤ ݅ ≤5)  read, ߤଷ = ହߤ = −1, ଵߤ	 = ଶߤ = ସߤ = 1,		 where T, N, ,ଵܤ ଶܤ  are mutually orthogonal vectors with ݃(ܶ, ܶ) = −1,  ݃(ܰ,ܰ) = ,ଵܤ)݃ (ଵܤ = ,ଶܤ)݃ (ଶܤ =  .is a space like curve in ۳૚૝ ࢻ  ૛.  If	ࢋ࢙ࢇ܋  .1
Then ܶ is a space like vector, so depending on N, then ܤଵ can have all three causal characters, 
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.૛ࢋ࢙ࢇ࡯ ૚.  If 	N is space-like, then ܤଵ have the next subcases  ࢋ࢙ࢇ࡯૛. ૚. ૚  If  ܤଵ be space like, then ߤ௜(1 ≤ ݅ ≤ 5)  read ߤଵ = ଷߤ = −1, ଶߤ = ସߤ = ହߤ = 1, 
where T, N, ,ଵܤ ,ܶ)݃ ଶ are mutually orthogonal vectors satisfiesܤ ܶ) = ݃(ܰ,ܰ) = ,ଵܤ)݃ (ଵܤ = 1, ,ଶܤ)݃ (ଶܤ = .૛ࢋ࢙ࢇ࡯ .1− ૚. ૛  If  ܤଵ is time like, then ߤ௜(1 ≤ ݅ ≤ 5) read ߤଵ = −1, ଶߤ = ଷߤ = ସߤ = ହߤ = 1, 
where T, N, ,ଵܤ ,ܶ)݃ ,ଶ satisfying equationsܤ ܶ) = ݃(ܰ,ܰ) = ,ଶܤ)݃ (ଶܤ = 1, ,ଵܤ)݃ (ଵܤ = .૛ࢋ࢙ࢇ࡯ .1− ૚. ૜  If  ܤଵ be a null vector, then the Frenet frame equations read  

൮ ଶ′൲ܤ′ଵܤ′ܰ′ܶ = 	൮ 0 ݇ଵ 0 							0−݇ଵ 0 ݇ଶ 					000 0−݇ଶ ݇ଷ0 					0		−݇ଷ൲൮
 ,ଶ൲ܤଵܤܰܶ

where T, N, ,ଵܤ ,ܶ)݃ ,ଶ,  satisfying equationsܤ ܶ) = ݃(ܰ,ܰ) = 1, ,ଵܤ)݃ (ଵܤ = ,ଶܤ)݃ (ଶܤ = 0, ݃(ܶ,ܰ) = ݃(ܶ, (ଵܤ = ݃(ܶ, (ଶܤ = ݃(ܰ, (ଵܤ = ݃(ܰ, (ଶܤ = 0, ,ଵܤ)݃ (ଶܤ = .૛ࢋ࢙ࢇ࡯ .1 ૛  If  ܰ is time-like, then ߤ௜(1 ≤ ݅ ≤ 5) read ߤହ = −1, ଵߤ = ଶߤ = ଷߤ = ସߤ = 1, 
where T, N, ,ଵܤ ,ܶ)݃ ,ଶ are satisfying equationsܤ ܶ) = ,ଵܤ)݃ (ଵܤ = ,ଶܤ)݃ (ଶܤ = 1, ݃(ܰ,ܰ) = −1. 
Remark.  The curves which satisfy the previous cases called Frenet curves.   ࢋ࢙ࢇ࡯૛. ૜  If  ܰ is light-like (null), then the Frenet equations read 

൮ ଶ′൲ܤ′ଵܤ′ܰ′ܶ = 	൮ 0 ݇ଵ 0 				00 0 ݇ଶ 		00−݇ଵ ݇ଷ0 0−݇ଷ −݇ଶ0 ൲൮  ,ଶ൲ܤଵܤܰܶ
where ݇ଵ = 0, when α is a straight line or ݇ଵ = 1, in all other cases. With  T, N, ,ଵܤ  ଶ are mutuallyܤ
orthogonal vectors satisfying the equations, ݃(ܶ, ܶ) = ,ଵܤ)݃ (ଵܤ = 1, ݃(ܰ,ܰ) = ,ଶܤ)݃ (ଶܤ = 0	, ݃(ܶ,ܰ) = ݃(ܶ, (ଵܤ = ݃(ܶ, (ଶܤ = ݃(ܰ, (ଵܤ = ,ଵܤ)݃ (ଶܤ = 0, ݃(ܰ, (ଶܤ =  .is light-like (null) curve in ۳૚૝ ࢻ  ૜. If	ࢋ࢙ࢇ܋ .1
Then ܶ is a null vector, so the Frenet equations has the form, 

൮ ଶ′൲ܤ′ଵܤ′ܰ′ܶ = 	൮ 0 ݇ଵ 0 				0݇ଶ 0 −݇ଵ	 	0	0−݇ଷ −݇ଶ0 00	 	݇ଷ0 ൲൮  ,ଶ൲ܤଵܤܰܶ
where ݇ଵ = 0, when α is a straight line or ݇ଵ = 1, in all other cases. With  T, N, ,ଵܤ  ଶ are mutuallyܤ
orthogonal vectors satisfying the equations, ݃(ܶ, ܶ) = ݃(ܰ,ܰ) = ,ଵܤ)݃ (ଵܤ = 0, ,ଶܤ)݃ (ଶܤ = 1, ݃(ܶ,ܰ) = ݃(ܶ, (ଶܤ = ݃(ܰ, (ଵܤ = ݃(ܰ, (ଶܤ = ,ଵܤ)݃ (ଶܤ = 0, ݃(ܶ, (ଵܤ = 1. 
Where the functions ݇ଵ = ݇ଵ(ݏ), ݇ଶ = ݇ଶ(ݏ) and  ݇ଷ = ݇ଷ(ݏ) are called respectively the first, second and 
third curvature of the curve α(ݏ) (J. Walrave. 1995). 

Definition 2.1. A subset ܣ  of a topological space ܺ is called retract of  ܺ  if there exists a continuous map  ݎ: ܺ → (ܽ)ݎ called a retraction such that ܣ = ܽ  for any ܽ ∈  .(A. E. El-Ahmady & A.T.M. Zidan. 2019)  ܣ
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Definition 2.2. A subset A  of a topological space X  is a deformation retracts of X  if there exists a retraction   ݎ: ܺ → :߮  and a homotopy ܣ ܺ × ܫ → ܺ such that: 

  
൜ ,ݔ)߮ 0) = ,ݔ)߮ݔ 1) = ݔ    (ݔ)ݎ ∈ ܺ,   ߮(ܽ, (ݐ = ܽ,  ܽ ∈ ,ܣ ݐ ∈ [0, 1] (A. E. El-Ahmady & A.T.M. Zidan. 2018) (A. 

E. El-Ahmady. 2014). 

Definition 2.3. Time like curves and space like curves with space like or time like normal vector ( curves with 
non-null frame vectors) are called Frenet curves, where  ݃(ܶ, ܶ) ≠ 0, ݃(ܰ,ܰ) ≠ 0, ,ଵܤ)݃  (ଵܤ ≠ 0  
and	݃(ܤଶ, (ଶܤ ≠ 0. 

3. Position vector of the Frenet curves in ࡱ૚૝. 
Frenet equations of the Frenet curves are,  

              

൮ ଶ′൲ܤ′ଵܤ′ܰ′ܶ = 	൮ 0 ݇ଵ 0 ଵ݇ଵߤ0								 0 ଶ݇ଶߤ 		000 ଷ݇ଶ0ߤ ହ݇ଷߤ0 ସ݇ଷ0ߤ ൲൮  .ଶ൲                                (1)ܤଵܤܰܶ
Let ߟ(s) be a Frenet curve in  ܧଵସ, whose position vector satisfies the parametric equation, 

(s)ߟ      = (ݏ)ܶ(ݏ)ଵߥ + (ݏ)ܰ(ݏ)ଶߥ + (ݏ)ଵܤ(ݏ)ଷߥ +  .(2)                   (ݏ)ଶܤ(ݏ)ସߥ
For some differentiable functions ߥ௝(ݏ), 1 ≤ ݆ ≤ 4,  and for  ߤ௜(1 ≤ ݅ ≤ 5), ௜ߤ ∈ {1, −1}. 
By differentiating equation(2) with respect to arc-length parameter ݏ and using the Frenet equations (1), for 
Frenet curves in ܧଵସ, we get ߟᇱ(s) = ଵᇱߥ) +  (ݏ)ܶ(ଶߥଵ݇ଵߤ

ଶᇱߥ) + + ݇ଵߥଵ +  ,(3)                             (ݏ)ܰ(ଷߥଷ݇ଶߤ
ଷᇱߥ) +       + ଶߥଶ݇ଶߤ +  (ݏ)ଵܤ(ସߥହ݇ଷߤ

ସᇱߥ) + +  (ݏ)ଶܤ(ଷߥସ݇ଷߤ
then we get  ߥଵᇱ + ଶߥଵ݇ଵߤ = ଶᇱߥ 1 + ݇ଵߥଵ + ଷߥଷ݇ଶߤ = ଷᇱߥ .(4)                                           0 + ଶߥଶ݇ଶߤ + ସߥହ݇ଷߤ = ସᇱߥ 0 + ଷߥସ݇ଷߤ = 0 

4. Deformation retracts of Frenet curves in ࡱ૚૝. 
We introduce types of retraction on Frenet curves with non-zero curvature in ܧଵସ.  

In the position vector equation of Frenet curve ߟ(s), in equation (2),  

if we put  ߥଵ(ݏ) = 0,  then the Frenet retraction curve defined by ߟ௥ଵ(s) = ௥ଵ(s)ߟ ,where ((ݏ)ߟ	)ଵݎ = (ݏ)ܰ(ݏ)ଶߥ + (ݏ)ଵܤ(ݏ)ଷߥ +  ,(ݏ)ଶܤ(ݏ)ସߥ
if we put ߥଶ(ݏ) = 0,  then the Frenet retraction curve defined by ߟ௥ଶ(s) = ௥ଶ(s)ߟ ,where ((ݏ)ߟ	)ଶݎ = (ݏ)ܶ(ݏ)ଵߥ + (ݏ)ଵܤ(ݏ)ଷߥ +  ,(ݏ)ଶܤ(ݏ)ସߥ
if we put ߥଷ(ݏ) = 0, then the Frenet retraction curve defined by ߟ௥ଷ(s) = ௥ଷ(s)ߟ where ((ݏ)ߟ	)ଷݎ = (ݏ)ܶ(ݏ)ଵߥ + (ݏ)ܰ(ݏ)ଶߥ +  ,(ݏ)ଶܤ(ݏ)ସߥ
if we put ߥସ(ݏ) = ܿ̅,  ܿ̅ ≠ 0 is constant, then the Frenet retraction curve defined by  ߟ௥ସ(s) =  ((ݏ)ߟ	)ସݎ
where, ߟ௥ସ(s) = (ݏ)ܶ(ݏ)ଵߥ + (ݏ)ܰ(ݏ)ଶߥ +  .(ݏ)ଶܤ(ݏ)ସߥ
Theorem 4.1.  Let ߟ௥(s) = (ݏ)ܰ(ݏ)ଶߥ + (ݏ)ଵܤ(ݏ)ଷߥ + ,(ݏ)ଶܤ(ݏ)ସߥ  be the position vector of the Frenet 
retracted curve of the Frenet curve (ݏ)ߟ in ܧଵସ,  by taking ߥଵ(ݏ) = 0, then ߟ௥(ݏ) lies in the subspace ܰܤଵܤଶ, 
and satisfies the differential equation 
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ଷ݇ଶߤସ݇ଷߤ ݏ݀݀ ൬ ଵ݇ଵ൰ߤ1 + ݏ݀݀ ቐ ݇ଷ	ହߤ1 ቌߤଶ݇ଶ݇ଵ − ݏ݀݀ ൭ ଷ݇ଶߤଵߤ1 ݏ݀݀ ൬ 1݇ଵ൰൱ቍቑ = 0. 
Proof. The position vector of the Frenet retracted curve ߟ௥(s) of the Frenet curve (ݏ)ߟ in ܧଵସ,  by taking ߥଵ(ݏ) = 0,  in equation  (2), cab be written as, ߟ௥(s) = (ݏ)ܰ(ݏ)ଶߥ + (ݏ)ଵܤ(ݏ)ଷߥ +   ,(ݏ)ଶܤ(ݏ)ସߥ

where ߟ௥(s)  lies in the subspace  ܰܤଵܤଶ,  and by taking ߥଵ(ݏ) = 0,   in  equations (4), ߤଵ݇ଵߥଶ = ଶᇱߥ 1 + ଷߥଷ݇ଶߤ = ଷᇱߥ .(5)                                            0 + ଶߥଶ݇ଶߤ + ସߥହ݇ଷߤ = ସᇱߥ 0 + ଷߥସ݇ଷߤ = 0 

 By solving the system in equations (5), then the Frenet retracted curve ߟ௥(s) satisfies the differential 
equation in their curvatures and this completes the proof.                                                            

Theorem 4.2. The position vector equations of the Frenet retraction curves ߟ௥௜(s) of the Frenet curve (ݏ)ߟ with 
non-zero curvatures in ܧଵସ can be written in the form, 

௥ଵ(s)ߟ = ଵ݇ଵߤ1 (ݏ)ܰ + ݇ଵᇱߤଵߤଷ݇ଶ݇ଵଶ (ݏ)ଵܤ − ହ݇ଷߤ1 ቌߤଶ݇ଶ݇ଵ − ݏ݀݀ ൭ ଷ݇ଶߤଵߤ1 ݏ݀݀ ൬ 1݇ଵ൰൱ቍܤଶ(ݏ), 
௥ଶ(s)ߟ = ݏ) + (ݏ)ܶ(ܿ − ቆ݇ଵ(ݏ + ଷ݇ଶߤ(ܿ ቇܤଵ(ݏ) + ଷ݇ଷߤ1 ݏ݀݀ ቆ݇ଵ(ݏ + ଷ݇ଶߤ(ܿ ቇܤଶ(ݏ), ߟ௥ଷ(s) = ݇ଵ	ଶߤଷߤܿ ݏ݀݀ ൬݇ଷ݇ଶ൰ (ݏ)ܶ + ݇ଶ	ଷߤଵ݇ଵߤܿ (ݏ)ܰ + ௥ସ(s)ߟ ,(ݏ)ଶܤܿ	 = ଶ݇ଵߤହܿ̅ߤ ݏ݀݀ ൬݇ଷ݇ଶ൰ܶ(ݏ) − ଶ݇ଶߤହܿ̅݇ଷߤ (ݏ)ܰ +  ,(ݏ)ଵܤ̅ܿ

where ܿ̅  be non-zero constant. 

Proof.  The position vector equations of the Frenet retraction curves ߟ௥௜(s) of the Frenet curve (ݏ)ߟ with 
non-zero curvatures in ܧଵସ can be written in the form,  ߟ௥௜(s) = ∑ ௝ସ௝ୀଵߥ 	 ௝ܹ,    ݅, ݆ ∈ {1, 2, 3, ௝ߥ   ,{4 = 0,  when ݅ = ݆, 
where ଵܹ = ܶ,   ଶܹ = ܰ,  ଷܹ = ଵ,  and  ସܹܤ = ௥ଵ(s)ߟ ,ଶ, so we getܤ = (ݏ)ܰ(ݏ)ଶߥ + (ݏ)ଵܤ(ݏ)ଷߥ +  ,(ݏ)ଶܤ(ݏ)ସߥ
From equations (5), where  ߥଵ(ݏ) = 0, then we get, ߥଶ(ݏ) = ଵఓభ௞భ,      ߥଷ(ݏ) = ௞భᇲఓభఓయ௞మ௞భమ  and   ߥସ(ݏ) = − ଵఓఱ௞య ൭ఓమ௞మ௞భ − ௗௗ௦ ቆ ଵఓభఓయ௞మ ௗௗ௦ ቀ ଵ௞భቁቇ൱, 
and the position vector equations of the Frenet retraction curve ߟ௥ଵ(s) of the Frenet curve (ݏ)ߟ with non-zero 
curvatures can be written as follow,    

௥ଵ(s)ߟ = ଵ݇ଵߤ1 (ݏ)ܰ + ݇ଵᇱߤଵߤଷ݇ଶ݇ଵଶ (ݏ)ଵܤ − ହ݇ଷߤ1 ቌߤଶ݇ଶ݇ଵ − ݏ݀݀ ൭ ଷ݇ଶߤଵߤ1 ݏ݀݀ ൬ 1݇ଵ൰൱ቍܤଶ(ݏ). 
Similarly,  we can find the Frenet retraction curves  ߟ௥ଶ(s), ߟ௥ଷ(s), ߟ௥ସ(s) and this completes the proof. 

Corollary 4. 1.  The Frenet equations of the Frenet curves with non-zero constant curvatures in the Euclidean 
space  ܧସ,  are coincide with the Frenet equations of the Frenet curves of constant curvatures in Minkowski 
4-space  Eଵ	ସ ,  if  ߤଵ = ଷߤ = ହߤ = −1, and  ߤଶ = ସߤ = 1. 
Proof. The proof is clear by substituting  ߤଵ = ଷߤ = ହߤ = −1 and ߤଶ = ସߤ = 1,  in equations (4). with the 
same constant curvatures. Then we have  
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൮ ଶ′൲ܤ′ଵܤ′ܰ′ܶ = 	൮ 0 ݇ଵ 0 								0−݇ଵ 0 ݇ଶ 						000 −݇ଶ0 0−݇ଷ 			݇ଷ0 ൲൮  ,ଶ൲ܤଵܤܰܶ
which they have the same position vector, and this completes the proof. 

5. Frenet curves with constant curvatures in ࡱ૚૝ and their Deformation retracts.   

The deformation retract ( ܦ. ܴ ) of  (ݏ)ߟ ⊂ Eଵସ  into ߟ௥ଵ(s) = ,is given by  D(x ((ݏ)ߟ	)ଵݎ h) = e୦(1 − ℎ)	{ߟ(s)}  +  
௛ଶ (h + ݉  , {(ݏ)଺ߟ}	(1 ∈ ℝ− {0}, 

where D(x, 0) = ,and  D(x , {(ݏ)ߟ} 1) =  .{(ݏ)ଵߟ}
The   D. R  of (ݏ)ߟ ⊂ Eଵସ  into  ߟ௥ଶ(s) = ,is given by D(x  ((ݏ)ߟ	)ଶݎ h) = (1 − ℎ)2 2(ଵି୦){(ݏ)ߟ} + ൬ 2h1 + h൰	{ߟଶ(s)}, 
where D(x, 0) = ,and   D(x  ,{(ݏ)ߟ} 1) =  .{(ݏ)ଶߟ}

The   D. R  of (ݏ)ߟ ⊂ Eଵସ  into  ߟ௥ଷ(s) = ,is given by D(x  ((ݏ)ߟ	)ଷݎ h) = ൬1 − h1 + h൰ {(ݏ)ߟ} + ൫h	e୦ିଵ൯{ߟଷ(s)}, 
where D(x, 0) = ,and   D(x  {(ݏ)ߟ} 1) =  .{(ݏ)ଷߟ}

The   D. R  of  (ݏ)ߟ ⊂ Eଵସ  into  ߟ௥ସ(s) = ,is given by D(x  ((ݏ)ߟ	)ସݎ h) = ൭ 2ℎℎ + 1 ൫e୦ିଵ൯൱ {(ݏ)ߟ} + {(|ℎ −  ,{ଷ(s)ߟ(|1
where D(x, 0) = ,and   D(x  ,{(ݏ)ߟ} 1) =  .{(ݏ)ସߟ}
Let the Frenet curves equation with constant curvatures be represented as follows: ߟ(s) = (ݏ)ܶ(ݏ)ଵߥ + (ݏ)ܰ(ݏ)ଶߥ + (ݏ)ଵܤ(ݏ)ଷߥ +  ,(ݏ)ଶܤ(ݏ)ସߥ
where ݇ଵ, ݇ଶ and  ݇ଷ are non-zero constant curvatures.  

Theorem 5.1. Let ߟ(s) be a Frenet curve in ܧଵସ  in equation (2) with non-zero constant curvatures, then the 
position vector of  ߟ(s) has been presented by the curvature functions ߥଵ(ݏ) = ଵ݇ଵߤ− ቀି௖భ௘షഊభೞା௖మ௘ഊభೞఒభ + ି௖య௘షഊమೞା௖ర௘ഊమೞఒమ ቁ +ܿ଴	, ߥଶ(ݏ) = ܿଵ݁ିఒభ௦ + ܿଶ݁ఒభ௦ + ܿଷ݁ିఒమ௦ + ܿସ݁ఒమ௦ + ଵఓభ௞భ	,                           (6). 
(ݏ)ଷߥ = ଵ௞మ ቌቆߣଵଶ + ݇ଵଶߣଵ ቇ ൫−ܿଵ݁ିఒభ௦ + ܿଶ݁ఒభ௦൯ + ቆߣଶଶ + ݇ଵଶߣଶ ቇ ൫−ܿଷ݁ିఒమ௦ + ܿସ݁ఒమ௦൯ቍ + ݇ଵ݇ଶ ܿହ,	 ߥସ(ݏ) = ݇ଷ	ସߤ− න  ݏ݀(ݏ)ଷߥ

         = −ఓర	௞య௞మ ቆቀఒభమା௞భమఒభమ ቁ ൫ܿଵ݁ିఒభ௦ + ܿଶ݁ఒభ௦൯ + ቀఒమమା௞భమఒమమ ቁ ൫ܿଷ݁ିఒమ௦ + ܿସ݁ఒమ௦൯ቇ + ௞భ௞మ ܿହݏ + ܿ଺. 
Where ܿ௟, (0 ≤ ݈ ≤ 6) are integral constants and ܣ = −൫ߤଵ݇ଵଶ + ହ݇ଶଶߤଶߤ  ,ହ݇ଷଶ൯ߤସߤ	+

ܤ              = ଵߣ .ହ݇ଵଶ݇ଷଶ,                                                    (7)ߤସߤଵߤ = ඥ−2ܣ − ଶܣ√2 − 2ܤ4  

ଶߣ = ඥ−2ܣ + ଶܣ√2 − 2ܤ4  

Proof. Let ߟ(s) be a constant curvatures Frenet curve in Eଵ	ସ , by differentiating the second and third equations in 
equations (4), for  ߤ௜(1 ≤ ݅ ≤ 5), ௜ߤ ∈ {1, −1},  so we can get the system, 
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ଵᇱߥ = 1 − ଶᇱᇱߥ ଶߥଵ݇ଵߤ = ଷᇱߥହ݇ଶߤ− − ݇ଵ(1 −  .                           (8)	ଶ)ߥଵ݇ଵߤ
ଷᇱᇱߥ         = ଷߥହ݇ଷଶߤସߤ − ଶᇱߥଶ݇ଶߤ  

ସᇱߥ                                                  + ଷߥସ݇ଷߤ = 0 

By solving the system in equations (8), which has non-trivial solution (6),  and this completes the proof. 

Corollary 5.1. Let ߟ(s) be a constant curvature time like curve in (2).  Then the position vector of  ߟ(s) has 
been presented by the curvature functions in (6),   when  ߤ௜(1 ≤ ݅ ≤ 5) read,  ߤଷ = ହߤ = −1, ଵߤ = ଶߤ ସߤ= = 1.	 
Corollary 5.2.The position vector of the Frenet retraction curves ߟ௥௜(s) of the Frenet curve (ݏ)ߟ with non-zero 
constant curvatures in ܧଵସ can be written in the form, ߟ௥ଵ(s) = ଵ݇ଵߤ1  (ݏ)ܰ

௥ଶ(s)ߟ                       = ݏ) + (ݏ)ܶ(ܿ − ቀ௞భ(௦ା௖)ఓయ௞మ ቁܤଵ(ݏ)                                (9), ߟ௥ଷ(s) = ݇ଶ	ଷߤଵ݇ଵߤܿ (ݏ)ܰ + ௥ସ(s)ߟ (ݏ)ଶܤܿ	 = ଶ݇ଶߤହܿ̅݇ଷߤ (ݏ)ܰ +  ,(ݏ)ଶܤ̅ܿ
where ܿ̅  be non-zero constant. 

Now we introduce the retraction for the position vector of Frenet curves  ߟ(s) as follow: ߟ(s) = (ݏ)ܶ(ݏ)ଵߥ + (ݏ)ܰ(ݏ)ଶߥ + (ݏ)ଵܤ(ݏ)ଷߥ +  ,(ݏ)ଶܤ(ݏ)ସߥ
for some differentiable functions ߥ௝(ݏ), 1 ≤ ݆ ≤ 4.    

Let ݎ௜: (s)ߟ} − {ߜ → (s)ߟ} − .∗{ߜ  Where {ߟ(s) − {ߜ  be open Frenet curve in  Eଵ	ସ  and {ߟ(s) − ∗{ߜ  be the 
retraction of the position vector ߟ(s). 
The retraction  ݎହ൫(ݏ)ߟ൯ = by substituting  ܿଵ  ,(ݏ)ହߟ = 0 in equations (6), ݎହ൫ߟ(s)൯ = (ݏ)ହߟ = (ݏ)ܶ(ݏ)௥ହభߥ + (ݏ)ܰ(ݏ)௥ହమߥ + (ݏ)ଵܤ(ݏ)௥ହయߥ +  .(ݏ)ଶܤ(ݏ)௥ହరߥ
The retraction ݎ଺൫(ݏ)ߟ൯ = by substituting ܿଶ ,(ݏ)଺ߟ = 0 in equations (6), ݎ଺൫ߟ(s)൯ = (ݏ)଺ߟ = (ݏ)ܶ(ݏ)௥଺భߥ + (ݏ)ܰ(ݏ)௥଺మߥ + (ݏ)ଵܤ(ݏ)௥଺యߥ +  .(ݏ)ଶܤ(ݏ)௥଺రߥ
The retraction ݎ଻൫(ݏ)ߟ൯ = by substituting ܿଷ ,(ݏ)଻ߟ = 0 in equations (6), ݎ଻൫ߟ(s)൯ = (ݏ)଻ߟ = (ݏ)ܶ(ݏ)௥଻భߥ + (ݏ)ܰ(ݏ)௥଻మߥ + (ݏ)ଵܤ(ݏ)௥଻యߥ +  .(ݏ)ଶܤ(ݏ)௥଻రߥ
The retraction ଼ݎ ൫(ݏ)ߟ൯ = by substituting  ܿସ ,(ݏ)଼ߟ = 0 in equations (6), ଼ݎ ൫ߟ(s)൯ = (ݏ)଼ߟ = (ݏ)ܶ(ݏ)௥଼భߥ + (ݏ)ܰ(ݏ)௥଼మߥ + (ݏ)ଵܤ(ݏ)௥଼యߥ +  .(ݏ)ଶܤ(ݏ)௥଼రߥ
The retraction ݎଽ൫(ݏ)ߟ൯ = ଵܤ by substituting ,(ݏ)ଽߟ = 0  in equation (2), ݎଽ൫ߟ(s)൯ = (ݏ)ଽߟ = (ݏ)ܶ(ݏ)ଵߥ + (ݏ)ܰ(ݏ)ଶߥ +  .(ݏ)ଶܤ(ݏ)ସߥ
The retraction ݎଵ଴൫(ݏ)ߟ൯ = ଶܤ by substituting ,(ݏ)ଵ଴ߟ = 0 in equation (2), ݎଵ଴൫(ݏ)ߟ൯ = (ݏ)ଵ଴ߟ = (ݏ)ܶ(ݏ)ଵߥ + (ݏ)ܰ(ݏ)ଶߥ +  .(ݏ)ଵܤ(ݏ)ଷߥ
The retraction ݎଵଵ൫(ݏ)ߟ൯ = ଵܤ by substituting ,(ݏ)ଵଵߟ = 0 and ܤଶ = 0,  in equation (2), ݎଵଵ൫(ݏ)ߟ൯ = (ݏ)ଵଵߟ = (ݏ)ܶ(ݏ)ଵߥ +  .(ݏ)ܰ(ݏ)ଶߥ
The deformation retracts of Frenet curves with constant curvatures in Minkowski 4-space, where the deformation 
retract of the Frenet curve is defined as: ߮: (s)ߟ} − {ߜ × ܫ → (s)ߟ} −  ,{ߜ
where {ߟ(s) − ସ	is open Frenet curve in  Eଵ {ߜ  and {ߟ(s) −  ܫ  and  (s)ߟ is the retraction of the position vector ∗{ߜ
is the closed interval  [0, 1], is presented by ߮(ݔ, ℎ): (s)ߟ} − {ߜ × ܫ → (s)ߟ} −  .{ߜ
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The deformation retract (ܦ. ܴ)  of  (ݏ)ߟ ⊂ Eଵସ into the retraction   rଵ(ߟ) = ,is D(x (ݏ)ଵߟ h) = (1 − h)೘೙ h೘೙  +{(ݏ)ߟ}  ,{(ݏ)ଵߟ}
where D(x, 0) = ,and  D(x ,(ݏ)ߟ 1) = ,݉,ଵ(s)ߟ ݊ ∈ ℕ − {1}. 

The D. R of  (ݏ)ߟ ⊂ Eଵସ  into  rଶ(ߟ) = ,be D(x  (ݏ)ଶߟ h) = sin ቀ஠(ଵି୦)ଶ ቁ {(ݏ)ߟ} + cos ቀ஠(ଵି୦)ଶ ቁ .{(ݏ)ଶߟ} ݊ ∈ ℕ, 
where D(x, 0) = ,and  D(x ,{(ݏ)ߟ} 1) =  .{(ݏ)ଶߟ}
The ܦ. ܴ of  (ݏ)ߟ ⊂ Eଵସ  into rଷ(ߟ) = ,is   D(x (ݏ)ଷߟ h) = |h −   +  {(ݏ)ߟ}|1

௠୦௠ିଵା୦ ݉  , {(ݏ)ଷߟ} ∈ ℝ− {0}, 
where D(x, 0) = ,and  D(x  ,{(s)ߟ} 1) =  .{(ݏ)ଷߟ}
The ܦ. ܴ  of  (ݏ)ߟ ⊂ Eଵସ  into  rସ(ߟ) = ,be D(x (ݏ)ସߟ h) = (1 − h){(ݏ)ߟ}+  h{ߟସ(ݏ)}, 
where D(x, 0) = ,and  D(x ,(ݏ)ߟ 1) = ,݉ 	,ସ(s)ߟ ݊ ∈ ℕ − {1}.  

The D. R of  (ݏ)ߟ ⊂ Eଵସ  into  rହ(ߟ) = ,is  D(x  (ݏ)ହߟ h) = √1 − h೘ {(ݏ)ߟ} + √h೘ ,{(ݏ)ହߟ} ݉ ∈ ℕ, 
where D(x, 0) = ,and  D(x  ,{(ݏ)ߟ} 1) =  .{(ݏ)ହߟ}
The ܦ. ܴ of  (ݏ)ߟ ⊂ Eଵସ  into r଺(ߟ) = ,is given by  D(x (ݏ)଺ߟ h) = |h −   +  {(ݏ)ߟ}|1

ଶ୦ୣ(భష౞)ଵା୦  ,{(ݏ)଺ߟ}
where D(x, 0) = ,and  D(x , {(s)ߟ} 1) =  .{(ݏ)଺ߟ}

The   D. R  of  (ݏ)ߟ ⊂ Eଵସ  into  r଻(ߟ) = ,be D(x  (ݏ)଻ߟ h) = ቀଵି୦ଵା୦ቁ ቀ  +  {ߟ} ଶ୦ଵା୦ቁ  ,{଻(s)ߟ}
where D(x, 0) = ,and   D(x  ,{(ݏ)ߟ} 1) =  .{(ݏ)଻ߟ}

The  D. R of  (ݏ)ߟ ⊂ Eଵସ  into  r଼(ߟ) = ,be D(x  {(ݏ)଼ߟ} h) = cos(ቀ஠ଶ + (ቁhߨ2݊ {(ݏ)ߟ} −	sin ൬ቀ஠ଶ + ቁh൰ߨ2݊ ,{(ݏ)଼ߟ} ݊ ∈ ℕ, 
where D(x, 0) = ,and  D(x ,{(ݏ)ߟ} 1) =  .{(ݏ)଼ߟ}
Theorem 5.2. The deformation retract of any Frenet curve in Eଵ	ସ  be a Frenet curve if and only if the Frenet 
apparatus { ௥ܶ, ௥ܰ , ,௥ܤ ݇ଵ௥, ݇ଶ௥, ݇ଷ௥} of the retracted curve Ω(ݏ) = ,ܶ} can be formed by the Frenet apparatus ((s)ߟ)ݎ ܰ, ,ܤ ݇ଵ, ݇ଶ, ݇ଷ} of  ߟ(s). 

Proof.  Let 	ݏ)ܦ, ℎ) = (ݏ)ߟ(ℎ)݌ + ,ݏ)ܦ where (ݏ)ߟ be a deformation retract of the Frenet curve (ߟ)ݎ(ℎ)ݍ 0) ,ݏ)ܦ and (ݏ)ߟ= 1) = ,ݏ)′ܦ .(ߟ)ݎ ℎ) = (ݏ)′ߟ(ℎ)݌ + (ݏ)ᇱߟ(ߟ)ᇱݎ(ℎ)ݍ = (ݏ)ܶ(ℎ)݌ + ,ݏ)′ܦ〉 ,(ݏ)ܶ(ߟ)ᇱݎ(ℎ)ݍ ℎ), ,ݏ)′ܦ ℎ)〉 = 〈 ஽ܶᇱ , ஽ܶᇱ 〉 = (ݏ)ܶ(ℎ)݌〉 + ,(ݏ)ܶ(ߟ)ᇱݎ(ℎ)ݍ (ݏ)ܶ(ℎ)݌ + 〈(ݏ)ܶ(ߟ)′ݎ(ℎ)ݍ ≠ 0. 
Then the deformation retract of any Frenet curve in Eଵ	ସ  be Frenet curve, since we can find that 〈 ஽ܰᇱ , ஽ܰᇱ 〉 ≠ 0,  
and 〈ܤଵ஽ᇱ , ଵ஽ᇱܤ 〉 ≠ 0. Conversely this is clear by assume  that the Frenet apparatus  of the retracted curve ߶(ݏ)  .and by using the Frenet equations for the Frenet curves  (s)ߟ  can be formed by the Frenet apparatus  of ((s)ߟ)ݎ=

Conclusion. In this paper, the position vector equation of   the Frenet curves with constant curvatures and 
non-zero curvatures in Minkowski 4 -space has been presented. The retractions and Frenet frame of Frenet curves 
in ܧଵସ are deduced. The relations between the deformation retracts and Frenet Frame of  Frenet curves  are 
obtained. 
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