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Abstract

In this paper, the position vector equation of the Frenet curves with constant curvatures in Minkowski 4 -space
has been presented. New types for retractions and deformation retracts of Frenet curves in Ef are deduced. The
relations between the Frenet apparatus of the Frenet curves before and after the deformation retracts are
obtained.
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1. Introduction and Definitions

Minkowski space time in Ef is an Euclidean space provided with the standard flat metric given by (X,Y) =
—X1Y1 + X3¥5 + X3Y3 + x4V, Where (xq,X,%3,%,) and  (Vq,¥2,V3,Ys) are rectangular coordinate system in
E*. Since (,) is an indefinite metric, recall that a vector u € E} can have one of the three casual characters; it
can be space like, if < u,u >>0 or u =0, time like, if < w,u > < 0, null or light like if < w,u >= 0

and u # 0.The norm of a vector v is given by || v Il=+/|{v,v)|. Space like or time-like curve a(s) is
said to be parametrized by arclength function s, if g(a’(s),a’(s)) = £1. The velocity of @ at t €[ is
r _ da(w)
T au g
Yilmaz.2008) (R. Lopez. 2008) (A. E. El-Ahmady. 2007).
In this paper, we introduce some characterizations of retraction and deformation retract of Frenet curves in E;
by the components of the position vector according to the Frenet equations. Also we obtain some relations
among curvatures of Frenet curves and their deformation retracts.

Next, v,w in Ef are said to be orthogonal vectors if g(v,w)=0 (M. Turgut & S.

2. Main results

Definition: Denoted by {T(s),N(s), B;(s),B;(s)} the moving Frenet frame along the curve a(s) in the space
Ef. Then T,N,B;, B, are the tangent, the principal normal, the first binormal and the second binormal vector
fields respectively. Let a(s) is a curve in the space-time in Ef parameterized by arc length function s
Lopez .Then for the unit speed curve a(s) with non-null frame vectors, such that the Frenet equations are,

T’ 0 kq 0 0 T
N\ | wiky 0 Uk, 0 N
B, |~ 0 wusk; 0 Haks By f
B,’ 0 0 tsks 0 B,

case 1. If a is a time like curve in Ef. Then T is a time like vector, so the Frenet equations, p;(1 <i <
5) read, ps =pus=-1, 4y =p, =, =1, where T, N, B;, B, are mutually orthogonal vectors with
g(T,T)=~-1, gN,N) = g(By,B,) = g(B;,B,) = 1.

case2. If a isaspacelike curvein Ef.

Then T is a space like vector, so depending on N, then B; can have all three causal characters,
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Case2.1. If N is space-like, then B; have the next subcases
Case2.1.1 1If B; bespace like, then y;(1 <i<5) read
m=pz=—Lpp=py=pus =1,
where T,N, By, B, are mutually orthogonal vectors satisfies
g(TrT) = g(N:N) = 9(31:31) = 1;9(32:32) = _1
Case2.1.2 1If B; istime like, then y;(1 <i <5) read
m=—Luy = =g =u =1
where T,N, By, B, satisfying equations,
g(TrT) = g(N:N) = g(BZJBZ) = 1!g(BllBl) = _1'
Case2.1.3 If B; be anull vector, then the Frenet frame equations read

T 0 k, 0 O\ /T
NY [-ky 0 kK 0 N
B/ 17\ o 0 ks 0 J\B:/f
B,' 0 —k, 0 —k3/ \B:

where T,N, By, B,, satisfying equations,

g(T,T) = g(N,N) = 1;9(31;81) = g(BZ'BZ) = 0!

g(T:N) = g(T!BI) = g(T:Bz) = g(N:B1) = g(N!BZ) = 0:g(B1:Bz) = 1
Case2.2 1If N istime-like, then y;(1 <i <5) read
Us=—Lp =p =pzs=p, =1,

where T,N, By, B, are satisfying equations,

g(TrT) = g(BllBl) = g(BZ!BZ) = 1’g(N:N) = _1'
Remark. The curves which satisfy the previous cases called Frenet curves.

Case2.3 If N islight-like (null), then the Frenet equations read

T' 0 Kk 0 0 T
MY (o o k o \[nN
B//] 7\ 0 ky 0 —k,[\B1)
B’ -k, 0 —-ks 0 B,

where k; =0, when a is a straight line or k; =1, in all other cases. With T, N, B;, B, are mutually
orthogonal vectors satisfying the equations,

g(T:T) = g(BlﬂBl) = l,g(N,N) = g(BZ'BZ) = 0!
g(T,N) = g(T'Bl) = g(TﬁBZ) = g(N, Bl) = g(BlﬁBZ) = O,Q(N,Bz) =1
case 3. If a is light-like (null) curve in E}.

Then T is a null vector, so the Frenet equations has the form,

T’ 0 k 0 0 T
N [k, 0 -~k O0\[N
B//|7\ 0 —k, 0 k; [\B1])
B,’ -k; 0 0 0 B,

where k; = 0, when o is a straight line or k; =1, in all other cases. With T, N, B;, B, are mutually
orthogonal vectors satisfying the equations,

g(T,T) = g(N,N) = g(By,B;) = 0,9(By, B,) = 1,
g(T,N) = g(T,B,) = g(N,B,) = g(N,B;) = g(By,B,) =0,9(T,B,) = 1.
Where the functions k; = k,(s),k, = k,(s) and k3 = k3(s) are called respectively the first, second and
third curvature of the curve a(s) (J. Walrave. 1995).

Definition 2.1. A subset A of a topological space X is called retract of X if there exists a continuous map
r: X — A called a retraction such that r(a) = a forany a € A (A. E. El-Ahmady & A.T.M. Zidan. 2019).
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Definition 2.2. A subset A of atopological space X is a deformation retracts of X if there exists a retraction
r:X —» A and a homotopy ¢:X X I - X such that:

{ @(x,0) =x
p(x,1) =r(x)

E. El-Ahmady. 2014).
Definition 2.3. Time like curves and space like curves with space like or time like normal vector ( curves with
non-null frame vectors) are called Frenet curves, where ¢g(T,T)# 0,g(N,N)#0, g(B,B) #0
and g(B,, B,) # 0.

3. Position vector of the Frenet curves in E7.

x€X, ¢(at)=a, a€Ate[0,1] (A E.El-Ahmady & A.T.M. Zidan. 2018) (A.

Frenet equations of the Frenet curves are,

T' 0 kq 0 0 T
N’ — Hiky 0 p2kz 0 N 1)
B’ 0wk, 0 Haks B, .
B’ 0 0 usks 0 B,
Let n(s) be aFrenet curve in Ef, whose position vector satisfies the parametric equation,
1n(s) = v1($)T(s) + v2()N(s) + v3(s)B1(s) + v4(s)B,(s) (2).

For some differentiable functions v;(s),1 <j <4, andfor pu;(1<i<5),u; €{1,-1}.

By differentiating equation(2) with respect to arc-length parameter s and using the Frenet equations (1), for
Frenet curves in Ef, we get

n'(s) = (vi + p1kyvo)T(5)
+ (v3 + kqvy + pskavs)N(s) (3),
+ (v3 + tzkyvs + psksva) B, (s)
+ (va + Usk3v3)By(s)
then we get
v + kv, =1
vy + kyvy + Usk,vs =0 (4).
V3 + UakyVs + psksvy =0
vy + Usksv; =0
4. Deformation retracts of Frenet curves in E7.
We introduce types of retraction on Frenet curves with non-zero curvature in Ef.
In the position vector equation of Frenet curve 1n(s), in equation (2),
ifweput v,(s) =0, then the Frenet retraction curve defined by 7,,(s) = r;(n(s)) where,
Nr1(8) = v2(SIN(s) + v3(s)By(s) + va(s)B,(s),
if we put v,(s) =0, then the Frenet retraction curve defined by 7,,(s) = r,(n(s)) where,
Nr2(8) = v1($)T(s) + v3(s)B1(s) + v4(s)B,(s),
if we put v5(s) = 0, then the Frenet retraction curve defined by 7,5(s) = r3(n(s)) where
Nr3(8) = v1(S)T(s) + v2(SIN(s) + v4(s)B;(s),

if we put v,(s) =¢, ¢+ 0 is constant, then the Frenet retraction curve defined by 7,,(s) = . (n(s))
where,

Nra(8) = vi(S)T(S) + v, (S)N(s) + v4(s)B;(5).
Theorem 4.1. Let 1,.(s) = v,(s)N(s) + v3(s)B,(s) + v4(s)B,(s), be the position vector of the Frenet

retracted curve of the Frenet curve n(s) in Ef, by taking v;(s) = 0, then 7,.(s) lies in the subspace NB;B,,
and satisfies the differential equation
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y4k3d<1>+d 1 [wuk, d 1 d(l) _ 0
tzkyds \usky/ —ds |ps ks \ ky ds \ papsky ds \ky .

Proof. The position vector of the Frenet retracted curve 1,.(s) of the Frenet curve n(s) in Ef, by taking
v1(s) =0, inequation (2), cab be written as,

17(8) = v2(S)N(s) + v3(s)B1(s) + v4(s)B,(s),
where 7,.(s) lies in the subspace NB;B,, and by taking v;(s) =0, in equations (4),
pkivy =1
vy + tsk,vs =0 (5).
V3 + pakavy + psksv, = 0
vy + Usksv; =0

By solving the system in equations (5), then the Frenet retracted curve 7,.(s) satisfies the differential
equation in their curvatures and this completes the proof.

Theorem 4.2. The position vector equations of the Frenet retraction curves 7,,;(s) of the Frenet curve n(s) with
non-zero curvatures in Ej can be written in the form,

Ma(®) = N+ (5) - “2"2—1< - i(i)> Ba(s),

paky Hapskaky usks\ ki ds\mupsks ds\ky
ki(s+¢) 1 d (ki(s+¢)
(s)=(s+)T(s —(—)B(s+ —( B,(s),
fra(s) = ( )7) Usks, 1(s) Usks ds Usks 2(5)
_ CHs i( ) .U1 1
Nr3(s) = ki ds\k, ()+ N(S)+ cB,(s),
usc d
I =252 ()76 s,

where ¢ be non-zero constant.

Proof. The position vector equations of the Frenet retraction curves n,;(s) of the Frenet curve n(s) with
non-zero curvatures in Ef can be written in the form,

mi(s) =Xt v; Wy, 1,j€{1,2,3,4}, v; =0, wheni=},
where W, =T, W, =N, W;=B;, and W, = B,, so we get,
Nr1(8) = V2 (S)N(s) +v3(5)B1(s) + v4(s)B(5),
From equations (5), where v;(s) = 0, then we get,

1 _ 4 _ 1 [ pk, d 1 d[1
vo(s) = —, v3(s) =———= and v, (s) =— = —(=)])
uaky Hipzkaky usks \ ki ds \ uipuzks ds \kq

and the position vector equations of the Frenet retraction curve 1,4 (s) of the Frenet curve n(s) with non-zero
curvatures can be written as follow,

1 k! 1 [k, df 1 d/1
(s) = ——N(s) + By(s) - e A R L0
i ks pypzkoky® ! bsks\ kq ds \ papsky ds \ky ?

Similarly, we can find the Frenet retraction curves 1,,(S), 1,3(S), N,4(s) and this completes the proof.

Corollary 4. 1. The Frenet equations of the Frenet curves with non-zero constant curvatures in the Euclidean
space E*, are coincide with the Frenet equations of the Frenet curves of constant curvatures in Minkowski
4-space El, if wy=pu3=pus=-1,and p, =pu, =1

Proof. The proof is clear by substltutlng Uy = U3 = ps = —1 and u, = p, =1, inequations (4). with the
same constant curvatures. Then we have

58



mas.ccsenet.org Modern Applied Science Vol. 14, No. 9; 2020

T’ 0 ki 0 0\ /T
N\ [=ky 0 Kk O0)\[N
B\ 0o -k, 0 ky|\Bif
B,’ 0 0 —k; 0 B,

which they have the same position vector, and this completes the proof.

5. Frenet curves with constant curvatures in E7 and their Deformation retracts.

The deformation retract ( D.R ) of 1(s) € Ef into 1,,(s) = r;(n(s)) is given by
D(x,h) = e"(1—h) n(s)} + g(h + 1) {ne(s)}, meR-{0},

where D(x,0) = {n(s)} ,and D(x,1) = {n,(s)}.

The D.R of n(s) c Ef into 1,,(s) =r,(n(s)) isgivenby

pex by = & 5 ¢ )}+(

where D(x,0) = {(s)}, and D(x,1) = {,(s)}.
The D.R of n(s) c Ef into 71,5(s) =r3(n(s)) isgivenby
DG M) = (15p) 0 + (b ) na(o),

where D(x,0) = {n(s)} and D(x,1) = {ns;(s)}
The D.R of n(s) cEf into 71.4(s) =n(n(s)) isgivenby

20 )

2h
Mxm=<h+1@“ﬂ>M@H+KM—HMA®L

where D(x,0) = {n(s)}, and D(x,1) = {n.(s)}
Let the Frenet curves equation with constant curvatures be represented as follows:

n(s) = vi(IT(s) + v2(sIN(s) + v3(5)B1(s) + v4(s)B,(s),
where k4, k, and k5 are non-zero constant curvatures.

Theorem 5.1. Let 7(s) be a Frenet curve in E} in equation (2) with non-zero constant curvatures, then the
position vector of 7(s) has been presented by the curvature functions

- —/115 115 — —)LzS 125
_ cle +cye cze +cge
vi(s) = _H1k1( P + 3 ) +co,
1 2
— _ 1
V,(s) = c;e™5 + c,eM15 + cze™25 + ¢ et + R (6).

N+ ko 17+ ky? k
Vi) = & (11_11> (—csehss +Czezls)+<zl_21> (ceses 4 i) | e,

1s(5) = —tus ks [ v(s)ds
= —”;—?((Al;kl) (cre™5 + ¢ e™s) + (/12%) (cze™5 + ¢ e’125)> + :—;css + ¢
Where ¢;, (0 <[ < 6) are integral constants and
A =—(uiks® + pausks” + papsks®),
B = y1u4y5k12k32, (™).
V24— 2va? —aB
2

J—24 +2VAZ—4B
2

Proof. Let 1(s) be a constant curvatures Frenet curve in Ef, by differentiating the second and third equations in
equations (4), for w;(1 <i<5),u; €{1,—1}, so we can get the system,

1:

2:
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vi=1-wkiv,
vy = —pskavs — ke (1 — puikqvy) (8).
vy = pasksvs — ppkovh
Vg + Uakzv; =0
By solving the system in equations (8), which has non-trivial solution (6), and this completes the proof.

Corollary 5.1. Let 1(s) be a constant curvature time like curve in (2). Then the position vector of 7(s) has
been presented by the curvature functions in (6), when pu;(1 <i<5) read, us; =pus=-1, u; =, =

py =1

Corollary 5.2.The position vector of the Frenet retraction curves 1,;(s) of the Frenet curve n(s) with non-zero
constant curvatures in E; can be written in the form,

1 (5) = - N(S)
Mra(s) = (s + OT(s) - (2522) B, (s) o),
_ Claky
Tra(5) = L NS + cBa(s)

UsCk _
Nra(s) = ——2N(s) + CB,(s),
Uz ke,

where ¢ be non-zero constant.

Now we introduce the retraction for the position vector of Frenet curves 1(s) as follow:
1n(s) = v1(S)T(s) + vo(SIN(s) + v3(s)B1(s) + v4(s)B2(5),

for some differentiable functions v;(s),1 < j < 4.

Let 7;:{n(s) — 6} » {n(s) — 6}*. Where {n(s) — 8} be open Frenet curve in Ef and {(s) — 6}* be the
retraction of the position vector n(s).

The retraction 7% (n (s)) =1s(s), by substituting ¢; = 0 in equations (6),

75(1()) = 15(5) = V5, (IT(5) + V5, (SIN(S) + V5, ($)B1(5) + V5, (5) B (5).
The retraction 14(1(s)) = 16(s), by substituting ¢, = 0 in equations (6),

16(n(s)) = ne(s) = Vre, (S)T(S) + vy, (SIN(S) + Vg, (S)B1(S) + Vrg, (5)B(5).
The retraction 1,(1(s)) = n,(s), by substituting c; = 0 in equations (6),

77(1()) = 17(5) = vy, (IT(S) + V7, (SIN(S) + V7, ($)B1(5) + V7, (5) B (s).
The retraction 75(1(s)) = ng(s), by substituting ¢, = 0 in equations (6),

15(1(5)) = ng(5) = vyg, (IT(5) + Vg, (SIN(S) + Vg, (5)B1(5) + vyg, (5) By (s).
The retraction 75(7(s)) = 1o(s), by substituting B; = 0 in equation (2),

75(n(5)) = n9(5) = v1()T(s) + Vo (SIN(s) + v4(5) By (5).
The retraction 714(17(s)) = 710(s), by substituting B, = 0 in equation (2),
7’10(77(5)) =110(5) = v1(S)T(S) + v(S)N(s) + v3(s)B;(5).

The retraction 71, (1(s)) = n11(s), by substituting B; = 0 and B, = 0, in equation (2),

7”11(77(5)) =111(8) = v1()T(s) + v, ()N (s).

The deformation retracts of Frenet curves with constant curvatures in Minkowski 4-space, where the deformation
retract of the Frenet curve is defined as:

p:{n(s) =8} x 1 - {n(s) — 8},
where {n(s) — 6} is open Frenet curve in Ef and {r(s) — &}* is the retraction of the position vector n(s) and I
is the closed interval [0, 1], is presented by

@(x, R):{n(s) — 63 x I - {n(s) — 6}.
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The deformation retract (D.R) of n(s) < Ef into the retraction  r;(n) = n4(s) is

DGoh) = (1= Wn{n(s)}+ hnfn(s)},
where D(x,0) = n(s),and D(x,1) = n,(s),m,n € N — {1}.
The D.R of n(s) € Ef into r,(n) = 1,(s) be
D(x,h) = sin (“(1 h)) {n(s)} + cos (n(l h)) {n.(s)}.n eN,
where D(x,0) = {n(s)},and D(x,1) = {n,(s)}.
The D.R of n(s) c E¥ into r3(n) = n3(s) is
D(x,h) = |h—1[{n(s)} +
where D(x,0) = {n(s)}, and D(x,1) = {n;3(s)}.
The D.R of n(s) € Ef into r,(n) = n4(s) be
D(x,h) = (1 —h){n(s)}+ hin.(s)}
where D(x,0) = n(s), and D(x,1) = n,(s), m,n € N —{1}.
The D.R of n(s) c Ef into rs(n) = ns(s)
D(x,h) = V1 —h{n(s)} + Vhins(s)}, m €N,
where D(x,0) = {n(s)}, and D(x,1) = {ns(s)}.
The D.R of n(s) € E¥ into rg(n) = ne(s) is given by

D(x,h) = [h = 1|{n(s)} +

where D(x,0) = {n(s)} ,and D(x,1) = {ns(s)}.
The D.R of n(s) cEf into r,(n) =n,(s) be

Db = (55)m + (S5) G}

where D(x,0) = {n(s)}, and D(x,1) = {n,(s)}
The D.R of n(s) c Ef into rg(n) = {ng(s)} be

D(x,h) = cos(( + 2n7r) h) {n(s)} — sin ((g + 2n7r) h) {ng(s)},n €N,

where D(x,0) = {(s)},and D(x,1) = {ng(s)}.
Theorem 5.2. The deformation retract of any Frenet curve in Ef be a Frenet curve if and only if the Frenet

apparatus {T,, Ny, B, k1, ko, k3,} of the retracted curve Q(s) = r(n(s)) can be formed by the Frenet apparatus
{T; N; B, kl! k2: k3} Of 77(5)

Proof. Let D(s,h) = p(h)n(s) + q(h)r(n) be a deformation retract of the Frenet curve n(s) where D(s,0) =
n(s) and D(s,1) = r(n).
D'(s,h) = p(h)n'(s) + q(W)r'(mMn'(s) = p(WT(s) + q(W)r' (T (s),
(D'(s, h), D' (s, h)) = (Tp, Tp) = (p(WT(s) + q(W)r'(MT(s), p(MT(s) + q(W)r' (MT(s)) # 0.

Then the deformation retract of any Frenet curve in Ef be Frenet curve, since we can find that (N}, Nj) # 0,
and By, By ,) # 0. Conversely this is clear by assume that the Frenet apparatus of the retracted curve ¢ (s) =

r(n(s)) can be formed by the Frenet apparatus of 1(s) and by using the Frenet equations for the Frenet curves.

M {n3(s)}, meR—{0},

m—1+h

2he(
1+h

2 (),

Conclusion. In this paper, the position vector equation of the Frenet curves with constant curvatures and
non-zero curvatures in Minkowski 4 -space has been presented. The retractions and Frenet frame of Frenet curves
in E} are deduced. The relations between the deformation retracts and Frenet Frame of Frenet curves are
obtained.
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