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Abstract 

In this paper, we introduce a special spacelike Smarandache curves ߮ reference to the Bishop frame of a regular 
spacelike curve ߞ in Minkowski 3-space ℝଵଷ. From that point, we investigate the Frenet invariants of a special 
case in ℝଵଷ and we obtain some properties of these curves when the base curve ߞ is contained in a plane. Lastly, 
we shall give two examples to illustrate these curves. 
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1. Introduction 

When considering the theory of curves in the Euclidean spaces ℝଷ and Minkowski spaces ℝଵଷ, we discovered 
that the Smarandache curves are this regular curve whose position vector is composed of Frenet frame vectors on 
other regular curves(M. M. Wageeda, E. M. Solouma, & M. Bary., 2019)(C. Ashbacher., 1997). 

When considering in the reference (C. Ashbacher., 1997) (M. A. Soliman, W. M. Mahmoud, E. M. Solouma, &  
M. Bary., 2019) (H. Iseri, 2002)(L. Mao.,2006) we find the Smarandache geometries are a generalization of 
classical geometries, and the Smarandache geometries can be either partially Euclidean and partially 
Non-Euclidean. Then recently, special Smarandache curves in the Euclidean and Minkowski spaces are studied 
by some authors (O. Bektas, & S. Yuce., 2013) (M. Cetin, Y. Tuncer, & M. K. Karacan., 2014)(E. M. Solouma, 
2017a) (E. M. Solouma, 2017b) (K. Taskopru, & M. Tosun, 2014). 

In this work, we mention spacelike special curves (Smarandache curves) according to Bishop frame of a 
spacelike curve ߞ in the three-dimension Minkowski space ℝଵଷ. In Section 2, we give the basic conceptions of 
three-dimension Minkowski 3-space ℝଵଷ and give of Bishop frame that will be used during this work. In Section 
3, we investigate the Bishop special spacelike ܶ	ܤଵ, ,	ଶܤ	ܶ ଶܤ	ଵܤ	ܶ	݀݊ܽ		ଶܤଵܤ − ݏ݁ݒݎݑܿ  in terms of the 
curvature functions ߢଵ(ߪ)	ܽ݊݀		ߢଶ(ߪ) of the base curve in  ℝଵଷ. On top of that, we obtain some properties on 
these special curves when the curve	ߞ is contained in a plane. Finally, in Section 4, we give two examples to 
clarify these curves. 

2. Preliminaries 

The Minkowski 3-space ℝଵଷ is three-dimensional Euclidean space provided with the Lorentzian inner product, ࣞ =	−݀	߫ଵଶ + ݀	߫ଶଶ + ݀	߫ଷଶ 

where (߫ଵ	, ߫ଶ	, ߫ଷ) is a rectangular coordinate system of ℝଵଷ. An arbitrary vector ݑ	 ∈ ℝଵଷ can have one of 
three characters; it can be spacelike if ࣞ(ݑ	, (ݑ > ݑ		ݎ݋		0 = 0 , timelike if ࣞ(ݑ	, (ݑ < 0		 and null if ࣞ(ݑ	, ݑ		݀݊ܽ			0(ݑ ≠ 0. Similarly, an arbitrary curve ߞ =  can be locally spacelike, timelike or null if all (ߪ)ߞ	
of its velocity vectors ߞᇱ =  ,.are spacelike, timelike or null, respectively (R. Lopez., 2014).(B. O'Neill (ߪ)ߞ	
1983). 

Let {T, N, B} denote that Frenet frame, and suggest that {T, N, B} moving along the spacelike special curve ߞ 
with arc-length parameter ߪ. The Frenet trihedron consists of the following: (1. the tangent vector {T}, 2. the 
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principal normal vector {N}, 3. the binormal vector {B}). Then this frame (Frenet frame) has the following 
properties: (B. O'Neill., 1983). 

ቌܶ′(ߪ)ܰ′(ߪ)(ߪ)′ܤቍ	=  ቌ 0 (ߪ)ߢ (ߪ)ߢߝ−0 0 0(ߪ)߬ (ߪ)߬ 0 ቍቌܶ(ߪ)ܰ(ߪ)(ߪ)ܤቍ		                                   (1) 

Where ߝ = ±1	 , ,(ߪ)ܶ)ࣞ ((ߪ)ܶ = 1 ,(ߪ)ܰ)ࣞ , ((ߪ)ܰ = ߝ	 , ,(ߪ)ܤ)	ࣞ ((ߪ)ܤ = 	ߝ	−	 ,(ߪ)ܶ)ࣞ &  ((ߪ)ܰ ,(ߪ)ܶ)ࣞ= ((ߪ)ܤ = ,(ߪ)ܰ)ࣞ	 ((ߪ)ܤ = 0. If ߝ = 1, then (ߪ)ߞ is a spacelike curve, and the (ߪ)ߞ consists of the 
following: (spacelike principal normal {ܰ} and timelike binormal {ܤ}. Also, if ߝ = 	−1, then (ߪ)ߞ is a 
spacelike curve with timelike principal normal {ܰ} and spacelike binormal  {ܤ}. 
Let ߞ =  be a regular curve in ℝଵଷ. If the tangent vector field of this curve forms a constant angle with a (ߪ)ߞ	
constant vector field ܷ, then this curve is called a general helix or an inclined curve (M. P. Do Carmo, 1976). 

The Lorentzian sphere of radius ݎ	 > 	0  and with a center in the origin in the space ℝଵଷ is defined by, ଵܵଶ = 	݌	} ∈ ℝଵଷ ∶ ,݌)ࣞ	 (݌ = 	  .{ଶݎ
The parallel transport (or Bishop) frame we can say is an alternative approach to defining a moving frame that is 
well defined even when the curve has vanished the second derivative(L. R. Bishop, 1975) (B. Bukcu, & M. K. 
Karacan, 1975). 

Suppose that we consider the parallel transport (or Bishop) frame {ܶ(ߪ), ,(ߪ)ଵܤ  of the special spacelike {(ߪ)ଶܤ
curve (ߪ)ߞ such that ܶ(ߪ) the spacelike unit tangent vector, ܤଵ(ߪ) is spacelike unit normal vector, and ܤଵ(ߪ) the timelike unit binormal vector. The Bishop frame {ܶ(ߪ), ,(ߪ)ଵܤ  & ,is expressed as (B. Bukcu {(ߪ)ଶܤ
M. K. Karacan, 1975) (B. Bukcu, & M. K. Karacan, 2010). 

ቌ =  ቌ	ቍ(ߪ)′ଶܤ(ߪ)′ଵܤ(ߪ)′ܶ 0 (ߪ)ଵߢ (ߪ)ଵߢߝ−(ߪ)ଶߢ	− 0 (ߪ)ଶߢߝ−0 0 0 ቍቌ                                  (2)		ቍ(ߪ)ଶܤ(ߪ)ଵܤ(ߪ)ܶ

Where  ࣞ(ܶ(ߪ), ((ߪ)ܶ = 1  , ൫ܤଵ(ߪ), ൯(ߪ)ଵܤ = ߝ	  ,  ࣞ	൫ܤଶ(ߪ), ൯(ߪ)ଶܤ = 	ߝ	−	  & ࣞ൫ܶ(ߪ), ൯(ߪ)ଵܤ =ࣞ൫ܶ(ߪ), ൯(ߪ)ଶܤ = 	ࣞ൫ܤଵ(ߪ), ൯(ߪ)ଶܤ = 0. Here, we shall call ߢଵ(ߪ) and ߢଵ(ߪ) as Bishop curvatures. The 
relation matrix may be expressed as, 

ቌ =  ൭1	ቍ(ߪ)ଶܤ(ߪ)ଵܤ(ߪ)ܶ 0 00 cosh(ߪ)ߠ sinh 0(ߪ)ߠ sinh(ߪ)ߠ cosh(ߪ)ߠ൱ቌܶ(ߪ)ܰ(ߪ)(ߪ)ܤቍ		                                   (3) 

Where 

۔ۖەۖ
(ߪ)ߠۓ = arctanh ቀ఑మ఑భቁ ଵߢ	; ≠ (ߪ)߬,0 = 	ߝ− ௗఏ(ఙ)	ௗ	ఙ (ߪ)ߢ, = 	ඥ|ߢଵଶ(ߪ) .	|(ߪ)	ଶଶߢ	−                                       (4) 

And ൜ߢଵ(ߪ) = (ߪ)ߢ	 cosh (ߪ)ଵߢ,(ߪ)ߠ = (ߪ)ߢ	 sinh (ߪ)ߠ . 
Let ߞ = ,(ߪ)ܶ} be a regular non-null curve parametrized by arc-length in three-dimension Minkowski space ℝଵଷ with its Bishop frame  (ߪ)ߞ	 ,(ߪ)ଵܤ ,ଵܤܶ} Then .{(ߪ)ଶܤ ,ଶܤܶ {ଶܤଵܤܶ	&	ଶܤଵܤ −  ,are defined ߞ of ݏ݁ݒݎݑܿ
respectively as follows: φ(ߪ) = φ(ߪ∗) = ଵ√ଶ	(T(ߪ) + (ߪ)φ ,((ߪ)ଵܤ = φ(ߪ∗) = ଵ√ଶ	(T(ߪ) + (ߪ)φ ,((ߪ)ଶܤ = φ(ߪ∗) = ଵ√ଶ	(ܤଵ(ߪ) + (ߪ)φ ,((ߪ)ଶܤ = φ(ߪ∗) = ଵ√ଷ	(T(ߪ) + (ߪ)ଵܤ +  .((ߪ)ଶܤ
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3. Main Results 

In this section, we introduce the special spacelike curves reference to the parallel transport frame in 
three-dimension Minkowski space ℝଵଷ. by the same token, we obtain the natural curvature functions of these 
curves and studying some properties on it when the base curve ߞ =  .especially is contained in a plane (ߪ)ߞ	

3.1 Spacelike TB1-Special Curves 

Definition 3.1. Let ߞ = (ߪ)ߞ	  be a regular spacelike curve in ℝଵଷ  reference to moving Bishop frame {ܶ(ߪ), ,(ߪ)ଵܤ ଵܤ	ܶ Then the special spacelike .{(ߪ)ଶܤ − (ߪ)are defined by, φ (Smarandache curve) 	ݏ݁ݒݎݑܿ = φ(ߪ∗) = ଵ√ଶ	(T(ߪ) +  (5)                                 .((ߪ)ଵܤ

Theorem 3.1. Let ߞ = ,(ߪ)ܶ} be a spacelike curve in ℝଵଷ with the moving Bishop frame (ߪ)ߞ	 ,(ߪ)ଵܤ  .{(ߪ)ଶܤ
If the base curve ߞ is contained in a plane, then the spacelike ܶ	ܤଵ −  is a circular (Smarandache curve) ݁ݒݎݑܿ
helix with ߢߝଶଶ	(ߪ) 	≠ (1 + (∗ߪ)஦ߢ ;and its natural curvature functions satisfying the following equations 	(ߪ)	ଵଶߢ(ߝ	 = 	 √ଶ	ට(఑భమି఑మమ)మ	ൣ(఑మమି(ଵାఌ)఑భమ)మିఌ఑భమ఑మమାଵ൧ାଶ఑భర൫఑భమି఑మమ൯൫ଵି఑మమ൯ାఌ఑భల(఑భమା఑మమ)	[(ଵା	ఌ)఑భమିఌ	఑మమ]మ , ߬ఝ(ߪ∗) = 	 √ଶ	ൣ఑భర(఑భమା఑మ(ఌ	఑భିଵ)ାఌ	఑భ఑మ	(ଶି఑భ)(఑మమି఑భమ)൧఑భమ[఑మమି(ఌାଵ)఑భమ]మିఌ఑భమ[(ଵାఌ)఑భమି	ఌ఑మమ]మାఌ	఑మమ	(ଶ	఑భమି	఑మమ)మ.                          (6) 

Proof. Let φ = φ(ߪ∗) be a spacelike ܶ	ܤଵ − ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ =  From Eq. (5) .(ߪ)ߞ	
and using Eq. (2), we get ߮′(ߪ∗) = ௗ	ఝௗ	ఙ∗ ௗ	ఙ∗ௗ	ఙ = 	 ଵ√ଶ	(−	ߝ	ߢଵܶ(ߪ) + (ߪ)ଵܤଵߢ −  (7)                       .((ߪ)ଶܤ	ଶߢ

Hence 

ఝܶ(ߪ∗) = 	 ଵට(ଵାఌ)఑భమି	ఌ఑మమ (ߪ)ଵܶߢ	ߝ	−)	 + (ߪ)ଵܤଵߢ −  (8)                        .((ߪ)ଶܤ	ଶߢ

Where 

ௗ	ఙ∗ௗ	ఙ = 	 ට(ଵାఌ)఑భమି	ఌ఑మమ√ଶ .                                            (9) 

Differentiating Eq. (8) with respect to ߪ, we have 

ఝܶ′(ߪ∗) = 	 √2[(1 + ଵଶߢ(ߝ − ଶଶ]ଶߢߝ	 (ߪ)ଵܶߦ)	 + (ߪ)ଵܤଶߦ +  .((ߪ)ଶܤ	ଷߦ
Where 

ቐ ଵߦ = ଵଶߢ) − ଶଶߢ](ଶଶߢ − ߝ) + ଵଶߢ(1 − ଵᇱߢ ] + ଵᇱߢଵߢ − ଶᇱߢଶߢ ଶߦ,	 = ଵଶߢ) − ଵᇱߢߝ)(ଶଶߢ − 1) − ଵଷߢ)ଵߢߝ + ଵᇱߢଵߢ − ଶᇱߢଶߢ ଷߦ,(	 = ଵଶߢ)ଶߢଵߢ − (ଶଶߢ + ଶߢଵߢ)	ଵଶߢߝ	 − ଶᇱߢ 	) + (1 + ଵᇱߢଵߢ	(ߝ  .ଶߢ
Then, the curvature and the principal normal vector field of ߮ are respectively, ߢఝ(ߪ∗) = 	√2	ඥߦଵଶ + ଶଶߦ)ߝ − ଷଶ)[(1ߦ + ଵଶߢ(ߝ − ଶଶ]ଶߢߝ	 	, 
and 

ఝܰ(ߪ∗) = 	 (ߪ)ଵܶߦ + (ߪ)ଵܤଶߦ + ଵଶߦඥ(ߪ)ଶܤ	ଷߦ + ଶଶߦ)ߝ − (ଷଶߦ . 
Also, the binormal vector of ߮ is 

(∗ߪ)ఝܤ  = 	 ଵߢ	ଷߦ]−} (ߪ)ܶ[ଶߢ	ଶߦ	+ + ଵߢ	ଷߦ	ߝ] (ߪ)ଵܤ[ଶߢ	ଵߦ	− − ଵߦ]ଵߢ ඥ(1{(ߪ)ଶܤ[ଶߦ	ߝ	+ + ଵଶߢ(ߝ − ଵଶߦඥ	ଶଶߢߝ	 + ଶଶߦ)ߝ − (ଷଶߦ 	. 
 

Now, from Eq. (7) we have, 
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(∗ߪ)	′′߮ = 	 ଵଶߢ]ߝ}	2√1 ଵଶߢ	− ଵᇱߢ	− (ߪ)ܶ[ + ଵᇱߢ] − (ߪ)ଵܤ	[ଵଶߢ	ߝ		 + ଶߢ	ଵߢ] ଶᇱߢ	−  ,{(ߪ)ଶܤ[
and ߮′′′	(ߪ∗) = 	 (ߪ)ଵܶߙ}	2√1 + (ߪ)ଵܤ	ଶߙ +  ,{(ߪ)ଶܤଷߙ
where 

ቐߙଵ = ଵଶߢ)ଵߢ − ଶᇱߢଶߢ ) + ଶଶߢ)	ߝ + ଶᇱߢଶߢ	2 − ଵᇱߢଵߢ	3 ଶߙ,(ଵᇱᇱߢ	− = ଵᇱᇱߢ	 + ଶଶߢ)	ଵߢ	ߝ	 ଵଶߢ	− − ଵᇱߢ	3 ଷߙ																																					,(	 = ଶଶߢ)	ଵߢ	ߝ	−	 ଵଶߢ	− − ଵᇱߢ	3 	) 																														.	ଶᇱᇱߢ	−  
Then the torsion of ߮ is given by formulae 

߬ఝ = √2 ۔ۖەۖ
ଵߢ	ଷߙ)	ଵଶߢۓ (ଶߢ	ଶߙ	+ − ଵᇱߢ	ଷߙ)	ଵߢ	ߝ	 ଶᇱߢ	ଶߙ	+ ) ଵᇱߢ)	ଵߢ	ଵߙ	+ ଵߢ	− − ଵଶߢ	ଷߙ]	ߝ	+(ଵଶߢ	ߝ	 ଶଶߢ)	ଶߢ	ଶߙ	+	 ଵଶߢ	− ଵᇱߢ	−	 ଶଶߢ)	ଵߢ	ߝ][	( (ଵଶߢ	− ଵଷ]ଶߢ	− + ଵଶߢ	(2	ଶߢ]	ߝ	 ଶଶߢ	− ଵᇱߢ	+ ) ଶᇱߢ	ଵߢ	− ]ଶ−	ߝ	ߢ]ଵଷ − ଶଶߢ)	ଵߢ	ߝ	 ଵଶߢ	− ଵᇱߢ	− ଵᇱߢ	ଵߢ	+ ]ଶ		 ۙۘۖ

ۖۗ. 
So, if 	(ߪ)ߞ is contained in a plane, then ߢఝ and ߬ఝ are constants which implies that the spacelike ܶ	ܤଵ  .is a circular helix and Eq. (6) holds which complete the proof  ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ−

3.2 Spacelike ܶ	ܤଶ −  ݏ݁ݒݎݑܿ	݈ܽ݅ܿ݁݌ݏ

Definition 3.2. Let ߞ = (ߪ)ߞ  be a regular spacelike curve in ℝଵଷ  reference to moving Bishop frame {ܶ(ߪ), ,(ߪ)ଵܤ ଶܤ	ܶ Then the special spacelike .{(ߪ)ଶܤ −Smarandache curves are defined by, φ(ߪ) = φ(ߪ∗) = ଵ√ଶ	(T(ߪ) +  (10)                                 .((ߪ)ଶܤ

Theorem 3.2. Let ߞ = ,(ߪ)ܶ} be a spacelike curve in ℝଵଷ with the moving Bishop frame (ߪ)ߞ	 ,(ߪ)ଵܤ  .{(ߪ)ଶܤ
If the base curve ߞ is contained in a plane, then the spacelike ܶ	ܤଶ −  is a circular helix  ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
with ߢߝଵଶ	(ߪ) + (1 − (ߪ)	ଶଶߢ(ߝ	 	≠ 0	 and its curvature functions are satisfying the following equations; ߢ஦(ߪ∗) = 	 ටଶ൫఑భమି఑మమ൯(఑భమି఑మమାଵ)	ఌ఑భమ	(ఙ)ା(ଵି	ఌ)఑మమ	(ఙ) , ߬ఝ(ߪ∗) = 	 √ଶ		఑భ఑మమ	(఑మାఌ	఑భ)	(఑మమି఑భమ)	[ఌ఑భమ	(ఙ)ା(ଵି	ఌ)఑మమ	(ఙ)]మ .                             (11) 

Proof. Let φ = φ(ߪ∗) be a spacelike ܶ	ܤଶ − ߞ	curves according to the base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ (∗ߪ)′߮ From Eq. (10), we get .(ߪ)ߞ	= = ௗ	ఝௗ	ఙ∗ ௗ	ఙ∗ௗ	ఙ = 	 ଵ√ଶ	(−	ߝ	ߢଶܶ(ߪ) + (ߪ)ଵܤଵߢ −  (12)                       .((ߪ)ଶܤ	ଶߢ

Hence 

ఝܶ(ߪ∗) = 	 ଵටఌ఑భమ	(ఙ)ା(ଵି	ఌ)఑మమ	(ఙ)	(−	ߝ	ߢଶܶ(ߪ) + (ߪ)ଵܤଵߢ −  (13)                    .((ߪ)ଶܤ	ଶߢ

Where 

ௗ	ఙ∗ௗ	ఙ = 	 ටఌ఑భమ	(ఙ)ା(ଵି	ఌ)఑మమ	(ఙ)√ଶ .                                          (14) 

Then 

ఝܶ′(ߪ∗) = 	 (ߪ)	ଵଶߢߝ]2√ + (1 − ଶ[(ߪ)	ଶଶߢ(ߝ	 (ߪ)ଵܶߣ)	 + (ߪ)ଵܤଶߣ +  .((ߪ)ଶܤ	ଷߣ
Where  

ቐ ଵߣ = ଶଶߢ) − ଵଶߢ − ଶᇱߢ ଵଶߢ]( + 1)ߝ − [ଶଶߢ(ߝ + ଵᇱߢଵߢ]ଶߢ + 1)ߝ − ଶᇱߢଶߢ(ߝ ଶߣ,	[ = ଵᇱߢ) − ଵଶߢ	ߝ)(ଶߢ	ଵߢ	ߝ	 + (1 − (ଶଶߢ	(ߝ − ଵᇱߢଵߢ	ߝ]ଵߢ + (1 − ଶᇱߢଶߢ(ߝ ଷߣ,[ = ଵଶߢ	ߝ) − ଵଶߢ	ߝ)(ଶଶߢ + (1 − (ଶଶߢ	(ߝ ଵᇱߢଵߢ	ߝ]ଶߢ	+ + (1 − ଶᇱߢଶߢ(ߝ ].  

So, 
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(∗ߪ)ఝߢ = 	 √2	ඥߣଵଶ + ଶଶߣ)ߝ − (ߪ)	ଵଶߢߝ]	(ଷଶߣ + (1 −  ,	ଶ[(ߪ)	ଶଶߢ(ߝ	
and 

ఝܰ(ߪ∗) = 	 (ߪ)ଵܶߣ + (ߪ)ଵܤଶߣ + ଵଶߣඥ(ߪ)ଶܤ	ଷߣ + ଶଶߣ)ߝ − (ଷଶߣ . 
Also, ܤఝ(ߪ∗) = ଵߢ	ଷߣ]− (ߪ)ܶ[ଶߢ	ଶߣ	+ + ߝ) − (ߪ)ଵܤଶߢ	ଵߣ	(1 − ଵߢ	ଵߣ] (ߪ)	ଵଶߢߝඥ(ߪ)ଶܤ[ଶߢ	ଶߣ	ߝ	+ + (1 − ଵଶߣඥ	(ߪ)	ଶଶߢ(ߝ	 + ଶଶߣ)ߝ − 	(ଷଶߣ 	. 
Now, from Eq. (12) we have ߮′′	(ߪ∗) = 	 ଶଶߢ]ߝ}	2√1 ଵଶߢ	− ଶᇱߢ	− (ߪ)ܶ[ + ଵᇱߢ] − (ߪ)ଵܤ	[ଶߢ	ଵߢ	ߝ		 + ଶଶߢ	ߝ] ଶᇱߢ	−  ,{(ߪ)ଶܤ[
and ߮′′′	(ߪ∗) = 	 (ߪ)ଵܶߚ}	2√1 + (ߪ)ଵܤ	ଶߚ +  ,{(ߪ)ଶܤଷߚ
where 

ቐߚଵ = ଶᇱߢଶߢ3]	ߝ + ଵଶߢ)	ଶߢߝ − ଵᇱߢଵߢ	ଶଶ)−2ߢ ଶߚ,[ଶᇱᇱߢ	− = ଵᇱᇱߢ	 − ଵଶߢ)	ଵߢ	ߝ	 ଶଶߢ	+ − ଶᇱߢ + ଷߚ,(	ᇱ(ଶߢ	ଵߢ) = ଵଶߢ)	ଶߢ	ߝ		 ଶଶߢ	+ − ଶᇱߢ + (	ᇱ(ଶߢ	ଵߢ) .	ଶᇱᇱߢ	−  

Then, 

߬ఝ = √2 ۔ۖەۖ
ۓ ଶଶߢ	ߝ)	 − ଶᇱߢ ଶߢ	ଶߙ	ߝ)	( (ଵߢ	ଵߙ	+ + ଵߙ)ଶߢ	ߝ	 − ଵᇱߢ)		(ଶߙ − ଵߢ	ଷߙ)ߝ+(ଶߢ	ଵߢ	ߝ + ଵଶߢ)		(ଶߢ	ଶߙ − ଶଶߢ − ଶᇱߢ ଶଶߢ	ߝ)	ଵߢ	]	(	 ଶᇱߢ	− ) + ଵᇱߢ)ଶߢ − ଶ)]ଶߢଵߢ	ߝ	 + ଵଶߢ	]	ଶଶߢ	ߝ	 − (1 + ଵᇱߢ)ଶߢ]	ߝ	−ଶଶ]ଶߢ(ߝ − (ଶߢ	ଵߢ	ߝ ଵଶߢ)	ଵߢ	+ ଶଶߢ	− ଶᇱߢ	− )]ଶ		 ۙۘۖ

ۖۗ. 
Now, if the base curve (ߪ)ߞ is contained in a plane, then the spacelike ܶ	ܤଶ −  is a ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
circular helix and Eqs. (11) holds which complete the proof. 

3.3 Spacelike 	ܤଵ		ܤଶ −  ݏ݁ݒݎݑܿ	݈ܽ݅ܿ݁݌ݏ

Definition 3.3. Let ߞ = (ߪ)ߞ  be a regular spacelike curve in ℝଵଷ  reference to moving Bishop frame {ܶ(ߪ), ,(ߪ)ଵܤ ଶܤ	ଵܤ Then the special spacelike .{(ߪ)ଶܤ −Smarandache curves are defined by, φ(ߪ) = φ(ߪ∗) = ଵ√ଶ	(ܤଵ(ߪ) +  (15)                          .((ߪ)ଶܤ

Theorem 3.3. Let ߞ = ,(ߪ)ܶ} be a spacelike curve in ℝଵଷ with the moving Bishop frame (ߪ)ߞ	 ,(ߪ)ଵܤ  .{(ߪ)ଶܤ
If the base curve ߞ is contained in a plane, then the spacelike ܤଵ	ܤଶ −  is also contained ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
in a plane with 	ߢଵ(ߪ) + (ߪ)ଶߢ ≠ 0	 and its curvature satisfying the following equation; ߢ஦(ߪ∗) = 	 ඥଶ	ఌ	(	఑భି఑మ)	఑భା఑మ .                                    (16) 

Proof. Let φ = φ(ߪ∗) be a spacelike 	ܤଵ	ܤଶ − ߞ	according to the base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ =  .(ߪ)ߞ	
From Eq. (15), we get ߮ᇱ(ఙ∗) = ௗ	ఝௗ	ఙ∗ ௗ	ఙ∗ௗ	ఙ = 	−	 	ఌ√ଶ	(ߢଵ +  (17)                            .(ߪ)ܶ(ଶߢ

Hence ఝܶ(ߪ∗) =  (18)                                     .(ߪ)ܶ	ߝ	−	

Where ௗ	ఙ∗ௗ	ఙ = 	 ఑భା఑మ√ଶ .                                         (19) 

Then 

ఝܶ′(ߪ∗) = 	 ଵߢ2√ + ଶߢ (ߪ)ଵܤ	ଵߢ	ߝ	−)	 +  .((ߪ)ଶܤ	ଶߢ	ߝ	
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So, ߢ஦(ߪ∗) = 	 ඥଶ	ఌ	(	఑భି఑మ)	఑భା఑మ . 

and 

ఝܰ(ߪ∗) = (ߪ)ଵܤ	ଵߢ	ߝ	−	 + ଵଶߢ)ߝඥ(ߪ)ଶܤ	ଶߢ	ߝ	 − (ଶଶߢ . 
Also, B஦(σ∗) = 1ඥε(κଵଶ − κଶଶ)	(κଶ	Bଵ(σ) +	κଵ	Bଶ(σ)). 
From Eq. (17) we have, ߮ᇱᇱ(ߪ∗) = 	−	 ଵᇱߢ)}	2√ߝ + ଶᇱߢ (ߪ)ܶ( + ଵߢ)ଵߢ + (ߪ)ଵܤ(ଶߢ − ଵߢ)ଶߢ +  .{(ߪ)ଶܤ(ଶߢ
And ߮ᇱᇱᇱ(ߪ∗) = 	 (ߪ)ଵܶߤ}	2√1 + (ߪ)ଵܤ	ଶߤ +  .{(ߪ)ଶܤଷߤ
Where 

ቐߤଵ = ଵߢ) + ଵଶߢ)(ଶߢ (ଶଶߢ	− − ଵᇱᇱߢ)ߝ + ଶߤ,(ଶᇱᇱߢ = ଵᇱߢ]	ߝ	− ଵߢ)	 + (ଶߢ + ଵᇱߢ)ଵߢ	2 + ଶᇱߢ ଷߤ,[( = ଶᇱߢ]	ߝ	 ଵߢ)	 + (ଶߢ + ଵᇱߢ)ଶߢ	2 + ଶᇱߢ )].  

Then, ߬ఝ = ቊ√2		ߝ	ߤ)ଶߢଶ + ଵߢ)(ଵߢ	ଷߤ − ଵߢ)(ଶߢ +  .ቋ		ଶ)ଷߢ
So, if the base curve (ߪ)ߞ is contained in a plane, then the spacelike ܶ	ܤଶ −  is also ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
contained in a plane and the Eq. (16) holds, this completes the proof. 

3.4 Spacelike ܶ		ܤଵ	ܤଶ −  ݏ݁ݒݎݑܿ	݈ܽ݅ܿ݁݌ݏ

Definition 3.4. Let ߞ = (ߪ)ߞ  be a regular spacelike curve in ℝଵଷ  reference to moving Bishop frame {ܶ(ߪ), ,(ߪ)ଵܤ ଶܤ	ଵܤ	ܶ Then the special spacelike .{(ߪ)ଶܤ −Smarandache curves are defined by, φ(ߪ) = φ(ߪ∗) = ଵ√ଷ	(T(ߪ) + (ߪ)ଵܤ +  (20)                               .((ߪ)ଶܤ

Theorem 3.4. Let ߞ = ,(ߪ)ܶ} be a spacelike curve in ℝଵଷ with the moving Bishop frame (ߪ)ߞ	 ,(ߪ)ଵܤ  .{(ߪ)ଶܤ
If the base curve ߞ is contained in a plane, then the spacelike ܶ	ܤଵ	ܤଶ −  is also  ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
contained in a plane with ߢଵ(ߪ), (ߪ)ଶߢ ≠ 0 and its natural curvature satisfying the following equation; ߢ஦(ߪ∗) = 	 √ଷ(఑భା఑మ)	ට(ଵାఌ)఑భమା(ଵିఌ)఑మమିଶ	఑భ	఑మ	(ଵାఌ)఑భమା(ଵିఌ)఑మమାଶ	఑భ	఑మ .                               (21) 

Proof. Let φ = φ(ߪ∗)  be a spacelike ܶ	ܤଵ	ܤଶ − ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ  curves according to the base 
curve	ߞ = (∗ߪ)′߮ From Eq. (20), we get .(ߪ)ߞ	 = ௗ	ఝௗ	ఙ∗ ௗ	ఙ∗ௗ	ఙ = 	 ଵ√ଷ	(−	ߝ	ߢ)ଵ + (ߪ)ܶ	(ଶߢ + (ߪ)ଵܤଵߢ −  (22)                .((ߪ)ଶܤ	ଶߢ

Hence 

ఝܶ(ߪ∗) = 	 ି	ఌ	(఑భା఑మ)	்(ఙ)ା఑భ஻భ(ఙ)ି఑మ	஻మ(ఙ)ට(ଵାఌ)఑భమା(ଵିఌ)఑మమାଶ	఑భ	఑మ 	.                            (23) 

Where 

ௗ	ఙ∗ௗ	ఙ = 	 ට(ଵାఌ)఑భమା(ଵିఌ)఑మమାଶ	఑భ	఑మ√ଷ .                               (24) 

Then, from Eq. (23) we get 

ఝܶ′(ߪ∗) = (ߪ)ଵܶߛ)	3√	 + (ߪ)ଵܤଶߛ + 1)]((ߪ)ଶܤ	ଷߛ + ଵଶߢ(ߝ + (1 − ଶଶߢ(ߝ +  .	ଶ]ଶߢ	ଵߢ	2
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Where  

۔ۖۖەۖۖ
ଵߛۓ = ଵଶߢ]	ߝ − ଶଶߢ) + ଵᇱߢ + ଶᇱߢ )][(1 + ଵଶߢ(ߝ + (1 − ଶଶߢ(ߝ + ଵߢ)	ߝଶ]+2ߢ	ଵߢ	2 + [(1	ଶ)ߢ + ଵᇱߢଵߢ(ߝ + (1 − ଶᇱߢଶߢ(ߝ + ଶߛ,	[ᇱ(ଶߢଵߢ) = [(1 + ଵଶߢ(ߝ + (1 − ଶଶߢ(ߝ + ଵᇱߢ][ଶߢ	ଵߢ	2 − ଵߢ)ଵߢ	ߝ	 + [(1	ଵߢ	ଶ)]−2ߢ + ଵᇱߢଵߢ(ߝ + (1 − ଶᇱߢଶߢ(ߝ + ଷߛ,[ᇱ(ଶߢଵߢ) = [(1 + ଵଶߢ(ߝ + (1 − ଶଶߢ(ߝ + ଶᇱߢ][ଶߢ	ଵߢ	2 − ଵߢ)ଶߢ	ߝ	 + [(1	ଵߢ	2	ଶ)]+ߢ + ଵᇱߢଵߢ(ߝ + (1 − ଶᇱߢଶߢ(ߝ + .[ᇱ(ଶߢଵߢ)

 

Then ߢఝ(ߪ∗) = 	 √3	ඥߛଵଶ + ଶଶߛ)ߝ − [(1	ଷଶ)ߛ + ଵଶߢ(ߝ + (1 − ଶଶߢ(ߝ +  ,	ଶ]ଶߢ	ଵߢ	2
and 

ఝܰ(ߪ∗) = 	 (ߪ)ଵܶߛ + (ߪ)ଵܤଶߛ + ଵଶߛඥ(ߪ)ଶܤ	ଷߛ + ଶଶߛ)ߝ − (ଷଶߛ . 
Also, the binormal vector of ߮ is ܤఝ(ߪ∗) = ݉ଵܶ(ߪ) + ݉ଶܤଵ(ߪ) + ݉ଷ	ܤଶ(ߪ)ඥ(1 + ଵଶߢ(ߝ + (1 − ଶଶߢ(ߝ + ଵଶߛඥ		ଶߢ	ଵߢ	2 + ଶଶߛ)ߝ −  .		(ଷଶߛ
Where ൝ ݉ଵ = ଵߢ	ଷߛ− − ,݉ଶ		ଶߢ	ଶߛ = ଵߢ)	ଷߛ	ߝ	 + (ଵߢ − ,݉ଷ	ଶߢ	ଶߛ = ଵߢ	ଵߛ−	 − ଵߢ)	ଶߛ	ߝ +  .(ଵߢ
Now, from Eq. (21) we have ߮ᇱᇱ(ߪ∗) = 	 ଶଶߢ]ߝ}	3√1 − ଵଶߢ) + ଵᇱߢ ଶᇱߢ	+ (ߪ)ܶ[( + ଵᇱߢ] − ଵߢ)	ଵߢ	ߝ		 (ߪ)ଵܤ	[(ଶߢ	+ + ଵߢ)	ଶߢ	ߝ] (ଶߢ	+ + ଶᇱߢ  .{(ߪ)ଶܤ	[
And ߮′′′	(ߪ∗) = 	 (ߪ)ଵܶߜ}	3√1 + (ߪ)ଵܤ	ଶߜ +  ,{(ߪ)ଶܤଷߜ
where 

ቐߜଵ = ଵߢ) ଵଶߢ)(ଶߢ	+ − ଶଶ)ଶߢ + ଵᇱߢଵߢ)3]	ߝ	 + ଶᇱߢଶߢ ) − ଵᇱᇱߢ ଶߜ,[ଶᇱᇱߢ	− = ଵᇱᇱߢ	 − ଵߢ)ߝ	 ଵᇱߢ]	(ଶߢ	+ + ଵߢ)ଵߢ ଷߜ,	[(ଶߢ	− = ଵߢ)ߝ ଶᇱߢ]	(ଶߢ	+ + ଵߢ)ଶߢ [(ଶߢ	− .	ଶᇱᇱߢ	−  

Then, 

߬ఝ = √3
۔ۖۖەۖۖ
ۓ ଵᇱߢ] − ଵߢ)ଵߢ	ߝ ଶߢଵߜ][(ଶߢ	+ + ଵߢ)ଷߜ	ߝ ଵߢ)ଶߢ	ߝ]+[(ଶߢ	+ (ଶߢ	+ − ଵߢଵߜ]	[	′ଶߢ − ଵߢ)ଶߜ	ߝ ଶଶߢ]	ߝ	−[(ଶߢ	+ − ଵଶߢ) + ଵᇱߢ ଶᇱߢ	+ ଵߢଷߜ][( + ଵᇱߢ][ଶߢଶߜ ଶߢ − ଶᇱߢଵߢ ]ଶ+	ߝ	]	ߢ)ଵ + ଶ)[(1ߢ − ଶଶߢ(ߝ + (1 + ଶߢଵߢ(ߝ − ଶᇱߢ ] + ଵߢ)	]	ߝ	−ᇱ]ଶ(ଶߢଵߢ) + ଶ)[(1ߢ + ଵଶߢ(ߝ + (1 − ଶߢଵߢ(ߝ + ଶᇱߢ ] + ଵᇱߢ)ଵߢ + ଶᇱߢ )]ଶ		ۙۘۖۖ

ۖۗۖ. 
Now, if the base curve (ߪ)ߞ is contained in a plane, then the spacelike ܶܤଵܤଶ −  is also ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
contained in a plane and the Eq. (21) holds. This completes the proof. 

4. Examples 

In this section, we construct two examples of the spacelike Smarandache curves in ℝଵଷ with the moving Bishop 
frame {ܶ(ߪ), ,(ߪ)ଵܤ ߝ The first example corresponds with the case .(ߪ)ߞ of the base curve {(ߪ)ଶܤ = 1. In the 
second example, we assume ߝ = −	1. 

Example 4.1. Case ߝ = 1. Let (ߪ)ߞ = (3 sinh ቀఙସቁ	 , 3 cosh ቀఙସቁ	, ହ	ఙସ 	) be a spacelike curve parametrized by 

arc-length with timelike binormal vector (see Figure 1). Then 
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(ߪ)ܶ = ൬34 cosh ቀ4ߪቁ	, 34 sinh ቀ4ߪቁ	, 54	൰.	 
This vector is spacelike and future-directed, we have ߢ = 	 ଷଵ଺ 	≠ 0. Hence ܰ(ߪ) = (sinh ቀ4ߪቁ	, cosh ቀ4ߪቁ	, (ߪ)ܶ ,	(	0 = ൬54 cosh ቀ4ߪቁ	, 54 sinh ቀ4ߪቁ	, 34	൰. 
The torsion is ߬ = 	 ହଵ଺ ≠ 0  and (ߪ) = ׬	−	 ହଵ଺ఙ଴ ݏ݀	 = 	 ିହ	ఙଵ଺  . From Eq. (4), we get ߢଵ = 	 ଷଵ଺ cosh ቀହ	ఙଵ଺ቁ ଶߢ ,  = 	 ଷଵ଺ sinh ቀହ	ఙଵ଺ቁ. Also from Eq. (2), we get ܤଵ(ߪ) = ׬	−	 (ߪ)ଶܤ ,	ߪ݀	(ߪ)ܶ	(ߪ)ଵߢ = ׬	−	  , 	ߪ݀	(ߪ)ܶ	(ߪ)ଶߢ

the we have ܤଵ(ߪ) = ൬−18 sinh ൬9	16ߪ൰ −	98 sinh ቀ 16ቁߪ ,−18 cosh ൬9	16ߪ൰ +	98 cosh ቀ 16ቁߪ ,−34 sinh ൬5	16ߪ൰൰,		 
(ߪ)ଶܤ  = 	 ൬18 cosh ൬9	16ߪ൰ +	98 cosh ቀ 16ቁߪ , 18 sinh ൬9	16ߪ൰ −	98 sinh ቀ 16ቁߪ , 34 cosh ൬5	16ߪ൰൰. 
 

Figure 1. The spacelike ܶ	ܤଵ −  .on ଵܵଶ (ߪ)ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ

Figure 2. The spacelike ܶ	ܤଶ −  .on ଵܵଶ (ߪ)ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
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Figure 3. The spacelike ܤଵ	ܤଶ −  .on ଵܵଶ (ߪ)ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ

 

 

 

Figure 4. The spacelike ܶ	ܤଵ	ܤଶ −  .on ଵܵଶ (ߪ)ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ

Example 4.2. Case ߝ = −1.  Let now Let ߱(ߪ) = ଵ√ଶ (cosh(ߪ) , sinh(ߪ)	 , (ߪ  be a spacelike curve 

parametrized by arc-length with timelike principal normal vector (see Figure 5). Then it is easy to show that ܶ(ߪ) = ଵ√ଶ (sinh(ߪ) , cosh(ߪ) , 1), ߢ = ଵ√ଶ ≠ 0, ߬ = ଵ√ଶ ≠ (ߪ)ߠ	݀݊ܽ	0 = ׬ ଵ√ଶ ݐ݀	 = 	 ఙ√ଶ .ఙ଴ 		From Eq. (4), we get ߢଵ = 	 ଵ√ଶ cosh ቀ ఙ√ଶቁ , ߢଶ = 	 ଵ√ଶ	sinh ቀ ఙ√ଶቁ. 

 From Eq. (2), we get ܤଵ(ߪ) = ׬	 (ߪ)ଶܤ ,	ߪ݀	(ߪ)ܶ	(ߪ)ଵߢ = ׬	 (ߪ)ଵܤ ,Then we have .	ߪ݀	(ߪ)ܶ	(ߪ)ଶߢ = ቆ √24൫√2 + 1൯ coshቆ൫√2 + 1൯2√ߪ ቇ −	 √24൫√2 + 1൯ coshቆ൫√2 + 1൯2√ߪ ቇ , √24൫√2 + 1൯ sinh ቆ൫√2 + 1൯2√ߪ ቇ
+	 √24(√2 + 1) sinhቆ(√2 + 2√ߪ	(1 ቇ , √22 sinh ൬ (ߪ)ଶܤ ,2൰ቇ√ߪ	 = ቆ− √24൫√2 + 1൯ sinh ቆ൫√2 + 1൯2√ߪ ቇ +	 √24൫√2 + 1൯ sinh ቆ൫√2 + 1൯2√ߪ ቇ ,− √24൫√2 + 1൯ coshቆ൫√2 + 1൯2√ߪ ቇ

−	 √24(√2 + 1) coshቆ(√2 + 2√ߪ	(1 ቇ ,−√22 cosh ൬  ,2൰ቇ√ߪ	
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Figure 5. The spacelike curve ߱ =  .on ଵܵଶ (ߪ)߱

 

Figure 6. The spacelike ܶ	ܤଵ −  .on ଵܵଶ (ߪ)ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ

Figure 7. The spacelike ܶ	ܤଶ −  .on ଵܵଶ (ߪ)ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
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Figure 8. The spacelike ܤଵ	ܤଶ −  .on ଵܵଶ (ߪ)ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ

Figure 9. The spacelike ܶ	ܤଵ	ܤଶ −  .on ଵܵଶ (ߪ)ߞ with base curve ݁ݒݎݑܿ	ℎ݁ܿܽ݀݊ܽݎܽ݉ܵ
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