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Abstract

In this paper, we introduce a special spacelike Smarandache curves ¢ reference to the Bishop frame of a regular
spacelike curve ¢ in Minkowski 3-space R3. From that point, we investigate the Frenet invariants of a special
case in R3 and we obtain some properties of these curves when the base curve { is contained in a plane. Lastly,
we shall give two examples to illustrate these curves.
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1. Introduction

When considering the theory of curves in the Euclidean spaces R® and Minkowski spaces R3, we discovered
that the Smarandache curves are this regular curve whose position vector is composed of Frenet frame vectors on
other regular curves(M. M. Wageeda, E. M. Solouma, & M. Bary., 2019)(C. Ashbacher., 1997).

When considering in the reference (C. Ashbacher., 1997) (M. A. Soliman, W. M. Mahmoud, E. M. Solouma, &
M. Bary., 2019) (H. Iseri, 2002)(L. Mao.,2006) we find the Smarandache geometries are a generalization of
classical geometries, and the Smarandache geometries can be either partially Euclidean and partially
Non-Euclidean. Then recently, special Smarandache curves in the Euclidean and Minkowski spaces are studied
by some authors (O. Bektas, & S. Yuce., 2013) (M. Cetin, Y. Tuncer, & M. K. Karacan., 2014)(E. M. Solouma,
2017a) (E. M. Solouma, 2017b) (K. Taskopru, & M. Tosun, 2014).

In this work, we mention spacelike special curves (Smarandache curves) according to Bishop frame of a
spacelike curve { in the three-dimension Minkowski space R3. In Section 2, we give the basic conceptions of
three-dimension Minkowski 3-space R3 and give of Bishop frame that will be used during this work. In Section
3, we investigate the Bishop special spacelike T B;,T B, ,B,B, and T By B, — curves in terms of the
curvature functions k;(c) and k,(0) of the base curve in R3. On top of that, we obtain some properties on
these special curves when the curve ¢ is contained in a plane. Finally, in Section 4, we give two examples to
clarify these curves.

2. Preliminaries
The Minkowski 3-space R3 is three-dimensional Euclidean space provided with the Lorentzian inner product,
D= —-d¢t+dg¢i+d¢?

where (¢1, ¢», ¢3) is a rectangular coordinate system of R3. An arbitrary vector u € R3 can have one of
three characters; it can be spacelike if D(u,u) >0 or u=0, timelike if D(u,u) <0 and null if
D(u,u)0 and u # 0. Similarly, an arbitrary curve { = {(g) can be locally spacelike, timelike or null if all
of its velocity vectors {' = {(o) are spacelike, timelike or null, respectively (R. Lopez., 2014).(B. O'Neill.,
1983).

Let {T, N, B} denote that Frenet frame, and suggest that {T, N, B} moving along the spacelike special curve {
with arc-length parameter o. The Frenet trihedron consists of the following: (1. the tangent vector {T}, 2. the
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principal normal vector {N}, 3. the binormal vector {B}). Then this frame (Frenet frame) has the following
properties: (B. O'Neill., 1983).

T'(0) 0 k(@) 0 T (o)
N'(o) |= | —ex(c) 0 (o) || N(o) )
B'(0) 0 (o) 0 B(o)

Where € =+1 ,D(T(0),T(6)) =1, D(WN(0),N(0)) = €,D (B(0),B(0)) = —¢ & D(T(0),N(0)) =
D(T(0),B(0)) = D(N(0),B(0)) =0.1If € =1, then {(0) is a spacelike curve, and the {(o) consists of the
following: (spacelike principal normal {N} and timelike binormal {B}. Also, if ¢ = —1, then {(o) is a
spacelike curve with timelike principal normal {N} and spacelike binormal {B}.

Let { = {(o) be aregular curve in R3. If the tangent vector field of this curve forms a constant angle with a
constant vector field U, then this curve is called a general helix or an inclined curve (M. P. Do Carmo, 1976).

The Lorentzian sphere of radius » > 0 and with a center in the origin in the space R3 is defined by,
St={p €R{: D(p,p) = 7°}.
The parallel transport (or Bishop) frame we can say is an alternative approach to defining a moving frame that is

well defined even when the curve has vanished the second derivative(L. R. Bishop, 1975) (B. Bukcu, & M. K.
Karacan, 1975).

Suppose that we consider the parallel transport (or Bishop) frame {T'(¢), B;(0), B,(c)} of the special spacelike
curve {(0) such that T(o) the spacelike unit tangent vector, B;(o) is spacelike unit normal vector, and
B;(0) the timelike unit binormal vector. The Bishop frame {T (o), B;(0), B,(0)} is expressed as (B. Bukcu, &
M. K. Karacan, 1975) (B. Bukcu, & M. K. Karacan, 2010).

T'(0) 0 k(@) —xx(0)\ [ T(0)
B,'(o) |= —ekq(0) 0 0 B, (o) 2
B,'(0) —&Ky(0) 0 0 B,(0)

Where  D(T(0),T(0)) =1 , (B1(0),B1(0))=¢ , D (B(0),B,(0))= —¢ & D(T(0),B,(0)) =
D(T(a), Bz(a)) = D(Bl(a),Bz(a)) = 0. Here, we shall call k,(0) and k,(c) as Bishop curvatures. The
relation matrix may be expressed as,

T (o) 1 0 0 T (o)
B,(0) |= (0 cosh8(o) sinh 9(0)) N(o) 3)
B, (o) 0 sinh8(o) cosh8(o)/ \B(o)
Where
6(o) = arctanh (:—j) ; Ky 0,
7(0) = —¢ di(:) , 4)
k(o) = Ik (o) — 13 (o).
And

{KI(O') = k(o) cosh8(0),
k,(0) = k(o) sinh 6(0).

Let { = {(o) be a regular non-null curve parametrized by arc-length in three-dimension Minkowski space
R3? with its Bishop frame {T (o), B,(0), B,(0)}. Then {TB,,TB,, B;B, & TB;B,} — curves of { are defined,
respectively as follows:

¢(0) = (0") = 7 (T(0) + By (0)),
¢(0) = ¢(0") = 5 (T(0) + B, (0)),
¢(0) = 9(0") = 5 (B1(0) + B, (0)),

9(0) = 9(0") = 5 (T(0) + B, (0) + B;(0)).
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3. Main Results

In this section, we introduce the special spacelike curves reference to the parallel transport frame in
three-dimension Minkowski space R3. by the same token, we obtain the natural curvature functions of these
curves and studying some properties on it when the base curve { = {(o) especially is contained in a plane.

3.1 Spacelike TB1-Special Curves

Definition 3.1. Let { = {(o) be a regular spacelike curve in R3 reference to moving Bishop frame
{T (o), B;(0), B,(0)}. Then the special spacelike T B; — curves (Smarandache curve) are defined by,

¢(@) = (") = 7 (T(0) + B, (0)). )

Theorem 3.1. Let { = {(0) be a spacelike curve in R$ with the moving Bishop frame {T(¢), B,(0), B,(0)}.
If the base curve ¢ is contained in a plane, then the spacelike T B, — curve (Smarandache curve) is a circular
helix with ex% (o) # (1 + &)x? (o) and its natural curvature functions satisfying the following equations;

V2 \I(KE—K%)Z [(E-(1+&)x2)2—ex2rd+1]+21cF (13 —12 ) (1-12) +ex (k2 +K3)

K(p(O' )= [(1+ &)x?—e K2]2 >

V2 [kF (k3 +ica (e kK —1) +e KKy (2—K1)(KE—K2)]
K2[K3—(e+1)Kk2)2—ex? [(1+&)Kk? — ex3)2+e k2 (2 K3 — K3)2'

(6)

Proof. Let @ = @(0*) be a spacelike T B; — Smarandache curve with base curve { = {(og). From Eq. (5)
and using Eq. (2), we get

T,(0") =

[ do do* 1
¢'(o )=d;p*%= NG (= ek, T(0) + 11B1(0) — K B3(0)). (7
Hence
T,(06") = ———— (— e ki, T(0) + K, B1(0) — K, B,(0)). ®)
¢ (1+&)Kk? - ex? ! 11 22
Where
dot _ /(1+8)K%—8K% )
do A ’
Differentiating Eq. (8) with respect to ¢, we have
oo V2
T,'(6") = [(1+ e — exl]? (61T (0) + §2B,(0) + &3 By(0).
Where

& = (e} — 13K — (e + Drf — 11 + 1yt — repkz
& = (1 — 1) (ery — 1) — exy (6§ + Kyl — Kok ),
&3 =Kyt (k6 — k3) + exf (kakey — 15 ) + (1 + €) Ky KiK.
Then, the curvature and the principal normal vector field of ¢ are respectively,
V2J& +e65 - ¢€3)

[(1+ &)r? — ex3]?’

Ko(0™) =
and
§iT(0) + §;B1(0) + &5 Bz(a).
& +e(E—¢5)

N,(o") =

Also, the binormal vector of ¢ is

(=[G K1+ & )T (0) + [ &5 0 — & Kp]Bi(0) — 1y [& + € 52]32(0)}.
VA + o] — en &+ —¢D)

B,(c") =

Now, from Eq. (7) we have,

13



mas.ccsenet.org Modern Applied Science Vol. 14, No. 2; 2020

@" (0) = \/—15 {elkf — 1 — 11T (0) + [k] — e kf] Bi(0) + [K; Ky — K3]B,(0)},
and
1
" (") = ﬁ {a,T(0) + a, B;(0) + azB,(0)},
where

a; = Kk, (1K — kyky) + £ (K2 + 2 16,65 — 3 K0K] — K,
ay = ki + eky (kK — ki —3 K1),
a;= —cK; (kK2 — k2 —3K1)— Ky .
Then the torsion of ¢ is given by formulae
(’C% (a3 i+ ap 1) — ekey (a3 K1 + Ay ) + aq by (ke — K — €K7)
t, =2 telaguf + azrp (13 — kf — K1) ]
[erey (165 — 1) — 1512 + e [iy 2KF — K5 + ki) — Ky 15]?
—e[Kd — ery (K2 — K2 — K] + Ky K}]?

So, if {(0) is contained in a plane, then k, and 7, are constants which implies that the spacelike T By —
Smarandache curve is a circular helix and Eq. (6) holds which complete the proof.

3.2 Spacelike T B, — special curves

Definition 3.2. Let { = {(o) be a regular spacelike curve in R? reference to moving Bishop frame
{T(0), B,(0), By(0)}. Then the special spacelike T B, —Smarandache curves are defined by,

¢(@) = ¢(0") = 5 (T(0) + By(0)). (10)

Theorem 3.2. Let { = {(0) be a spacelike curve in R$ with the moving Bishop frame {T(c), B,(0), B,(0)}.
If the base curve ( is contained in a plane, then the spacelike T B, — Smarandache curve is a circular helix
with ex? (6) + (1 — €)k2 (6) # 0 and its curvature functions are satisfying the following equations;

2(k2-K3) (K2 —K3+1)

ex? ()+(1- ek (o)’

Ko(o™) =

V2 K11 (g te Ky) (kK5 —xc})
[ex? () +(1- &)K3 ()2~

(11)

Proof. Let @ = @(c*) be a spacelike T B, — Smarandache curve curves according to the base curve { =
{(0). From Eq. (10), we get

T,(0") =

1 % do do* 1
9'(0") =572 = 5 (- e1,T(0) + 11 B1(0) = K By (0)). (12)
Hence
T,(0") = . (= £1,T(0) + 1B, (0) — 16 B, (0)). (13)
\/sx% (0)+(1- &)xZ (o)
Where
do* _ ex? (0)+(1- &)xZ (o)
o = NG . (14)
Then
T, (c*) = V2 (A44T(0) + 2,B,(0) + A3 B )
o 0= [ex? (0) + (1 — )2 (0)]2 " ? 25189 3 B2(0)).
Where
A= (5 — kf =Kk + (1 — &)K5] + Ka[Kk7 + (1 — &)izk5],
Ay = () — ey k) (e i + (1 =€) k3) — Ky [e iy h + (1 = )iz k3],
A=(Er?—k2)(ek?+ (1 —¢&)Kk3) + Ky[e kry + (1 — &)iczrh].
So,
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V222 + (A2 - 23)

%)= @+ (- o O]
and
N, (%) = MT(0) + A,B1(0) + A3 B, (0)
v VE+e®B -3
Also,

—[Az k1 + A, k,]T(0) + (e — 1) A k3B, (0) — [A1 K1 + € A, k3B, (0)
\/SK% (0) + (1 bt S)K% (0‘) \/A% + S(),% — ﬂé) .

B,(c") =
Now, from Eq. (12) we have

1
@' (07) = 7 {elkd — ki — 11T (0) + [K1 — €K1 k2] B1(0) + [e k5 — K5]B, (o)},

and
1
¢"" (6") = —= {B1T(0) + B, B1(0) + 3B,(0)},
V2
where
B1 = € [3izk; + ey (kf — 13) =2 Ky K] — k7],
» = ki — eky (K + 1§ — 1+ (g 1)),
Bs = exp (e} + 15 — 1y + (K1 15)' ) — K7
Then,

(e K5 —13) (eay by + g ky) + erp(a — @) (K7 — €Ky K3)
o =2 te(az iy +ap i) (1 — K3 —K3) _
¢ [r1 (e k3 — Kb) +Ko(Kk] — eK1K,)]% + e k2 [ K2 — (1 + &)K3)?
— e [1 () — x5 1) + Ky (6] — K5 — K3)]?

Now, if the base curve {(o) is contained in a plane, then the spacelike T B, — Smarandache curve is a
circular helix and Egs. (11) holds which complete the proof.

3.3 Spacelike B, B, — special curves
Definition 3.3. Let { = {(o) be a regular spacelike curve in R3 reference to moving Bishop frame
{T(0), B,(0), B5(0)}. Then the special spacelike B, B, —Smarandache curves are defined by,
N 1
¢(0) = ¢(07) = 7 (B1(9) + B3(0)). (15)

Theorem 3.3. Let { = {(0) be a spacelike curve in R$ with the moving Bishop frame {T(c), B,(0), B,(0)}.
If the base curve ( is contained in a plane, then the spacelike B, B, — Smarandache curve is also contained
in a plane with (o) + k,(0) # 0 and its curvature satisfying the following equation;

V2 & (K1—K2)

Kq1+K3

(16)

Proof. Let @ = @(a*) be a spacelike B, B, — Smarandache curve according to the base curve { = {(0).
From Eq. (15), we get

ko(o™) =

Ho* de do*
1) (6" = d—;{% = — \/—; (Kl + KZ)T(U). (17)
Hence
T,(c") = —&T(0). (18)
Where
do* _ kit
do V2 (15
Then
, V2
T, (07) = (= €Ky B,(0) + € K3 By(0)).
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So,
* 2 -
Kp(0?) = LD,
and
—¢eky By(0) + €k, B,(0)
N,(c") = — = :
NECSE))
Also,
By (0") = ——==—=== (k2 B1(0) + 1 B;(0)).
e(kf —x3)
From Eq. (17) we have,
£
p"(c")= — ﬁ {(e1 + 1T (0) + 1y (,ey + K3)B1(0) — K, (ky + K3)B(0)}.
And
nr * 1
"' (0") = —= {uT(0) + up B,(0) + u3B,(0)}.
V2
Where
= (i + 1) (1 — K5) — e(ey’ + 1y),
py = — & iy (kg + 162) + 2 14 (K7 + K3)],
ps = €[k (g +K2) + 21,001 + 13)].
Then,

Ty

_ {\/7 € (Hakey + U3 Kl)}

O = k) (e + 1) S

So, if the base curve {(o) is contained in a plane, then the spacelike T B, — Smarandache curve is also
contained in a plane and the Eq. (16) holds, this completes the proof.

3.4 Spacelike T B, B, — special curves

Definition 3.4. Let { = {(0) be a regular spacelike curve in R} reference to moving Bishop frame
{T(0), B,(0), B5(0)}. Then the special spacelike T B; B, —Smarandache curves are defined by,

¢(@) = (") = % (T(0) + B, (0) + By(0)). (20)
Theorem 3.4. Let { = {(0) be a spacelike curve in R$ with the moving Bishop frame {T(c), B;(0), B,(0)}.

If the base curve { is contained in a plane, then the spacelike T B; B, — Smarandache curve is also
contained in a plane with k(0),k,(0) # 0 and its natural curvature satisfying the following equation;

V3(Kk1+k2) J(1+£)K§+(1—8)K%—2 Kq Ko

1)

Proof. Let @ = @(c*) be a spacelike T B, B, — Smarandache curve curves according to the base
curve { = {(o). From Eq. (20), we get

Ko(0*) =
cp( ) (A+&)K3+(1-8)Kk3+2 K1 Ky

P de do* 1
¢'(c7) = d:*ﬁ = NS (— & (k1 + 13) T(0) + k1B, (0) — K By(0)). (22)
Hence
T(p (0*) = — & (kq1+k3) T(0)+K1B1(0)—kKz B2 (0) ) 23)
\/(1+£)k%+(1—£)x§+2 Kq Ky
Where
do* \/(1+£)x%+(1—s)x%+2 K1 K
[T 7 @)
Then, from Eq. (23) we get
T (") = V3 (y1T(0) + v2B1(0) +v3 B2(0))
o (0") =

[+ ki + (1 —e)ks + 2K k]2
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Where
y1=elrf — (1§ + 1 + k) + xf + (1 — xF + 2 iy Ky
+2e (k1 + 1) [(1 + &Ky + (1 — )ryky + (kiky)'],
V2= [+ )rf + (1 — &g + 2 k; 1ol[ig — 11 (1ey + K2)]
=21, [(1+ ryky + (1 — ryrey + (kyk3)'],
vs = [(A+)rf + (1 — &)rs + 2k 1] [k — € 15 (kq + K63)]
+ 2K [(1+ &Ky + (1 — ryky + (kyk3)'].
Then

V3VvE+ers —v3)
[+ )i+ (1 —e)ks + 2Ky k]2

ko(o™) =
and

¥1T(0) +v2B1(0) + 3 By(0)

it +e(vi —vd)

N,(o™) =

Also, the binormal vector of ¢ is
m;T (o) + myB,(0) + m3 B,(0)
JA+o2+ (1 —erd + 2K 1, JyE +e(E —v2) .

B,(c") =

Where
my = —Y3Ki1—V2Kz,
my, = ey3 (kg + K1) — V2 Kz,
mz = —y; kg — £y (kg + Kq).

Now, from Eq. (21) we have

@"(0") = % {elkd — (ef + 11 + K5IT(0) + [k — €ky (161 + k)] By(0) + [e 15 (1ey + K3) + k3] By (0)}:

And
1
¢"" (6*) = —= {6,T(0) + 6, B;(0) + 83B,(0)},
V3
where
8 = (11 + k) (kf — Kk5)* + € [3(ykey + KyK) — Ky — K3,
0, = ki — €Ky + k) [Kk1 + Ky (K — K3)],
83 = e(ry + Ky) [1y + 162(k6 — K2)] — K3 .
Then,

[rc1 — e rq (kg + K)][O1K, + € O3(Ky + K3)]
+le Ky (iey + K1) — Ky ] [81k; — € 8, (ks + K3)]
=3 —e[i — (1 + ) + Kk3)][83K; + 8,0,]

¢ [K156, — KqK5]?
+e[ (e + 1) (A~ 5)"% + (1 + )riky — Ky] + (yk)']?

— &[G + 1)+ nf + (1= E)ryrey + i3] + ke (g + K3)]

Now, if the base curve {(o) is contained in a plane, then the spacelike TB;B, — Smarandache curve is also

contained in a plane and the Eq. (21) holds. This completes the proof.
4. Examples

In this section, we construct two examples of the spacelike Smarandache curves in R3 with the moving Bishop
frame {T(0),B;(0),B;(a)} of the base curve {(o). The first example corresponds with the case € = 1. In the

second example, we assume & = — 1.

Example 4.1. Case ¢ = 1. Let {(0) = (3sinh (%) , 3cosh (%) , %7) be a spacelike curve parametrized by

arc-length with timelike binormal vector (see Figure 1). Then
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3 g\ 3 . oy 5
T(O') = (Z cosh (Z) ,Zsmh (Z) ,Z )
This vector is spacelike and future-directed, we have k = 116 # 0. Hence

N(o) = (sinh (%) , cosh (%) ,0),

1) = (Scosh (5) Zsinn (9) 3,
-50

The torsion is T = %;t 0 and (o) = — 72 ds= =%  From Eq. (4), we get Kk, = %cosh (S—U) ,

0 16 16 16
Ky, = %sinh (i—g) Also from Eq. (2), we get B;(0) = — [k,(0) T(06) do, B,(0) = — [Kk,(0) T(0)do ,
the we have
B,(0) = (—lsinh (9—0) - gsinh (i) —lcosh (9—0) + 2cosh (1) —Esinh (5—0))
! 8 16/ 8 16/’ 8 16/ 8 16/° 4 16/)

B()—(l h(9a)+9 h(o)l_h(9a) 9_h(a)3 h(Sa))
2(0) = {gcosh{T¢ gcoshi1g) gsinh (¢ gSinh{1¢).zcosh(=)).

0
-an
Figure 1. The spacelike T B; — Smarandache curve with base curve {(o) on S2.

Figure 2. The spacelike T B, — Smarandache curve with base curve {(o) on S?.

18
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Figure 3. The spacelike B, B, — Smarandache curve with base curve {(c) on SZ.

Figure 4. The spacelike T B; B, — Smarandache curve with base curve {(o) on S%.
Example 4.2. Case &¢=—1. Let now Let w(o) = \/%(cosh(o),sinh(o) ,0) be a spacelike curve
parametrized by arc-length with timelike principal normal vector (see Figure 5). Then it is easy to show that
T(o) = \/—g(sinh(a),cosh(a),l), K= \/iz #0, 7= \/—15 # 0and 6(c) = f:\% dt = % From Eq. (4), we get
Ky = \/%cosh (%) , Ky = % sinh (%)
From Eq. (2), we get B;(0) = [Kk,(0) T(0) da, B,(0) = [k,(0) T(0) do . Then we have,

_ V2 (V2+1)o B V2 (V2 + 1)0) V2 _ ((\/E+ 1)0)
Bl(o)—(—4(\/§+1)cosh< 7z ) 4(ﬁ+1)cosh< 7 ,4(\/§+1)51nh 7
N V2 'h<(ﬁ+1)0>ﬁ'h(0)>
4(\/2 T+ 1) Sin \/z ,7511’1 ﬁ ,
(VI ((E+ 1)0) o <(\/§+ 1)0) V2 <(ﬁ+1)a)
Bz(a)—< —4(ﬁ+1)51nh< 7 +4(ﬁ+1)51nh 7 , 4(\/§+1)C05h 7

V2 h<(\/§+1)a> V2 a))
) 7))

— cos ——cosh|—
4(W2+1) V2

19
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-0

=10

-0 10
0

Figure 5. The spacelike curve w = w(o) on S2.

Figure 6. The spacelike T B; — Smarandache curve with base curve {(o) on S%.

an

Figure 7. The spacelike T B, — Smarandache curve with base curve {(o) on SZ.
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=20

-10

-10
=20

Figure 8. The spacelike B; B, — Smarandache curve with base curve {(o) on SZ.

Figure 9. The spacelike T By B, — Smarandache curve with base curve {(o) on SZ.
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