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Abstract 
The anisotropy and phonon focusing of MgS are investigated through continuously elastic medium theory and 
physical acoustics theory in the solid state. The anisotropy and phonon propagation are theoretically researched in 
three–dimensional figures and their projections. The contours of three dimensional slowness surfaces give insights into 
the mixing of longitudinal modes and transverse modes, and show the origin of the phonon caustics due to the fact that 
the phonon phase velocity and group velocity are generally not collinear in elastically anisotropic crystals. The 
comparative investigations between anisotropy and slowness show that the propagation of elastic wave is affected by 
the elastic anisotropy of the lattice, and the phonon caustics “walk along” the extreme direction of elastic anisotropy. 
Keywords: theoretical studies, elastic properties, acoustical properties of solids  
1. Introduction 
Belonging to the wide-gap binary ANB8-N semiconductors, the properties of II–VI compounds have attracted the 
interest of researchers for over 30 years because of their wide band gap character and the potential applications for 
optoelectronic devices (Côté, Zakharov, Rubio, & Cohen, 1997; Lee & Chang, 1995). Because of the 
technological interests, the feasibility of green-blue opto-electronic devices based on these materials has been 
demonstrated (Drief, Tadjer, Mesri, & Aourag, 2004). 
MgS forms a very important closed-shell ionic system crystallized in the NaCl–type (B1) structure at ambient 
conditions (Chakrabarti, 2000; Varshney, Kaurav, Sharma, & Singh, 2008) and crystallize in four fold-coordinated 
cubic zinc-blende structure (B3) at room temperature (Zimmer, Winzen, & Syassen, 1985). MgS is a wide–band–gap 
semiconductor (the band gap certainly exceeds 4.5eV at room temperature). Unlike ZnSe and ZnTe which have been 
extensively studied, MgS is one of the least studied members of this family (Chen, Xiao, & Zu, 2005; Duman, Bagc, 
Tutuncu, & Srivastava, 2006; Froyen, Wei, & Zunger, 1988; Lichanot, Dargelos, Larrie, & Orlando, 1994). 
The phase transition of MgS was studied (Kalpana, Palanivel, Thomas, & Rajagopalan, 1996; Sahraoui, Zerroug, 
Louail, & Maouche, 2007) based on linear muffin-tin orbital method in its tight binding representation (TBLMTO) 
and the generalized gradient approximation within the density functional theory (DFT). The magnesium of MgS 
has been investigated (Rached et al., 2003) using the full-potential linear muffin–tin orbital (FP–LMTO) method 
augmented by a plane wave (PLW) basis. In theory, the electronic structures (Ching, Gan, & Huang, 1995) and 
lattice dynamics (Wolverson et al., 2001) of MgS have been studied using the full potential linearised augmented 
plane wave (FPLAPW) method and tight binding linear muffin tin orbital method, respectively.  
Despite much theoretical works, MgS is so far not well understood for some of its properties, for example, the 
effect of elastic anisotropy on the acoustic energy propagation (Taylor, Maris, & Elbaum, 1969; Hensel & Dynes, 
1977; Maris & Acoust, 1971; Maris, 1983). This has motivated us to examine the nature of acoustic–wave 
propagation in elastically anisotropic solids, with emphasis on the phonon focus (Northrop & Wolfe, 1980; Wolfe, 
1998; Hurley, Wolfe, & McCarthy, 1986; Hurley & Wolfe, 1985). Still today, these properties remain as a source 
for investigation and for possible new discoveries (Weilert, Msall, Anderson, & Wolfe, 1993; Every, Sachse, Kim, 
& Thompson, 1990; Hauser, Weaver, & Wolfe, 1992; Würz, Wesner, Hillmann, & Grill, 1995). In the present 
paper, the physical and elastic anisotropy of MgS will be discussed, and the wave propagation will be described for 
the slowness surface and group velocity. 
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2. Methodology 
The stiffness constants Cij are performed based on the plane-wave pseudopotential density function theory (DFT) 
(Hohenberg & Kohn, 196; Kohn & Sham, 1965). Vanderbilt-type ultrasoft pseudopotentials (USPP) (Vanderbilt, 
1990) are employed to describe the electron–ion interactions. The effects of exchange correlation interaction are 
treated with the generalized gradient approximation (GGA) of Perdew–Burke–Eruzerhof(PBE) (Perdew, Burke, 
& Ernzerhof, 1996). In the structure calculation, a plane-wave basis set with energy cut–off 460.00eV is used. 
Pseudo-atomic calculations are performed for Mg3s2 and S3s23p6. For the Brillouin–zone sampling, we adopt the 
6×6×6 Monkhorst–Pack k–point grid (Monkhorst, & Pack, 1976) with which the total energies are converged to 
2.0×10–5eVper atom and the forces to 5.0×10–2 eV/Å. 
The elastic compliance Sij can be calculated by the stiffness constants Cij for cubic symmetry classes: 
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In order to obtain the orientation dependence of elastic moduli, we need the Bond stress transformation 
matrices [ ]M and [ ]N (Bond, 1976) to get the stiffness and compliance transformation matrices 
[ ] [ ] [ ] [ ]TMCMC ⋅⋅=′ and [ ] [ ] [ ] [ ]TNCNS ⋅⋅=′ , respectively. 
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Where ijα are the directional cosine at an angle between the xi-axis and x'p-axis, [ ]TM and [ ]TN are the transposed 
matrices of [ ]M  and [ ]N  respectively.  
Some elastic properties (shear modulus and Poisson's ratio) require two mutually perpendicular unit vectors. The 
first unit vector, l, is used to represent the uniaxial stress, and is shown advantageously by two angles ）（ ϕθ , . 
Another unit vector, m, perpendicular to the first unit vector l, is characterized by the angle ),( πχ 20 , followed by 
the Figure 1.  
 

 
Figure 1. the coordinates of the two vectors are used to calculate to the shear modulus and Poisson's ratio 
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The coordinates of the two vectors are, 
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Using the above theory, the Young's modulus in the 1x′ –direction is represented by the reciprocal of 1111s′ , i.e.  
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The shear modulus in the 1x′ –direction on the 2x′ –plane or in the 2x′ –direction on the 1x′ –plane is given by the 
reciprocal of 1212s4 ′ , i.e.  
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When a uniaxial stress is applied in the 1x′ –direction, Poisson's ratio in the 2x′ –direction is given by: 
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Therefore, after the transformation formulas of the coordinates for the compliance–constant matrix {sijkl}, the 
Young's modulus, the shear modulus, and Poisson's ratio are obtained for a single crystal in different orientations. 
The wave propagation in elastic continuum theory is governed by the well–known Christoffel equation (Koos & 
Wolfe, 1984): 
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where v is the phase velocity, ω is constant frequency, k is the wave vector, and ρ is the density. The Christoffel 
coefficients are given by τij=Cikjmnknm, where Cikjm is a fourth-rank tensor describing the elastic constants, and nk is 
the direction cosine of the wave vector k. 
3. Discussion 
3.1 The elastic Properties of MgS 
The calculated elastic compliance constants (Sij) and elastic constants (Cij) of MgS with B1 phase are listed in Table 
1 together with other theoretical results.  
 
Table 1. The calculated elastic constants Cij (GPa) of MgS. 

This work Other theoretical calculations
C11 89 183.45[a] 104.2GGA[b] 113.7LDA[b] 
C12 55 34.9[a] 81.3 GGA [b] 75.5 LDA [b] 
C44 39 69.01[a] 12.7 GGA [b] 14.5 LDA [b] 

Source: [a], Drief, Tadjer, Mesri, & Aourag, 2004; [b], Rached et al., 2003 
 
In Figure 2, the three–dimensional contours are carefully presented for Young's modulus (Y), shear modulus 
(G) and Poisson's ratio )(σ as well as the projections in different planes ((100) and )( 101 planes). 
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Figure 2a. Orientation dependence of Young's odulus Figure 2b. Orientation dependence of shear modulus 
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Figure 2c. Orientation dependence of Poisson's ratio 
Figure 2d. Orientation dependence of Young's 

modulus in (100) and )101( planes 
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Figure 2e. Orientation dependence of shear modulus in 
(100) and )101( planes 

Figure 2f. Orientation dependence of Poisson's ratio in 
(100) and )101( planes 

Figure 2. (color on line) Orientation dependence of Young's modulus (2a), shear modulus (2b) and Poisson's ratio 
(2c) for MgS, together with the projections in different planes (2d–f ), the unit is GPa for Young's modulus and 

shear modulus 

 

The directional dependence of Y depends remarkably upon the crystal orientation. The strain produced in some 
directions in the crystal will be different in magnitude for the same longitudinal stress applied in one direction due 
to the fact that anisotropy in the elastic properties of a crystal can be demonstrated by plotting the Young's modulus 
surface, shear modulus surface and Poisson's ratio surface. Sections of these surfaces together with their 
projections are shown in Figure 2. Contours of Y surface along the symmetry planes (100) and 101 planes are 
plotted in Figure 2d. The Young's modulus minimum in the (100) plane and maximum in the [111] direction can be 
clearly seen. This indicates that the strain produced along the [100] direction is smaller compared to other 
directions when applying stress, which indicates the presence of very strong intermolecular forces of attraction in 
this direction. This behavior is due to the fact that the interatomic distance of Mg−S (2.609Å) in the [100] direction 
is shorter than that of Mg−S (4.520Å) in the [111] direction. This feature also indicates that the directional 
dependence of Y is strongly affected by the atomic arrangement of the crystal. In Figure 2b and e we also show the 
orientation dependence of shear modulus. The relationship can be clearly seen, i.e., G[100] > G[011] > G[111], which 
shows that the shear modulus exhibits a high value in the atomic close–packed direction. The Poisson’s ratio 
provides more information about the characteristics of the bonding forces than any of the other elastic constants, 
and is not easily calculated for the three–dimensional contour. The σ varies over a large range of values as shown in 
Figure 2c and f, which the features of σ are 0.304 < σ < 0.383 in (100) plane and 0.198 < σ < 0.383 in 101 plane. It 
means that when the stress is applied in the direction perpendicular to the (100) and 101 plane, the maximum strain 
is observed in the [100] direction and the minimum strain in the [111] direction. There are two anisotropy for a 
cubic lattice structure, i.e., Zener (1948) and Every (1980) anisotropy followed by Az = 2C44 / (C11− C12) and AE = 
(C11− C12−2C44) / (C11− C44). They give the anisotropic variation of the sound velocity between the displacement 
vector u and the wave vector k. Because Az and AE are not trivially related, i.e., Az can not be expressed in terms of 
AE. Thus, there is no unique measure of elastic anisotropy even in the simple case of cubic lattice symmetry. For 
isotropic systems, Az = 1, and AE = 0. 
The pure transverse and longitudinal slowness can be calculated with Az [37]: 
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There are two interesting situations to appear, i.e., when Az > 1, the quasi–shear slowness surface appears outward 
convex, and the quasi−longitudinal slowness surface appears inside concave; the case is just opposite when Az < 1. 
The calculated Az of MgS is 2.29. The 3D Az figure together with its projection is shown in Figure 3. The huge 
anisotropy can be seen in the [100], [111] and [011] direction (Figure 3a). In (100) and )( 101  planes, the 
anisotropy appears different, i.e., the former is higher than the latter (Figure 3b). This is attributed to the different 
distribution of atoms in the different directions and planes. 
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Figure 3a. Orientation dependence of elastic anisotropy 
Az of MgS 

Figure 3b. Orientation dependence of elastic anisotropy 
Az of MgS in (100) and )101(  planes 

Figure 3. (color on line) Elastic anisotropy Az of MgS with the projection maps 
 
3.2 The Anisotropy of Wave Propagation in MgS 
An effective way of understanding elastic wave propagation is to evaluate the slowness surface with the three 
acoustic modes in that material—one longitudinal and two transverse (Hensel & Dynes, 1979; Lax & 
Narayanamurti, 1980). The slowness surface is therefore constructed by calculating the inverse phase velocity 
(Hammond, 1997) for all angles in k space. The phase velocity v (k) is obtained from the Christoffel equation 
(Koos & Wolfe, 1984), and is derived from continuously elastic theory [36, 41]. In order to illustrate the 
anisotropy in elastic properties clearly, the slowness and group velocity contours have been generated using our 
program written in Mathematics. The inverse velocity contours or slowness surface can give more information 
about the elastic anisotropy. The quasi−longitudinal (QL), quasi−fast−shear (QFS) and quasi−slow−shear (QSS) 
modes are shown separately in these figures (Figure 4a). The contours in (100) and )101( planes are enough to 
visualize the entire surfaces, which are shown in Figure 4b and c, respectively. The feature is QL for the inner sheet, 
QFS for the middle and (QSS) for the outer.  
From Figure 4, it appears that the phonon focusing propagate preferentially along or near the [100] and [011] 
directions which are precisely the largest anisotropic direction in MgS (Figure 3). There are three obvious 
characteristics to appear, i.e., (i) the QL−sheet contains large almost−flat regions; (ii) the QSS−sheet does contain 
a large region of saddle curvature than the QFS−sheet; (iii) the QSS−sheet touches the QFS−sheet at conic points 
(Hurley & Wolfe, 1985; Every, 1981).  
Another important physical quantity is the energy flux, Vg = ∇k ω (k). It associates with the given phonon and is not 
always collinear with its wave vector k, and can be obtained by the phase velocity v in the spherical coordinate 
(Every, 1981). 
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Figure 4a. Three−dimensional representations of the 
three sheets of the slowness surface in MgS. 

The unit is 0.0316 s/km 
Figure 4b. The slowness surfaces of QL, QFS and QSS 

of MgS on the (100) plane 
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Figure 4c. T The slowness surfaces of QL, QFS and 
QSS of MgS on the )101( plane  

Figure 4. (color on line)The slowness surfaces, the quasi-longitudinal (QL) for the inner sheet, quasi-fast-shear 
(QFS) for the middle, and quasi-slow-shear (QSS) modes for the outer. The unit is 0.0316 s / km 
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where vj is the phase velocity obtained from equation (7) as the polarization index j takes on the values 0, 1 and 2; 

C1=C11+2C44, C2=C11–C44 and C3= C11–C12–2C44)/(C11–C44); 
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direction cosines of phase velocity. 
The corresponding expressions for the y and z components of Vj are obtained by cyclic interchange of n1, n2 and n3. 
We plotted the group velocity surfaces in order to understand more about the anisotropy in elastic properties of 
MgS, which are shown in Figure 5 as sections of QL–sheet (Figure 5a), QSS–sheet (Figure 5b) and QFS–sheet 
(Figure 5c) together with their projections in (100) (Figure 5d) and )101(  planes (Figure 5e). They exhibit 
cuspidal edges along the [100], [110] and [111] directions. It is obviously seen that the phonon propagation, 
particularly the quasi–shear mode is highly anisotropic in this crystal. Furthermore, the quasi–shear mode exhibits 
cuspidal edges along [100], [111] and [011] directions which are extreme directions of anisotropy discussed above. 
On the one hand, the three–dimensional group velocity surfaces and slowness surfaces have some kind of 
inevitable connections with the crystal anisotropy, and are affected obviously by the elastic anisotropy, 
on the other hand, the calculated the phonon caustics show that the phonon caustics mainly “walk along” the local 
extreme directions of the elastic anisotropy, which is the interesting phenomenon not founded before. However, 
the cuspidal edges correspond to directions which a one–to–one correspondence between phase velocity vector 
and group velocity vector is lost, or more than one group velocity corresponds to a single phase velocity. These 
features are also reflected in the slowness surfaces, and are expected to exhibit interesting phenomena such as 
conical refraction, phonon focusing etc. (Auld, 1973). 

 
Figure 5a. The group velocity surface of MgS for QL 

surface 
Figure 5b. The group velocity surface of MgS for the 

QSS surface 
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Figure 5d. The cross sections of group velocity surface 
of MgS on the (100) plane 
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Figure 5e. The cross sections of group velocity surface of 
MgS on the )101( plane  

Figure 5. (color on line)The group velocity surface of MgS. The quasi−longitudinal (QL) for the inner sheet, 
quasi−fast−shear (QFS) for the middle, and quasi−slow−shear (QSS) modes for the outer. The unit is 31.622 km/s 
 
3. Conclusions 
Just as the bonds between atoms are anisotropic, so is the velocity of an elastic wave in the crystalline medium. We 
give systematically theoretical investigations of the anisotropy and phonon−focusing patterns for MgS. To provide 
specific examples of the focusing features typical of each regime, the slowness surfaces of MgS were examined in 
detail. The phonon−focusing patterns are observed through the slowness surface of transverse modes. The 
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quasi−fast−shear mode plays a major role for the phonon−focusing patterns followed by the quasi−slow−shear 
mode, and the quasi−longitudinal mode has almost no effect on the phonon−focusing patterns. The qualitative 
changes that take place in the focusing pattern as the elastically anisotropic properties are varied have been 
investigated by studying the evolution in the slowness−surface topology and by the corresponding changes in 
elastic anisotropy simulations. Investigations between the slowness−surface topology and the elastic anisotropy 
reveal distinct trends in the phonon−focusing structures. Theoretical researches for the three−dimensional 
slowness surface and the three−dimensional anisotropy give insights into the mixing of longitudinal and transverse 
mode, and show that the phonon caustics mainly “walk along” the local extremum directions of the elastic 
anisotropy for MgS. 
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