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Abstract

This research work deals with the concept of soliton as regular localized stable solutions of nonlinear differential equa-
tions. In this context, exact static, spherically symmetric solutions to Heisenberg-Ivanenko nonlinear spinor field equation
have been obtained in General Relativity. We opted to the static spherical symmetric metric defined in the pseudo-
riemannian varieties. It has been shown that the obtained solutions are regular with localized energy density and a finite
total energy. In addition, the total charge and the total spin are bounded. Therefore the obtained solutions of Heisenberg-
Ivanenko nonlinear spinor field equation are soliton-like configurations. Note that the effect of gravitational field on the
properties of regular localized solutions significantly depends on the symmetry of the system.

Keywords: Lagrangian, self-interaction, pseudo-riemannian varieties
1. Introduction

The theory of soliton is an important branch of nonlinear science. One of the fields to apply the soliton concept is the
elementary particles physics, where the soliton solutions of nonlinear differential field equations are used as simplest
models of extended particles (Perring & Skyrme, 1962; Rybakov, 1982). With the development of general relativity
and quantun field theory the description of elementary particles by considering the nonlinear phenomena and taking into
account the proper gravitational field of elementary particles became very important. Indeed, the theory which considers
elementary particles as material points has shortcomings. With this theory, it is impossible to obtain a finite value of mass,
charge and spin of elementary particles. In this approach, elementary particles are modeled by soliton-like solutions
of corresponding to nonlinear equations. By doing so, the basics of soliton concept in General Relativity have been
investigated (Shikin, 1995). In sequel, exact plane-symmetric solutions to the spinor field equations with nonlinear terms,
which are arbitrary function of the invariant S = yn/ are widely studied by (Adomou et al, 1998). Five years later, B.
Saha and G.N. Shikin studied the system of nonlinear spinor and scalar fields with minimal coupling in general relativity
(Saha et al, 2003). It should be emphasize that, in 2012, V. Adanhoume, A. Adomou, F.P. Codo and M.N. Hounkonnou
extended the research work [Gravitation and Cosmology, Vol.4, 1998, pp.107C113] to exact spherical symmetric soliton-
like solutions (Adanhoume et al., 2012). In a series of remarkable papers appeared in 2019, Alain Adomou, Jonas
Edou and Siaka Massou obtained soliton-like solutions of the nonlinear spinor field equations in plane-symmetric metric
and spherical symmetric metric (Adomou et al, 2019). In all these cases, the solutions are regular, the energy density
is localized and the total energy is finite. In addition, the charge density and total spin are not bounded in the plane-
symmetric metric but they are localized in the spherical symmetric metric. The geometrical symmetries of the space-time
are very important in the gravitational theory. Let us emphasize that, the role of symmetries in general theory of relativity
has been introduced by Katzin, Lavine and Davis in a series of papers (Katzin et al, 1969).

The aim of this paper is to describe the configuration of elementary particles by the soliton model in general relativity. In
addition, the paper deals with the role of the proper gravitational field and the nonlinear terms in the formation of field
configuations with limited total energy, spin and charge.

The paper is organized as follows. In section 2, we established the basics equations and concepts using the variational
principle and usual algebraic manipulations. Section 3 addresses the general analytical fundamental solutions. In section
4, we analyzed and discussed in detail the principal results. Finally, the conclusion and outlook are outlined in section 5.



jmsr.ccsenet.org Journal of Materials Science Research Vol. 11, No. 2; 2022

2. Fundamental Equations

We shall study a self-consistent system of nonlinear spinor and Einstein gravitational fields. Note that these two fields are
be codetermined by the following action

S@d) = [ Lygdo M)
According to (1), we defined the nonlinear generalization of the lagrangian of the two fields in the following way:
R
L=—+Lg,. 2
& Sp ( )

The spinor field part of the Lagrangian in (2) has the form:

Ly = %(W‘Vﬂw — V") — miby + Ly. 3)

Ly = F(S) is some arbirary functions characterizing the self-interaction of the spinor field. In the context of Heisenberg-
Ivanenko equation investigate, it takes the form F(S) = AS2, A is the parameter of nonlinearity and the invariant function
corresponding to the real bilinear forms is S = Y. Then, & = Sg—f is Einstein’s gravitational constant, G is Newton’s
gravitational constant, c is the velocity of light in vacuum and »nujny is Majorana’s mass. ¢ is the 4-components Dirac’s

spinor with y its conjugate.

The metric of space-time in spherical coordinates reads (Adanhoume et al, 2012):

ds* = e¥di? — e*de* — P[d6 + sin®(0)d?]. 4)

Note that the speed of light ¢ has been taken to be unity. As was mentioned in (Bronnikov, 1973), we assume that
the spatial variable & = % , where r stands for the radial component of the spherical symmetric metric. It should be
emphasized that a, 8 and y are functions of £ only and obey the harmonic coordinate condition given by the following
expression (Bronnikov, 1973):

a=2B+7y. (&)

The field equations for spinor and gravitational fields can be obtained from the variational principle. Variation of the
Lagrangian with respect to the field functions i () gives the nonlinear spinor field equations under the form (Bogoliubov
et al, 1976):

V'V —(m =28y =0, (6)

iV + (m =228 ) = 0. 7

Varying the lagrangian (2) with respect to the metric function g,,, we get the Einstein’s field equation:

4 14 1 V v
G, = R, ~ 56,k = ~=T}, ®)

where G;’, is the Einstein’s tensor; RIVJ is the Ricci’s tensor; R = R,,g,, is the Ricci’s scalar, 6; is the Kronecker’s symbol
and 7, is the metric energy-momentum tensor of the spinor field.

Let us write the nontrivial components of Ricci and Riemann tensors as well as Christoffel symbols of the metric (4). The
nontrivial Christoffel symbols of the metric (4) read

0O _ 10 _ ./

Lo =T =7"
1 _ 2042y, 1 _ . 1 _ 2042
Loy =ve ™™, Iy =a; TI),=-pe a+2p,

F§3 = —Be 2P gin’ 0
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I“%2 =p; l"%l =g 1"33 = —¢ 22+ gin P cos 6.
I,=p; TIj=cot; I3 =p; T3, =coth.

The nontrivial components of the Ricci tensor are

ROO — (_,y// _ y; + 2,8/’)//)67%#27,
Rll — 2BN + ,y// _ 4ﬂ/,y/ _ 2ﬂ,2’
R22 — (_1 +ﬁ// +ﬂ/2)e—20+2[3’
R33 — (ﬂ// +B/2 _ 1)6—211+2[3 Sil’l2 0.

Taking into account (8) and the Ricci tensors written above, one finds the components of the tensor Gy, in the metric (4)
under the coordinate condition (5) as follpows (Brill, 1957) :

Gg — e—Za(zﬁ// _ Zy,ﬁ/ _ﬂlZ) _ e—Zﬁ — —ZBT((]), (9)
G, = 2By +p* - ¥ ==l (10)
G% — e—ZQ(ﬂ/r + 7” _ 2ﬁ171 _BIZ) — _ETZZ, (ll)

G3=Gi, T;=Tj, (12)

where prime denotes differentiation with respect to the spatial variable £&. The metric energy-momentum tensor of the
material field 7, has the form:

4 l V T T 7 7 14
T, =48 WYV + Vi = Vibyp — Vilby ) — 6, Ls p- (13)
Introducing (6) and (7) into (3), the spinor field Lagrangian Ls , takes the form:
Lsp, =—F(S) (14)

Let us consider the spinors to be functions of & only. Thus we write the non null components of the metric energy-
momentum tensor, which in our case read:

Ty =T; =T; = -Ls, = F(S), (15)
T} = S0y'Vig = Vidy'v) + F(S). (16)

Note that y*(£) denotes Dirac’s matrices of curved space-time which are linked with those of Minkowski’s space-time as
follows (Bogoliubov et al, 1976):

(&) = EOEENw  VulE) = UETa (17)

where 1,4, = diag(1,—-1,—-1,—1) is Minkowski’s metric and ez (&) are a set of tetrad four-vectors.
The relation (17) leads

Y@= 73, YO = e, YO = PP, Y= <L yYeE =9 (18)

sing * ’

with

o (1 0 (0 o\ o o [0 -
Y= 0 -1 ’ Y = _O.i O ’ Y =Y = —] O s

where o are the Hermitian matrices of Pauli:
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0 1 0 i 1 0
1 _ 2 _ 3 _
AoV o) () el 5

Note that the ¥, the y and the o matrices obey the following algebgra:

yiyl +yiyi =20, i, j=0,1,2,3
Y +yyi=0, (Y =1 ij=0,1,2,3
oot =6y +igwo!,  jk1=1,23

Yy + vy =2g"
where 7;; = diag(1,—1,-1,-1) is the diagonal matrix, ¢ is the kronecker symbol and &j; is the totally antisymmetric
tensor with £1o3 = +1.

In the expression above V,, denotes the covariant derivative on the spinors. It takes the form (Brill et al., 1976):

Vo =0 =T, (19)

where I', is the spin connection. The spin affine connection matrices I',(¢) are uniquely determined up an additive multiple
of the unit matrix by the following equation (Zhelnorovich et al., 1976):

Ouyy — F‘V’”)/a =Ly + 9L, =0, (20)

having the solution:

1
Tu() = 78m(Ouezes = Ty 1)
From (21) and for the metric element (4) we obtain:
1 g 01, 1 sy r iy Ly 3t 32
To=-2e%yyy, Ti=0, Ti=ce Yyp, Ts= (e 7y Y B sinf + ¥y cos0). (22)
Using Einstein’s convention, it is easy to show that
1
YT, = —E(e—“o/«y‘ +7%e P coth). (23)
Inserting (20) and (23) into (6) for the nonlinear spinor field, we have
| .
i7" @ + S0+ %725% cotl — (m—248) ¢ = 0, (24)

Then for the components of the nonlinear spinor field from (24), one obtains:

. .

Vit 5a/Vs - %ea-ﬁw cotf + ie? (m — 248) V; = 0, 25)
. .

Vit sa'Va+ %e"_ﬁ% cotl + ie® (m—248) Vs = 0, (26)
. .

Vit Sa'Vs - %ea*ﬁw cotf — ie® (m — 2A8) V3 = 0, 7)
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. .
vp+§an-k%emﬁvlane-waon—ZAS)v4=0. (28)

where (&) = Vs(£),0 =1, 2, 3, 4.
In the following section, we will solve analytically the fundamental field equations.
3. Analytical solutions

This section aims to carry out the exact analytical solutions to the basic equations established previously. For this, from
the set of equations (25)-(28), we obtain the first-order differential equation satisfied by the invariant function:

S = l/_/l// = V;‘Vl + V;Vz - V;V3 - V:V4

as follows
das
- / =0. 2
& +a(9S =0 (29
The solution of Eq. (29) is:
S(&) = Coexpl-a(é)], Coy = const. (30)

According to the expression (30), we deduce that the spinor field is more sensitive to gravitational field than the scalar or
electromagnetic fields.This expression reflets also the natural link between the spinor and gravitational fields of elementary
particles.

Before dealing with the Einstein equations let us combine the spinor field equations (6) and (7) to produce the relation
between the component T1‘ of the metric energy-momentum tensor, the spinor mass m, the invariant function S and the
nonlinearity parameter A:

T = S(m—AS). (31)

This paragraph is devoted to solve the Einstein’s equations. To this end, since T = T, we have G — G5 = 0 that implies

ﬁ// _ 7// — 62ﬁ+27. (32)

The equation (32) can be transformed into a Liouville equation with the solutions (G. N. Shikin, 1995)

A 2 A 2
BE) = Z(l + E)IH [m = (1 + 5)7(5), (33)
A A
y(é) = Z In [m s (34)

where A and G are integration constants and 7 is a function.

The function T has the following form:
L sinh[k(£ + &)1,k >0
T(k,&+&) =1 E+&),k=0 (35)
rsin[k(€ + &),k <0

where k and & are integration constants.

In view of (33) and (34), from (5), one gets a(¢) and the relation between the metric functions a(¢), B(€) and y(€) in the

following way:
A3 2 A
a(é) = ) ( )ln [

277G G e+ an | G
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2+G
4 +3G

)a/(f). (37)

G
B =( )a@); 1O = (55

Equation (10) looks like the first integral of the equatons (9) and (11). It is also a first order differential equation. Then,
introducing (31) and (33) into (10), we have

4 + 3G)?

N2 _ 2 74:4 _ —
(a{) = me”[eﬂca 33S (m /lS)] (38)
Taking into account o’ = —§ Z_fc and the fact that S (¢) = Cpe™®®, from (38), we obtain
ds Co(4 +3G S\
ds _, _ Co@d+36) [(—) — S (m— /lS)} (39)
dé V3G2 +8G +4 \I\Co

with ug = 73& = 1 (V. Adanhoume et al, 2012).

Without the loss of generality, we may assume that uy = 1. Then, the solution of (39) can be written in quadrature in the
following way after some mathematical manipulations:

_(1-Cozem 4+ 3G
@)= ( 2CoA ) [COSh [ Ve ool

Knowing the expression of the invariant function S (¢) in view of (30), we deduce the expression of the metric function
a(¢). Then, taking into account (37) one obtains the expressions of the functions 8(¢) and y(£). One remarks that the
invariant S and the functions goo = €€, gj; = —€>*®, gyy = —¥ O g33 = —*O sin’(9) are regular and localized for &
€ [0,&.], & being the center of the field configuration.

- 1] (40)

The energy density is explicitly defined by the following expression:

o e (1= Comm)’ 4+3G
Tm‘”( 2yl ) [“’Sh[@m@ =

Let us emphasize that the energy density is bounded when € € [0, &.].

2
- 1] 1)

In virtue of (41), the energy density per unit invariant volume f(¢) = Tg (£)e**77 sin 6 is defined in the following way:

AB+5G)

2 I
- 1] [—A ] sin 42)

(1= Comm)’ 4+3G
f(«f)—l(—) [cosh[«/ﬁ—(&gm T ETED

2Co=A V3G? +8G + 4

From (42) the energy density per unit invariant volume of Heisenberg-Ivanenko equation of a nonlinear spinor field is
localized when ¢ € [0, &.]. Moreover, the total energy E = fo ° f(&)dE is finite.
We can get a concrete form of the functions V(£) by solving the set of equations (25)-(28) in more compact form if we

pass to the functions Wy(¢) = e%V(g(f), with 6 = 1, 2, 3, 4. Now, For this purpose, we have find the following set of
equations:

Wj — %e‘”‘ﬂ Wy cotf + ie® (m — 2AS) W, = 0, (43)
WS+ ée”*ﬁ Wi cot 6 + ie® (m — 248 ) W, = 0, (44)
W; — %'ea—ﬂw2 cot — ie® (m — 2AS) W5 = 0, (45)
Wi + ée”*ﬁ Wi cotf — ie” (m — 248 ) Wy = 0, (46)
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where

4 ’ 1 ’ lﬂ/
Wy = (V) + g’ Voer. @7)

With the set of equations (43)-(46) where W = Ws(£) let us pass to the system of equations depending on functions of the
argument S (£), i.e. Ws(S) = Ws(é), S(€) = Coe~®®. We obtain for the functions Ws(S) the set of equations as follows:

dw,

5 T IREWa +iQS)W =0, (48)
dw.
d—; +iD(S)Ws + iQ(S)W, = 0, (49)
‘f% — iD(SYW, — iQ(S )W = 0, (50)
dw
d_Sl +iD(S)W; — iQ(S)Wy = 0, (51)
where rors
Co 36 Co
1 (& oté %) (m - 248)
®<S>=—(S>ds ; Q<S>=—(S) — (52)
aE r3

with % is determined by (39).

Differentiating now equations (48)-(51) and inserting (48) and (51) into the result, one obtains second-differential equa-
tions satisfied by the functions W;(S) and Wy(S)

o (S, 2 2 Q(S)D(S) - QS)D'(S) _

Wi = oy W+ | @F6) - @) a5 ]W4_o. (53)
I 205 I N 5 QS)'(S) - ES)DS) |
U V[P - @)+ o) }Wl =0. (54)

Summing (53)-(54) and considering U = W; + W4, we obtain the following second-order differential equations of the
function U(S):

Q'(S)
QS)

U s) - U'(S) +2|0%(S) - Q4$)| U(S) = 0. (55)

The equation (55) may be transformed to:

1 i[ U'(S)
QS)V2e dS | Q(S) V2e

under the condition ®(S) = (1 — £)Q%(S) with 0 < & < 1 (V. Adanhoume et al, 2012).

]—U(S)z() (56)

The equation (56) has the first integral

U'(S) = £UXS) + C1QS)V2e, Cy = const. (57)
Taking the first integral one gets:
Wi + W4 = a; sinh Ny(S), (58)
where
Co(4 + 3G
Ni(&) = —2AN2(£ + &) + M tanh meCo(4 +3G) E+E0)|+ R (59)

24/(1 + 22Cp)(3G? + 8G + 4)
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with .
2V2&(1 + 12Cy)2 V3G? + 8G + 4
M = = const.
ma&2Cy(4 + 3G)
Substracting equations (48) and (51) and taking into account (58), we have:
. Vi—-e-1
W1 - W4 = —ld] (T cosh Nl (f), (60)
It then, according to (58) and (60), it follows that:
. (VI—-e—-1
Wi(€) = ag [smh Ni(¢) - Z(T cosh Ni(6)[, 61)
. fVI-e-1

W4(é) = ay [smh Ni(&) + Z(T cosh Ni(6)[, (62)
with ap = 4
Doing the same operating on the equations (49) to (50) leads to:

Vi-e-1
Wa(€) = by [cosh Na(&) + z(—s) sinh Nz(g)] (63)
V2e
Vi-e-1
W3(&) = by [cosh Ny(§) - l(—g) sinh N2(§)] (64)
V2e

by = const. The function N,(¢) has the same expression as N;(£), only now the constant R; is replaced by R,. Let us
emphasize that substituting N, »(¢) from (59) into (61) to (64) we get in an explicit form of the functions Ws(¢). Then,
one passes to the initial functions Vy(£) by multiplying the expressions Ws(€) by e 29,

As one sees, we conclude that the equation (24) has soliton-like solutions. Here, the existence of the soliton-like configu-
rations with localized energy density, finite total energy in Heisenberg-Ivanenko type nonlinear equation is a revolutionary
and an interesting result.

4. Total Charge and Total Spin

Let us now determine the total charge and total spin of the configuration obtained. In doing so, using the concrete form of

the functions Vs(£), we can determine the components of the spinor current vector j* = y*i under the general form

P =(ViVi+ V3Va + ViV + ViVy) e @, (65)
J' = (ViVa+ ViV + ViVa + ViV ) e, (66)
J==i(ViVa = V3Vs + ViV = ViV e @), (67)
P =(ViVs = ViVa+ ViV = ViV ) e @), (68)

In the case of Heisenberg-Ivanenko type nonlinear equation, the components of the spinor current vector may be rewritten
in the following way

2 2
0 =g {ag Isinh2 N1(§)+(_l+—\/2_ '1_8] cosh? Nl(f)} + b2 |cosh? N2(§)+(_1+—\/2_ '1_8) sinh? Nz(f)}} (69)
E E
—\2 —\2
jl=2e7% {ag {sinhz Nl(g)—(_”—\/z_l_g) cosh® N (€)| + b} |cosh? Nz(f)—(_l-i-—\/z_l_s) sinh? Ng(f)}} (70)
E E
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2 = 4o B [aﬁ(_“-—\/z_ "i_‘g)costh(‘f) sinh N, (&) — b? ( L+ \/_‘ - )coshNg(S) sinh Ny(£) 1)
;=0 (72)

As in this study the configuration is static, the components j', j?> and ;3 are evident. But only the component j° is nonzero.
This assumption gives additional relation between the constant of integration. Thus, we have ag = by = a, Rj = R, = R,
Ni(€) = Ny(€) = N(¢) and & = 1. The component j° defines the charge density of the spinor field that has the following
chronometric invariant form:

o) = (jo))" = 402 cosh 2N(®) (73)
where N(¢) is defined by the expression (59) and
- 1} (74)

S 1-C 4+3G
e O = — = (—O&m) {cosh [ Vae/1+—(f + &)
The charge density is localized when ¢ € [0, &.]. The total charge of the spinor field in the Heisenberg-Ivanenko type

Co  2CG=a V3GZ+8G +4
nonlinear equation is:
0= f[ p |-3,dé = 4d> fl cosh 2N(£)e®™ sin Bd¢ < oo, (75)
0 0

&c being the center of the field configuration and

442G
443G

_ 2Cked
oY = (76)

(1 — Coem) {cosh [ Vael——=539 (£ + go)] - 1}

V3G2+8G+4
From (75) the total charge is finite when ¢ € [0, &.].

Let us deal with the spin tensor of the nonlinear spinor field. Its general form is:

1-

sHvd = Z‘”{ o+ oy 77

Using (77), the spatial density of the spin tensor S0, i, k = 1;2;3 is:

ko _ 1 i 0 Lo o i
§80 = 20yt + L = Sty (78)
Thus, we have

§120 = 5130 =, (79)
§20 = 24% cosh2N(&)e ™. (80)

The relation (80) leads to the definition of the chronometric invariant of the spatial density as follows:

1
§20 = (S 23,0523’0)2 = 24° cosh2N(£)e ™. (81)

Thus, the projection of the spin vector on the radial axis has the form:

S, = f S0 |-3,dé = 2a%sin 6 f ) cosh 2N(&)e* 7 dé. (82)
0

Note that the spin tensor of the spinor field has a finite value and positive because the integrand is positive.

We can conclude that the Heisenberg-Ivanenko type nonlinear equation possesses soliton-like configuration with finite
value of the total charge and the total spin. In addition, the metrics functions are stationnary and regular. Therefore, these
solutions must be used to describe the configuration of elementary particles with mass.
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5. Concluding Remarks

In this manuscript, taking into account the proper gravitational field of elementary particles, we obtained the general solu-
tions of Einstein and nonlinear spinor field equations. We analyzed in particular the Heisenberg-Ivanenko type nonlinear
spinor field equations. We note that the solutions of Heisenberg-Ivanenko equation are regular and possess a bounded
energy density and limited total energy. Similarly, the metric functions are stationary. The total charge and the total spin
are finite quantities as well. We demonstrated that the soliton-like solutions exist in flat space-time and absent in linear
case. The nonlinearity of the spinor field vanishes in the space-time without gravitation. Therefore, we note that, the
gravitational field is nonlinear by nature and its nonlinearity induces the nonlinearity of the spinor field. In order to extend
the present analysis, the forthcoming paper will address to Nonlinear Spinor Field Equation of the Bilinear Pauli-Fierz
Invariant 7, = S? + P?: Exact Spherical Symmetric Soliton-Like Solutions In General Relativity.
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