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Abstract

We provide two new algorithms with applications to asymptotically exact minimizations with inequalities constraints.
These results generalize and improve the works of Andreani, Birgin, Martinez and Schuverdt on minimization with
equality constraints. Numerical examples show that our proposed analysis gives convergence results.
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1. Introduction

The Kuhn-Tucker condition is often used to obtain important results in economics, especially in decision problems that
occur in static situations, for example to show the existence of a balance for a competitive economy, main agents con-
straints and so on. Kuhn-Tucker conditions for the optimization problem under inequality and equality constraints have a
global shape that naturally incorporate the Lagrange multiplier method (introduced by Lagrange in 1788). The application
of this method to an optimization problem under constraint leads to the resolution of the Karush, Kuhn and Tucker (KKT)
system.

Thoughout this work, we consider on R” (n € N) the ordering relation < defined by:

VueR"'VIeR, u<l < [ul; <[l];Vie{l;..;n} where [u]; is the ith component of the row u. We also consider
[ul; if [u]; 20

0 otherwise

We shall study in this work the optimization problem of type

the operator projection P, : R" — R’} by [P.(w)]; =

(P) : min f(x) (M

with K = {xeR" g(x) <OViel={l,..m}} 2)

Under Karush-Kuhn-Tucker constraint qualification, when the problem (1) is differentiable (i.e., all the involved functions
are differentiable), a first-order condition for a point x* to be optimal is that it satisfies the following system:

VI + ) AiVei(x) =0
i=1

Aigi(x) = 6 Y i € I (exclusion condition)
;>0 Viel

3)

When the constraints of the problem are equality constraints, the exclusion condition in (3) becomes obvious. So, to find
a solution of the problem (1) is to find a point satisfying the system (3) without the exclusion condition. The manual
resolution of this system becomes complicated especially when the size of the problem becomes large.

In April 1991, Andrew R. C. et al. published two algorithms in (Andrew, R.C. & et al., 1991) for solving KKT systems
arising from differentiable optimization problems under equality constraints K defined by:

K:{xeR”;hi(x)zo\v’ieI;quSl},ueR”andleR” 4)
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These algorithms are based on the augmented Lagrangian defined by:
S = Sii 2
L 45830 =[O0+ Y i)+ D 2 (i() 5)
i€l i€l
where ¢ € R” and S is an invertible diagonal matrix such that 0 < S ;.

In 2006, Andreani R. et al., in (Andreani, R. & et al., 2006) have taken up these algorithms by posing p; = i— called
penality parameter. Their algorithms are also based on the augmented lagrangian defined by:

1 2
Lo dp) = [+ ) g0 + 5 ) pilgi)] ©6)
i€l iel
If all the functions of the constraints are differentiable and if the objective function is differentiable, we have:
V.L(x, 4,p) = V@) + ) (A +pigi(0)Vigi(x) ()
i€l

The principle of these algorithms is to find x € K such that

IPalx = ViL(x, 4, p)] = xllo = 0 (®)
that is to say
~V.L(x, 4,p) € To(x) )
Where Py, is the projection operatoron Q@ = {x € R": [b < x < ub}

In our work, we improve these algorithms in order to adapt them to optimization problems under inequality constraints.
Our algorithm guarantees constraint qualifications at the end point of sequence generated by each of these algorithms
(and satisfaction of exclusion condition). We modify the estimation of Lagrange multipliers and add a new condition for
the resolution of a sub-problem in order to determine the approximate solutions x; at each iteration k. We present the
foundations of this algorithm including a convergence analysis result.

The rest of the paper is organized as follows. In section 2, we review part of literature on KKT algorithm, followed by an
analysis of our algorithm and the obtained results in section 3. Finally, we conclude with prospective recommendations
in section 4.

2. Some Preliminaries
2.1 Admissible Direction and Tangent Cone

Let K be a feasible set of the problem (P) and x be an admissible element.

® An admissible direction at xy is any vector tangent to an arc of curve (sufficiently regular) admissible in xy. In
other words, it is any element d such that there exists (x,) € K — xq, €, — 0 and 2= — d.

Letw, = ===, we obtain w, — d and w, +x € KV n
e The set of all admissible directions is called the tangent cone at xy of K and denote by Tk (xo)

e The polar cone at xy of K is
TR(xo) = {u: (w.dy<0V d e Tx(xo))

Suppose that
K = {xex . gilx) <0, Vie[}

e The linear tangent cone at xo of K denote by Tﬁ” (xp) is defined by
T(xo) = {d : Vgi(x)-d <0, VieI(xp)]

and its linear polar cone at x is

(T o) = § > AVeilxo) © 420 Vi€ l(x)

i€l(xo)
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where I(xo) = {i € I; gi(xp) = 0} It is easy to see that:

Tk (x0) € TE"(x0) (10)
and
(T (x0) € T (x0) (11)

Recall that the constraint K is qualified at x, if

Tx(x0) = T§"(xo) (12)

Among the multitudes sufficient conditions for the qualification of the constraint, we can mention those such as:

Slater (1950) and Karlin (1959) constraints: that often apply in nondifferentiable cases for convex problems.

AHUCQ Arrow, Hurwicz and Uzawa Constrained qualification.

MFCQ Mangasarian and Fromovitz Constrained qualification (Gerd Wachsmuth, 2013): it guarantees the existence of
Lagrange multiplier satisfying the system of Karush Kuhn and Tucker at the optimum.

LICQ Linearly Independent Constraint Qualification Gerd Wachsmuth, 2013): which is the strongest of all the qualifica-
tion constraints that apply to differentiable problems; it guarantees the existence and uniqueness of Lagrange multiplier
satisfying the system of Karush Kuhn and Tucker at the optimum.

(CPLD) Constant Positive Linear Dependence condition (Qi, L. & Wei, Z., 2000); Definition 2.1]:

LetA ={a',..,a"} and B ={b', ..., b7} be families of elements of R” such that A U B is no empty set. A and B are
said to be positively linearly dependent if there exists @ € R} and € R? such that (a;8) # (0;0) and

i (Z,‘ai + iﬂ,bl =0 (13)
i=1 =1

Otherwise, we say that A and B are positively linearly independent. We say that x* satisfies the qualification constraint
(CPLD), if there exists I C I(x*) = {i € I; g(x*) = 0}, J; C J such that the familly {vg,-(x*)},el U{Vh,(x) _, is posi-
1€hy J&J
tively linearly dependent, if there exists a neighborhood V(x*) such that V x € V(x*) the familly {Vg,-(x)} - U {Vh j(x)}jej
1eh 1
is lineairely dependent.
2.2 KKT Point

We say that a feasible point is a Karush-Kuhn-Tucker point of the problem (1) if it checks the system (3) called Karush-
Kuhn-Tucker (KKT) system.

A KKT point is not necessarily a minimum point, it is usually a stationary point (minimum, or maximum, or saddle point).
The determination of such a point consists in solving the system (3). Our goal is to determine from these algorithms, the
points of KKT which allow to have the exact optimum value. But it is sometimes difficult to reach precisely such a point.

2.3 Approximate KKT Point

Consider the optimization probem defined by
(P):min f(x) where K = {xeR" gx)<OViel={1,...mLhjx) =0, ¥je(l, - q} (14)
Xe

and all the functions are differentiable.

A feasible point x* is said to be approximate KKT point of (P) if there exists a sequence (x*); ¢ R” that converges to x*,
a sequence (1), ¢ R™, a sequence (u*); c R? and a sequence ("), C R, converging to zero such that

{ (V) + 20, Vi) + B9 45V (%)) — 0 when k — o0 s

A +e)=0VieleVk

Proposition 2.1. (See (Qi, L. & Wei, Z., 2000); Theorem2.7)
Let x* be an approximate KKT point that satisfies the (CPLD) condition, then x* is a KKT point.
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2.4 Some Reminders on Optimality Conditions

An immediate consequence of the local optimality of x* for (1) is
Vi(x*)-d 20 V deTg(x") (16)
that is to say
~Vf(x) € (TR(x") 17

with K = {x eX: gx)<0,Viel } According to KKT condition, the relation (17) implies

DAV € TR(x) (18)

i€l
3. Main Results
3.1 Algorithms
Let us first recall that any constrained optimization problem whose feasible set is defined by
K = {x eR", gi(x)<0Viel=12,.,m hj(x)=0V jeJ=12,.,q) (19)

can be transformed into a problem of the same type as (1) where all the constraints are inequality constraints. This is
because each equality constraint can be transformed into double inequalities. That is to say

hx)=0 h(x) <0 and h(x) >0 (20)
Our algorithms are based on the augmented lagrangian defined by:

1 2
L dp) = f0)+ ) Aigix) + 5 ) pilgin) @1
i€l i€l
Like R. Andreani et al. in (Andreani, R. & et al., 2006), We shall compute at each iteration k a point x; such that
1Palxe — ViL(xk, Ak pr)] = Xl < &k (22)

where ¢; is a decreasing sequence converging to zero. The point x; at iteration k for (22) constitutes a non-obvious sub-
problem to solve in the algorithm. The following proposition allows us to easily construct a sequence of points under
certain hypotheses satisfying (22)

Proposition 3.1. Let Q be a close subset of R" , A e R, p e R, and (xi)r be a sequence defined by:

Xir1 = Palxg — Vi L(x, A, p)] (23)
where hy is a sequence that converges to zero and Z hi < +co. Then the sequence ||Po[xr — ViL(Xk, Ak, Pi)] — Xklloo
=0
converge. :
Proof

To simplify, let us denote V,L(xx, A, p)] = V,L(x¢)
By definition x; € Q for all k. The projection operator is 1-lipschitzian, thus

e = xietll = llxe = Palxi — VLol (24)
= |Palx] = Palx = hiVL(xo)]| (25)
< e = O = iV L)l = 1V LCxo) (26)

Let Uy = Polxi — VL(xk, A, px)] — xx. Again the 1-Lipschitzness of the projection we have:

WUie1 = Urll = lxke1 — xx — (Palxie1 — ViL(X1)] = Palxx — Vi L(x) DI 27
< e = Xl + e = X1 = (Ve L(xge1) = Vi L(x)|| (28)
< 20l = Xl + (VL) = VL))l (29)
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(x)x being a sequence of descent towards the optimum, there exists M > 0 such that ||V, L(x)|| < M and
IVL(xkr1) = VLX)l < Mllxgs1 — x|l then

U1 = Ukl < (2 + M)y (30)
Let p, g € N (suppose that p > g) we have:
p—gq-1
”Up - Uq” < Z “Up—s - Up—s—l“ (31)
According to (30) we have:
p+1 p+1
U, = Ul < > @+Myhy=(2+M) > h (32)
s=q s=q

As hy — 0 and Z hy < 400, then Uy are Cauchy sequence. Then it converge because R” is a complete space.
k=0

The convergence towards zero will be studied in these propositions to follows.

As constraints are inequalities, we shall add a new condition defined by:

D) | < & Yok (33)

iel

in order to satisfy at the end of each algorithm the exclusion condition in the KKT system. This condition will serve to
converge rapidly towards the optimum. In fact, it is easy to see that

D) | =0 = [Adigixw) =0 ¥ iel (34)

i€l

In 2006, Andreani R. et al., in (Andreani R. & et al., 2006) have defined the projectionon Q = {x € R", Ib < x < ub}.
The projection on this set can give inadmissible points specially when /b and ub are not well defined according to the
admissible set (eg when they are away from the permissible assembly). To approximate advantage the projected to the
admissible set we shall define the projection on the set

Qxp) = {x e R", Ax < b,Ib< x <ub}) were A=Vg(x;) and b; = (Vgi(x ) - xp — gi(xe) Vi 35)

Indeed a point x € R” will be admissible if and only if g;(x) < 0V i € {1, ...,m}. Since all the functions are differentiable,
at the iteration k + 1 knowing that x; is already determined, g;(xx+1) — gi(xx) = Vgi(xi)(Xks1 — Xi) + || X1 — Xk lle(Xps1 — X1)

were | 1im|| Os(xk+1 — x;) = 0. Thus, approximately we have g(x,1) < 0 & Vg(x)" - xe41 < Vg(x)T - x — 8(Xk)-
Xy 1 =X || =

At each iteration it is necessary to solve a quadratic problem defined by

min |Ju — x|?

(Vgi(xi) x < (Vgx)" - x — gilxp), 1<i<m
Ib<x<ub

xeR”

Q) : (36)

Itis clear that K € Q(x;) € Q V k. Then for all y € Q and x € Q(x;), we have d(y, K) > d(x, K).

Also in the stopping criterion we shall impose that g;(x) < 0 V iel
We propose the two following algorithms C; and Cj.

Algorithm C,
xo € K, 7e[0;1[,y > 1, pp € RY, suchthat [pol; = llpoll Vi € I, (er)x € Ry a decreasing sequence converging to 0
and 0 <&" <« 1
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Step; : Evaluate A

Ao € Argmax{L(xg, 1), A > 0} (37)
Step, : (Estimate multipliers)
If
I1Page 2k = ViL(x, A, pi)] — xell < €° and gi(g) < € V iel (38)
stop
Otherwise :
[Aks1]i = Po([)i + [oelilg(x0)]) ¥ i€l (39)
Steps : (Update the penalty parameters)
Pr+1 = pr if [lg(x)lleo < & and
Pr+1 = Ypx otherwise
Steps : Solving the subproblem:
. lgi(x0)l
Ersl = MiNL & ; _— (40)
. { ¢ ; 1+ [poelilgiCx)l
‘We chose x;.; such that
I1Poce) [Xir1 = VieLl(Xir1, Agr1s Pra1)] = Xirilloo + Z| [As1]i8iCxars) | < Expn (41)
i€l

Steps : k—k+1
Return to Step2.

Algorithm C,
xoe K, te[0;1[,y>1,

po € RY,

(ex)r € R, is a decreasing sequence converging to 0 and 0 < &* < 1

Step; : Evaluate A

Ay € Argmax{L(xp, 1), A > 0} (42)
Step, : Estimate multipliers
If
1P [xk = ViL(xk, Ak, pi)] — xill < & (43)
and
leCxolleo < & (44)
stop
Otherwise : ol
[eir)i = Po(li + ot [g()]) Vi (45)
lloll
Steps; : (Update the penalty parameters)
‘We define the set
I = {iel, |g()l = 7llg(i-1)lleo} (46)

If Ty = ¢ then pyr1 = px
Otherwise

[ors11i = vlpeliif i € Ty and [pge1]i = [ox)iif i € T
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Step, : Solving the subproblem:

. 1910
Gt = mineg ;Y Sl (7)
. { . Z, 1+ [pellgiCx)]
We checks x;,; such that
1Pa [kt = Vel Gttt Akt ko)) = Tl + 1Lkt ligiCtie)| < 8 (48)

iel

Steps : k—k+1
Return to Step2

Recall that the resolution of the sub-problem in each algorithm is based on the proposition (3.1). The point xy can also
be unfeasible point; in this case we project it in the feasible set {2 and obtain an approximate feasible point.

3.2 Theorical Results

Note that, at the end of each algorithm, the sequence (x;); converge or have a subsequence that converges to a point x*
according to (3.1).

According to (Theorem3 (Andreani R. & et al., 2006)), Andreani et al. (2006) have proved that if x* is feasible and
satisfies the CPLD constraint qualification then it is an approximate KKT point. Through the following propositions we
will give other conditions under which x* will be a KKT point

Proposition 3.2. Assume that the sequence (xi) is generated by algorithm C| and that x* is a limit point. Then
D5 Veia) € THA") (49)
i€l

and if x* is feasible, then there exists A; > 0 VY i, such that

DA Vi) € T (x) (50)
i€l(x*)
Proof
Remark that
1Po(u+ tv) — ull < ||Po(u+v)—ull, Y1€[0;1] and Y u,v € R” (51)

Let 5, = lloellee ¥ &
By Step,, if the sequence (pi); is bounded then there exists ky such that for all k > ko, ||g(xe)ll < & which makes it
possible to conclude that the limit x* is feasible.

Otherwise, p — oo and:

I:PQ(xk)(xk = V. L(x, ﬂk,pk)) - Xk] =

Poy) (Xk - [Vf(xk) + Z ([A%)i + Prgi(x0)) Vgi(xk)]) - Xk} (52)

i€l

Letu=x, t= pik andv = — (Vf(xk) + Z([/lk]i +pkg,-(xk))Vg,-(xk)] we have

i€l

< ||Pacy Gk = VL(xe, Ak o)) — x|, (53)

00

\Y Arli
P [xk - [ J;(:k) + Z (% + gi(xk)) Vgi(xk)]) - Xk
i€l

Hence, for k sufficiently large, we have py — oo and HPQ(Xk) (xx = Vi L(xg, Ay 1)) — xk”m — 0 (according to (48)).
Then

=0 (54)

Poy [x* - Z gi(x") - Vgi(X*)] -x

i€l

e
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So
D (=8ix")  Vailx) € T (x) (55)
i€l
¥ v € Tou)(x); <v; D gix) - Vgi(x*>> <0 (56)
iel

If x* is feasible, then —g;(x*) > 0 V i, that is, we can conclude that there exists 4; > 0 V i such that

DA Vaix) € T (x) (57)
i€l(x*)
Remark 3.1. .
When | x* — Z gi(x*)Vgi(x*)] € Q, we have Z gi(x")Vgi(x") = 0, because:
iel i€l

x* = Pogy) (x* -3 g,-(x*Wg,-(x*)] = [x* - > &IV |

i€l i€l
In this case we have the following proposition:

Proposition 3.3. Assume that the sequence (xp); is generated by algorithm C, and that x* is a limit point. If there exists
ko such that T'y is an empty set N k > ko, then x* is a feasible point.

Proof
By Steps in algorithm C,, we have:

lgOorgr DIl < 7llg (sl (58)
lgOery)Il < 7llgCrrps DIl (59)
71gCxi)| (60)

(61)

(62)

(63)

llgreenll < T"llg Cxgy)I (64)

When m — +co, we have ||g(x*)]| =0, because 0 <7< 1.
Then g(x*) = 0, that is to say x* is feasible and all constraints are active at x*. Note that in the case where the number of
constraints is high, it is almost impossible to have all the constraints to be active at a point.

Proposition 3.4. Assume that the sequence (xy) is generated by algorithm C, and that x* is a limit point. Then either x*
is feasible, or there exists w € R, such that

D w0i(=8ix) - V&i(x) € T (x") (65)
i€l
And if x* is feasible, then there exists ; > 0 VY i such that
DA Vaix) € T (x) (66)
i€l(x)
Proof

By the proposition (3.3), if there exists kg such that I'y = ¢, ¥V k > ko, then x* feasible and g(x*) = 0.
Otherwise, ||ox]| = oo
By Steps we have
I1PalXtr1 — ViL(Xkr1s Ake1s Pre1)] = Xiatlloo < Exrt (67)
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which means that
[Pogy (e — (Vf () + Z([/lk]i + [oxligi(xi))Vgi(xi))) — xi] < & (68)

i€l

Hence by relation (51) we obtain

V f(x) [ Loli
Q(’Ck [npku +;(||pk||+||pkug (xk)) d (xk)]] &

< ”Pg(xk) [xk = Vo L(xs, Ay p1)] — Xk“oo < g (69)

00

As k — +oo, we have (—V‘f;(jl"))k -0, (%)k — 0 and (l%]li)k — w and so:

Poy | X — Z w?gi(x*)Vgi(x*)] -x||=0 (70)
iel
Thus
(— Z w,’-‘gi(x*)Vg,-(x*)] = Hx* - Z w:fgi(x*)Vg,-(x*)\] -x'| e Tg(x*)(x*), that is to say
i€l i€l

€ T3 () (71)

[Z W] (~gi(x") - Vgi(x")

i€l
Hence if x* is feasible —g;(x*) > 0 V i, then there exists 4; > 0 V i such that

DA Vgl € TG () (72)

i€l(x*)

Note that the results of propositions (3.2) and (3.4) are an implication of the optimality condition defined in. Thus, they
do not allow us to assert the optimality of the limit given by each algorithm. The following theorem 3.1 will give us a
sufficient condition for the limit to be an optimal point.

We note that the convergence towards an admissible point of the algorithms depends on the convergence of the penalty
parameters.

Theorem 3.1. (Convergence to an optimal point)

Assume that the sequence (xi)x is generated by algorithm Cy or Cy and that a limit point x* is a feasible point. Then
there exists * € R and p* € R, such that V. L(x", 2*,p*) = 0. That is to say x" is an optimal point and the associated
Lagrange multiplicateur is A*.

Proof
Let us recall that at each iteration k, the set Q(x;) being a closed convex set, the projection probem
.1 2
min = v = (= VoL(xi A pO)IB (73)

has unique solution vy = Poy[xx — V< L(xk, A, px)]. Apply the KKT conditions to (73), there exists Ek € RY, yf( e R}
and g € R} such that:

Ve = X+ VL3, o) + > (U180 + > [Te; = > [l =0
i=1 =1 j=1

_ i (74)
(i - [VeiGw) - v = Vgilw) - xi + gi(x)] =0 Vi
(1) — ) = [ph;( =[] ) =0V j
By Steps v — xill = IPagey[xk — ViL(xk, Ak, pi)] — xill < & which implies
klim vk = xill =0 (75)
Hence by (74)
Mo=vi = VoL A p) + ) (A1) + ) [uklje; = > [uklje; (76)
i=1 j=1 =1
_ n n
= VoL dopo) + ) [lje5 = D e (77)
j=1 =1
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were Ek = A +7le
Hence, according to (75) we have

. 3 u 1 —
lim [V.LGo, Ak p) + D lkilien = ) [uiliei] = 0 (78)
Let us denote Q = {x € R", [b < x < ub} itis necessary to choose /b and ub such that K cC int(Q)) where
int(Q2) denote the interior of Q. Since x, — x" and ||vi — x|l = [|Paylxk — ViL(Xk, Ak, pi)] — xll — 0 then

vi — x* € int(Q). Then there exists N € NsuchthatV k > N, Ib < v; < ub. According to the exclusion condition in
the system (74), [u;]; = [;15(]1- = 0 V j. Hence

lim [ VL, A, )] = 0 (79)
There exists 1* € R” and p* € R”, such that
V. L(x", 2, p7) =0 (80)

Then x* is an optimal point and the Lagrange multiplicateur associated is A*.

Consequence 3.1. (Convergence to an optimal point)
Assume that the sequence (x); is generated by algorithm C, and that a limit point x* and that there exists ko > 0 such
that ¥ k > ko, I'y is empty set. Then x* is a KKT point.

Proof

According to the proposition (3.3), x* is feasible and g(x*) = 0. Apply the proposition (3.1) we have 4* € R and
p* € R, such that

VLG A0 = VA + ) ([T + [ ligix) - Vgi(x) (81)
i€l
= VA + DT Vel + ) o ligix) - Vailx) (82)
i€l i€l
= VA + YA Vailx) (83)

i€l
According to (80), we can conclude tha x* is a KKT point and the Lagrange multiplicateur associat is 4*.

Consequence 3.2. (Convergence to KKT point)
Assume that the sequence (xy) is generated by algorithm C, or C, and that a limit point x* is feasible and the familly
{Vgx")}ieroe is positively linearly dependent with the coeficient a; = —p:gi(x*) Vi € I \ I(x"). Then x* is KKT point.

Proof
It is easy to se that
VLA p7) = V() + Z([ﬂ*]i + " ligi(x") - Vgi(x") (84)
= V() + Z{m S Vgi(x) + Zl[p*]igi(x*) - Vgi(x") (85)
= V() + Zlu*],- Vgi(x) + Z( [p1igix") - Vei(x") (86)
i€ el I(x*)
= V@) + YA Vel - | D Il - Vailx) (87)
i€l iel~I(x*) (88)

Viel~NI(x"), —gi(x")>0,as Z [0"1i(—gi(x™)) - Vgi(x") = 0 because {Vgx*)}iei(x) s positively lineairely dependent
iel~I(x*)
with the coeficient a; = —p}gi(x*) ¥ i€ I\ I(x"), we have

V) + Y [ Vailx) = VoL, 4%, p7) = 0 (89)
iel

Then x* is a KKT point.
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3.3 Numerical Tests

We applied these algorithms to solve several problems of references (Hock, W. & Schittkowski, K., 1981; Asaadi, J., 1973;
Miele, A. & et al., 1972; Miele, A. & et al., 1972; Biggs, M. C., 1971; Bracken J., 1976; Klaus, S., 2009), and results are
presented in the following tables. For simulations, essentially with the algorithm Cs, let 7 = 107, y = 10, &, = 10°8
and &g,; = 107, The numerical tests were performed by using the software Python (Python Software Foundation) on a
computer: SIntel(R) Core(TM)4 Duo CPU 2.60GHz, 8.0Gb of RAM, under UNIX system.

The difference between the two algorithms is in their ways of computations of Lagrange multipliers and penalty parame-
ters. The algorithm C; is specifically designed to solve the large-scale problems.

The Figures 1 2 3 4 5 and 6 (at the end of the tables) represent the evolution of the optimal value as well as the norm
of the lagrangian gradient. The behavior of the curves demonstrates the rapid convergence of the algorithm towards the
optimum point. However, in the case of problem 5, although the exact solution has been obtained, the curves show us an
insufficiency in the convergence that we must solve for the continuation of our work in this direction.

We define by: Nlter: Number of iterations, MaxIter: Maximal number of iterations, Nv: Number of variable, Nc: Number
of constraints, f(x): Objective function, Sol.Alg: the solution found by our algorithm, Sol.ex: Solution found by the source.

Table 1. Results of Problem 1

Problem 1
Classification PRB-TP37
Source Hock W. (Hock, W. & Schittkowski, K., 1981)
Nv n=3
Nc m=2
f(x) —X] X2 " X3
X1 +2x% +3x3-72<0

Constraints —x1 —2x,—-3x3 50

{ 0<x<42Vi=1,2,3
Start point xo = (10, 10, 10)
Stop criterions | [xest — Xl < €opr OF 1 (k1) — FCON < Eopr
Nlter/MaxIter 141/1000
Sol.Alg (23.99999993, 12.00000002, 12.00000002) (feasible)
Sol.ex (24,12,12)

Table 2. Results of Problem 2

Problem 2
Classification PRB-T1-3
Source: Asaadi, J.(Asaadi, J., 1973)
Nv n=2
Nc m=2
f(x) 100 + 1) + 1)

. 1-x<0
Constraints

{ -x <0

Start point xo = (1.125,0.125)
Stop criterions Ixe1 = Xl < €opr OF || f (xpr1) = FOOI < Eopr
Nlter/MaxlIter 4/1000
Sol.Alg (1.00000000e + 00, 1.10201928¢ — 08) (feasible)
Sol.ex (1,0)
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Table 3. Results of Problem 3

Problem 3

Classification GPR-T1-1

Source Miele et al.(Miele, A. & et al., 1972; Coggins, G. M. & et al, 1972)
Nv n=2

Nc m=1

f(x) log(x% +1)—x,

Constraints (x% + 1)+ x% -4=0

Start point x0 =(2,2)

Stop criterions 11 = Xl < €opr OF |1f Gokr1) = SOOI < Eopr
Nlter/MaxlIter 8/1000

Sol.Alg (2.23896809¢ — 09, 1.73205081¢ + 00) (feasible)
Sol.ex (0, V3) (feasible)

Table 4. Results of Problem 4

Problem 4

Classification GLR-T1-1

Source Miele et al.(Miele, A. & et al., 1972)
Nv n=2

Nc m=1

f(x) sin(75) - cos(F)

Constraints dx; —=3x, <0

Start point xo = (0,0)

Stop criterions Ik 1 = Xl < €opr O || f itr1) = SN < Eop
Nlter/MaxIter 34/1000

Sol.Alg (—2.99998922, —3.99998563) (feasible)
Sol.ex (-3,-4)
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Table 5. Results of Problem 5

Problem 5 (cattel-feed)
Classification LGI-P1-1
Source Biggs(Biggs, M. C., 1971), Bracken, McCormick(Bracken J. & McCormick, G. P,,
1976) & Schittkowski K. PRB-73(Klaus, S., 2009)
Nv n=4
Nc m=3
f(x) 24.55x; +26.75x, + 39x3 + 40.5x4
Xi+Xx+x3+x4—-1=0
. —23x1 —=5.6xp —11.1x3 —13x4+5<0
Constraints 1231 = 11.9x; — 42.8x3 — 514y + 21+
1.645[0.28xf + 0.19x§ + 20.5x§ + 0.62x§)]% <0
Start point xo=(1,1,1,1)
Stop criterions | [1es1 — 5tll < €opr OF [ (et) — F OO < o
Nlter/MaxIter 5/1000
Sol.Alg (6.42805324¢—01, 1.18335296¢ — 08, 3.11958636¢ — 01, 4.52360285¢ — 02) (feasible)
Sol.ex (0.6355216,—0.12¢ — 11,-0.3127019,0.05177655) (unfeasible)

Table 6. Results of Problem 6

Problem 6

Classification PQR-T1-2

Source Asaadi J.(Asaadi, J., 1973)

Nv n=2

Nc m=2

f(x) 100(x, — x7)” + (1 — x1)?

X] + x% >0

Constraints { X +x>0
-2<x <05 x»n<l1

Start point x0 =(0,1)

Stop criterions Ixes1 = Xl < €opr O || f ir1) = SN < Eopr

Nlter/MaxlIter 11/1000

Sol.Alg (0.5,0.25) (feasible)

Sol.ex (0.5,0.25)
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Table 7. Results of Problem 7

Problem 7
Classification PQ-T1-1
Source Liang, J., J., Thomas, P.(Liang, J. J., 1972)
Nv n=13
Nc m=9
Z ! 13
f(x) 5 [Z xi] -5 [Z xlz] - Z X;
i=1 i=1 i=5
2x1+x +x10+x11—10<0
2x1 +2x3+ x;0+x12 —10<0
2% +2x3+ x5+ x12—10<0
—8x1+x1050
Constraints —8x +x1 <0
—8x3+x12 <0
—2x4—x5+x10<0
—2x¢—x7+x1 <0
—2xg — X9+ x120 <0
Start point Xxo = cos(ones(13))
Stop criterions 11 = Xl < €opr O |1 f tr1) = SN < Eopi
Nlter/MaxIter 11/1000
Sol.Alg a,1,1,1,1,1,1,1,1, 3, 3, 3,0.99999999) (feasible)
Sol.ex a,1,1,1,1,1,1,1,1,3,3,3, 1)
0 Problem: N 1
X -500 .
_E —-1000 R
S _1500 ]
=
o —2000 |
=
o —2500 R
L
-8 —3000 R
—-3500
0.0 0.05 0.10 0.15 0.20 0.25
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= 8000 ]
|
<1
© 6000} B
o
< 4000} 1
°
S 2000 |
o
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0.00 0.05 0.10 0.15 0.20 0.25

Time elapsed (sec)

Figure 1. Evolution of the optimal value and the norm of the Lagrangian gradient
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Figure 2. Evolution of the optimal value and the norm of the Lagrangian gradient
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Figure 3. Evolution of the optimal value and the norm of the Lagrangian gradient
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Figure 4. Evolution of the optimal value and the norm of the Lagrangian gradient
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Figure 5. Evolution of the optimal value and the norm of the Lagrangian gradient
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Figure 6. Evolution of the optimal value and the norm of the Lagrangian gradient
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Figure 7. Evolution of the optimal value and the norm of the Lagrangian gradient
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4. Conclusion

In this work, we proposed an algorithm for solving optimization problems under inequality constraints. We obtained
convergence of generated sequence to an optimal solution, satisfying the Karush-Kuhn-Tucker qualification constraints.
Simulations on academic data have shown the performance of our method. Indeed, we maded changes in the calculation
of the multipliers for searching the point x;.; when x; is already determined; and defined new set ((x;) associated to
each point x; for the projection in order to promote rapid convergence to an feasible point.
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