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Abstract

We study some algebraic properties of Toeplitz operators with radial and quasi homogeneous symbols on the plurihar-
monic Fock space over C". We determine when the product of two Toeplitz operators with radial symbols is a Toeplitz
operator, the zero-product problem for the product of two Toeplitz operators. Next we characterize the commutativity of
Toeplitz operators with quasi homogeneous symbols and finally we study finite rank of the product of Toeplitz operators
with quasi homogeneous symbols.
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1. Introduction

Let n € N and consider a family {u;}-¢ of normalized Gaussian measures on C" defined by
2

d }dv(z). )

N

duy(@) = (s7)™" exp{

Here dv denotes the usual Lebesgue volume form on C* = R?" and we write | - | for the Euclidean norm on C*. The
(Segal-Bargmann) Fock space H? = H?*(C", u;) consists of all u,-square integrable entire functions on C". As is well
known, H? forms a closed subspace of L2 := L*(C", u,) and we write P : L2 — H? for the orthogonal projection. We let
P=PV H>=H 12 Let Hﬁh be tha space of all anti-holomorphic functions in L?> = L% and we denote the pluriharmonic
Fock space over C" by th. We recall that H;h consist of all C*>—functions f in L* such that 6> f/8z;07; = 0 for all j, k.

It is known that th and H;h are all closed subspaces of L? and they have reproducing kernels K and K i Tespectively,

where K is the reproducing kernel for H>. Moreover there are orthogonal projections P, and P, from L? onto th and
H;h respectively. It is shown in (Englis, 2009), that the reproducing kernel for H;h is given by

Kpn(z,w) = K(z,w) + K(z,w) = 1, z,w e C",
and P, = P + P, — Pc is the orthogonal projection operator of L? onto Hih.

For a function f € L(C") = L™, we define the Toeplitz operator Ty : H,, — H>,, with symbol f, by

Tig = Pu(fg), g€ H,,.

For the product problem, on the Hardy space, it was shown in (Brown and Halmos, 1964), that if f and g are bounded
functions on the unit circle, then 7,7, is a Toeplitz operator if and only if either ? or g is analytic. In the setting of the
Bergman space, the condition that either ? or g is analytic is still sufficient but it is no longer necessary. This problem
becomes more complicated on the Hardy space over the unit sphere and Bergman space over unit ball in C". In (Choe
et al., 2007), this problem was resolved for Toeplitz operators with plurihamonic symbols on the Bergman space of the
polydisk while (Dong and Zhou, 2009), were able to determine when the product of two radial Toeplitz operators is a
Toeplitz operator. For the case of Fock space, things are a lot more different. It was shown in (Coburn, 2007), that if the
symbols f, g are either polynomials in z, 7z or the symbols belong to the Bochner algebra, then T/T), is a Toeplitz operator
with the symbols given explicitely. Furthermore, in (Bauer, 2009), it is shown that if the symbols f and g belong to the
range of the Heat transform at some time ¢ > 0 then 7,7, is a Toeplitz operator. Recently, in (Agbor and Bauer, 2014),
this result has been extended to finite products.

The “zero-product “problem for Toeplitz operators has captured people’s attentions for a long time, we mention just a few
here. For the case of the Hardy space, the problem has been solved in (Aleman and Vukotic, 2009), while an affirmative
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answer was given to the “zero-product “problem in (Axler and Cuckovié, 1991), for Toeplitz operators on the Bergman
space over the unit disc (in the case of operator products of length 2) if the symbols are both bounded harmonic functions.
For the Fock space, and for products of length 2, the problem has been solved in (Bauer and Lee, 2011), in the case when
one of the symbols is radial.

The commuting problem for Toeplitz operators on the Hardy, Bergman and Fock spaces have generated a lot of research
in recent years (see for example Brown and Halmos (1964), Axler and Cutkovié (1991), Cukovié and Rao (1998), Dong
and Zhou (2009), Choe and Lee (1993), Guan et al (2013), Yan and Liu (2013), Bauer and Le (2011), Bauer and Lee
(2011), Bauer and Issa (2012) and Bauer et al (2015)). In (Brown and Halmos, 1964), it is shown for the Hardy space on
the unit circle that the Toeplitz operators 7 and T, commute if and only if either (1) f and g are holomorphic or (2) f
and g are anti-holomorphic or (3) one is a linear function of the other. It was shown that the same result holds true in
the Bergman space over the unit disk in (Axler and Cutkovié, 1991). Furthermore, (C' uckovi¢ and Rao, 1998), studied
the commutivity of two Toeplitz operators on the Bergman space and described those Toeplitz operators which commute
with the Toeplitz operator T,is,» for p,m € N. Also, (Guan et al., 2013), studied and characterized commuting Toeplitz
operator with quasihomogeneous and separately quasihomogeneous symbols on the pluriharmonic Bergman space over
the unit ball of C". For the case of the Fock space, (Bauer and Lee, 2011), showed that if f and g have atmost exponential
growth and f is radial and non-constant then 7y and T, commute implies that g is radial. In (Bauer et al., 2015), the case
when the symbols are pluri-harmonic and satifies some exponential growth condition has been studied.

For the finite rank problem, we note that for the case of a single operator on the Bergman space over domains Q c C"
this problem had been considered for a long time, and positive answers were given in the case were Q is bounded or
where Q = C", see for example (Luecking (2008), Rozenblum and Shirokov (2010)). For the case of products of Toeplitz
operators and commutators we mention the work in (Yang et al., 2013), on the Pluri-harmonic Bergman space.

Motivated by the results in (Guan et al. (2013), Yang et al. (2013)), on the pluriharmonic Bergman space on the unit ball
and the results in (Bauer and Le (2011), Bauer and Lee (2011)), on the Fock space, we study the product of two Toeplitz
operators with radial symbols on the pluriharmonic Fock space. We also study the zero-product problem, where we show
that the main result in (Bauer and Lee, 2011), also holds in the setting of the pluriharmonic Fock space. Next we consider
the commuting problem with quasihomogeneous symbols and finally we consider the finite rank problem for product of
two Toeplitz operators with quasihomogeneous symbols and a commutator of Toeplitz operators with such symbols.

The paper is organized as follows: In section 2 we will study some preliminaries. In section 3 we will study the product
problem. In section 4, we consider zero product problem while in section 5, we consider the commuting problem. Finally,
in section 6, we study the finite rank problem.

2. Preliminaries

@,

Leta = (a1, ,a,) € Njand z = (z1,- -+ ,z,) € C". We write |a| = a; + -+ @,, a! =ai!---a,!and z* :Z(f] g
For two multi-indexes @ = (a1, -+ ,@,),8 = (B1, -+ ,By) € N, we denote by @ = B (respectively, @ < B) to imply
a; > B, (respectively, a; < ;) fori = 1,--- ,n. We write @« L B to imply a18; + -+ + @,8, = 0. Let (o — ) denote
(@) = B1,--- ,ay = B,). Moreover, if @ 2 B then |@ — | = |a| — |B]. For @ € Nj and z € C" we let ¢,(z) = \/%Za
then {e, : @ € Nj} is a basis for the Fock space and {e, : @ € N} is a basis for the space Hazh. It follows that
{ea : @ € Nj} U {e, : @ € Njj} is a basis for the pluri harmonic Fock space H;h.

Now we recall the definition of the symbol space Sym_,(C") in (Bauer, 2009), together with the construction of a scale of
Banach spaces on which the class of Toeplitz operators Tj(f) with f € Sym,,(C") acts by a “finite order shift”. For each
c € R we set

D, = { f:C" > C| f locally integrable and Id > 0 s.t. |f(2)| < de’" a.e}.

Equipped with the norm ||f]lp, := ||efc|'|2 flle the space (D, |l - llp,) turns into a Banach space. Consider the following
strictly increasing sequence
1 1

<. jen
25 2sj+2s 25 7

cj(s) ==

It is easy to check that D, is continuously embedded into L>(C", u1,) whenever ¢ < 1/(2s). Hence we obtain an increasing
scale of Banach spaces

L¥(C") = Do) © Doy €+ € D 1= | Doy < LT, 1), )
jeN

Let k € N, then we write O,(k) for the space of all linear operators A : D* — D* that continuously map D, (s into D, (s)
for all j € Ny. We say that operators in O (k) act on the scale (2) by an order shift k. The algebra of operators on D*
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acting on (2) by a finite order shift is given by

LoD = ] 0k,

keNy

Lemma 2.1. The orthogonal projection Py, ) L Hih defines an element in O(1) = O;(1). Moreover for j € Ny and
g € D.; we have

I1Ppngllo,,, < Ciligllo,, - 3)
Proof It is sufficient to prove (3). Observe that
IPyglo,,, <P, +IPaglp,,, +IPgO)l @)
By Lemma 10 of (Bauer, 2009) we have
. gl
< —F.
1Pl < 5
A similar computation also shows that
, lgllp,,
< —2_
IPangllo, ,, < =,

Also, a direct calculation shows that

A

Pg(0)] < fc 1 @du()

lgllp,,
1 =cpr

which gives the desired result. O

IA

s

1512
”g”ijf ecm,l d,u(z) <
Cll

In order to define Toeplitz operators acting on the scale (2) we restrict ourselves to the following space of (i.g. unbounded)
symbols:

Sym.o(C") = [ | Dy (5)
j=1
Clearly, with respect to pointwise multiplication and complex conjugation (5) turns into a *-algebra which in particular

contains all polynomials in the complex variables z and Z. Furthermore, we remark that for f € Sym_,(C") and all s > 0
the multiplication operator M defines an element in O,(1). By Lemma 2.1 it follows that

T = PMs€0Q2) c LOD),

and the restriction of this operator product to (DN H?) + (DN Hﬁh) is the Toeplitz operator with symbol f. Since £(D)
is an algebra, all finite products of Toeplitz operators Ty with symbols f € Sym,,(C") are well-defined and can be
interpreted as densely defined (i.g. unbounded) operators on the Hilbert space Hih. Similarly we can consider the spaces

H" .= D. N H*(C",u) and H" := D. N th((C", 1) equipped with the norm in .. We obtain a scale of Banach spaces:

C = HcH! ccHy:=| M c BT p) = H? 6)
JjeN
and
C = HICHI - Hy = | HD € HE(C ) = HY, 7
jeN
Now, we set for each j € N,
H' = H! & [H" o C).
Then we obtain the following scale of Banach spaces:
C = HYCH oo Hyyo= | JHE  HL(C ) = HY, (8)

jeN
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Completely analogous to our definition above we can consider the algebra £(?H,,,) of all operators acting on (8) by a
finite order shift.

A function f € Sym_,(C") is said to be radial if f(Uz) = f(z) for any unitary operator U of C", f is separately radial if
and only if f(Uz) = f(z) for any unitary transformation U of C" with a diagonal matrix. Thus a radial function has the
form f(z) = f(|z|) while a separately radial if f(z) = f(|zl," -+ , |zal)-.

Let p,s € N" with p L s and f € Sym,,(C"). Then f is called quasihomogeneous of degree (p, s) if there is a radial
function ¢ € Sym,_((C") such that f(z) = f(ré) = f”?(j)(f”), for any & € S,,, where r = [z].

We recall the definition of the Mellin Transform: Given a function ¢ on the half line (0, co) the Mellin transform M[y](z)
of the complex parameter z is defined by

MM@=£WWHﬁ

whenever the improper integral exists. Also, each M[y/] is complex analytic on a strip in the complex plane parallel to the
imaginary axis. Moreover, the Mellin transform is injective. We also recall that if f,g : R* — C and x > 0 the Mellin
convolution is defined by

<f*gxm=hf FOeyay.
0 y

The Mellin convolution theorem implies M[f * g] = M[f] - M[g] on a certain strip in the complex plane parallel to the
imaginary axis.

Let A denote the class of complex valued functions u for which there exist constants C, ¢, 7, o > 0 such that |u(x)| < cx™
for all x € (0, 1] and |u(x)| < Cx" for x € [1, c0).

The following is Proposition 4.8 of (Bauer and Lee, 2011).

Proposition 2.2. Let u,v € A and let f,(x) = u()c)e‘)62 and f,(x) = v(x)e"“2 . Then f, * f, exists on R* and there is an
h € A such that (f, * f,)(x) = h(x)e™.

Furthermore, if suppv C [0, 1] then (f, * v)(x) = h()c)e‘)‘2 for some h € A and all x € R*.

The following lemma replaces the Blaschke condition in the unit disc and this is Proposition 4.11 of (Bauer and Lee,
2011).

Lemma 2.3. Suppose that u € A and a € (0,2]. If there is an m € N such that
Mlue )(ak + 1) = f u(x)x*e*dx =0
0
forallk > m then u = 0 a.e. on R*.

We recall that for a suitable holomorphic function ¥(z) on the right half-plane Rez > ¢, the inverse Mellin transform is
given by

1 C+ico ]
[M—I\P](x)zz_m f - xTW(s)ds.

Let ¥Y(z) := ﬂf-‘zl(z +i)~! for k € N and Re(z) > —1. Then we have the following which is Lemma 4.5 of (Bauer and Lee,
2011).

Lemma 2.4. The inverse Mellin transform mi(x) := [M~"W¥](x) has support in [0, 1]. Moreover, my(x) = O(x®) for all
a<lasx—0.

Let K = {z € C : Re(z) > 0} the right half of the complex plane. Let f € D,, for ¢ < 1, then we define
TN = [ Fonhwn o ©)

forany z = (z1,- - ,zn) € K. It follows that F1f]is well defined, continuous on K" and analytic on K” by the Dominated
convergence Theorem and Morera’s Theorem.

For n = 1 and f locally integrable on C we see that

FIfl(2) = f N Fr= e dr = M[fe " 12z +2) forze K (10)
0
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where f(r) = 1 fozn f(re®)de, establishing a relationship between 7 (f) and the Mellin transform.

The next proposition is Proposition 3.1 of (Bauer and Le, 2011).

Proposition 2.5. Let G = {F[f] : f € D, for some ¢ < 1} and suppose the function G defined on K is of the form
G = Y7, uvipi, where u;,v; € G, fori=1,2,--- ,m, and p;, i = 1,--- ,m are polynomials. If G = 0 on N", then G = 0 on
K.

In one dimension, the following holds:

Corollary 2.6. Let ¥, ¢ € Sym-o(C") be radial function, k a positive integer and suppose

M@We™)2z+k Mye " 1(2z + 2k)
rz+1) T(z+k)

CBG) = M[¢e”2](2z + k)( ] =0, Re(z) > -1,

vanishes on the set {n + 1,n + 2, --}. Then ®(z) vanishes for all z with Re(z) > 0.

Proof. The function F(z) :=I'(z + k)CBEE) vanishes on the set {n + 1,n + 2, - - - } and thus the function

Myr*e ™ )2z +k  Mlyr*e ™12z + Zk))

F(z+n) =T(z+n+kM¢rre” |2z + k)( Tz+n+1) Iz+n+k)

vanishes in N and then by Proposition 2.5 F vanishes on K. O

The following Lemma will be useful to us:

Lemma 2.7. Suppose f and g are holomorphic in the plane Rez > 0 and satisfies f(z + p)g(z) = f(z)g(z + p) for some
p € N. Then f(z + mp)g(z) = f(z)g(z + mp) for all m € N.

Proof. For m € N we have that
[ [f@+ipee+a-1p =] ] fe+U=-Dpi+1p),
=1 I=1

and thus f(z + mp)g(z) = f(z)g(z + mp), as required. O
3. Product of Toeplitz Operators with Radial Symbols

In this section we will study the product problem, that is, when is the product of two Toeplitz operators a Toeplitz operator,
and what is the resultant symbol.

We will frequently use the following lemma.

Lemma 3.1. Let f € D,, ¢ < 1, be a radial function. Then for any @ € Nj

Ty = SMIfe 121l + )"

(n+lal-1)!

1 2 -
D Mife " 12(lal + n)z" (1D

T/@") = Gt

Proof. Let & € Nj. Then for any g € Njj we have that

(T2 = (f".2)
= Ozu -2 rosp (12)
e MUfe " 12(al +n) ifa=p
and
@ _]0 ifa#p
@2 = {Zn!a! ifa =B,
which implies
Ty &) = ey MU 120al + m)E, 2. (13)
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If 8 € N”, then (T;z%,7%) = 0 = (z%,Z°). This shows that

(T2%, 7y = (", 7), VBeN". (14)

Since {\/#az"}aeNg 9] ﬁ?’}aew is a basis for the pluriharmonic Fock space , we have

1 2
T/(z%) = —————M[fe™" 12(|a| + n))z".
1@ = MU 1M + )
By a similar argument we have that
1 2
T:3Z) = ———M[fe " 12(al + n))z".
(@) W rlal=1D)! [fe™ 12(lal + n)z
O
As an immediate consequence of Lemma 3.1 we have:
Proposition 3.2. Suppose f,g € S are radial, then T T, = T,T; on the span {{ea}aeNg} + span {{eq}qern ), Where
S:={g:C — C:3C,csuchthat |g(z)| < C(1 — |z))°}. (15)

The next theorem is well known and the proof is similar to that in the Pluriharmonic Bergman space, see Theorem 5 of
(Yang et al., 2013).

Theorem 3.3. Let f € D,, ¢ < 1. Then the following are equivalent.

(1) For each multi-index a, there exists Ay € C depending on |a| such that T¢(z%) = 4i2°%, T((Z") = Aa2".
(2) fis radial.
Corollary 3.4. Let f, g € Sym-o(C") be radial functions. If T;T, = T}, then h is radial.

Proof. By (11) we have

TiTo(2") = M[fe"12(lal + n))Mlge ™ 12(al + n)z"

((n +lal - D12

T/T,E") = Mge™" 12l + m)MLfe” 12(al + n)Z". (16)

1
(n+ o] = D)2
It follows from Theorem 3.3 that 4 is radial. O

Theorem 3.5. Let f,g € A be radial functions. Then T(T, is equal to the Toeplitz operator Ty, if and only if h is the
solution of the equation
(@ )x (g =2e) x (he ™). (17)

Proof Let o be any multi-index of non-negative integers. Then 7sT, = T}, implies
TiTo(z%) = Th(z"), TyTo(@") = Th(@"). (18)
It follows from (16) that

Mfe " 12(al + n)Mge " 120l +n)) = (n+lal— D!M[he™ 12l + n)) (19)
2M[e ™" 12(el + n)MIhe ™ 12(lal + n)).

Thus, the function

M[fe"122)Mlge™" 1(22) — M[2e™" 122)M[he ™" 1(22)
M[(fe™) = (g™ )](22) — M[2e ™) % (he " )1(22)

F(z)

is an entire function which vanishes on {k : k € N}. By Proposition 2.6 there exist functions hj,hy, € A such that
F(z) = M[(hy—hy)e™"](2z) and by Lemma 2.3 we have that i; = h, on R*. This implies (fe”z)*(ge”") = Z(e”z)*(he”'),
as required.
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Conversely, let f, g € A and suppose there is an & € A which satisfies (17). Then from (16) we have that

I = mM [fe12(al + m)Mige ™ 12(lal + m)"
B mM [(fe) * (g™ )2l +m))z"
) mM [2(e7) * (he " ))2(al + m)2"
- mM[Ze_’z](Z(Ial +n)M[he™™)](2(al + n))z®

! - @ _ a n
) mM[he NQ(al + )z = Ty(z"), a € Nj.

Similarly, one can show that T;T,(Z") = Tx(z"), for each @ € N". Thus T;T, = T}. O
4. The Zero Product Problem
We begin this section by observing that if f € D,, ¢ < 1 then Ty = 0 on H[%h if and only if f = 0 a.e on C". Indeed, for
any h € H* we have that

P(fh)(z) + %(Z) — P(fh)(0) =0, forall zeC". (20)

It follows that P(fh)(0) = 0 and thus P(fh)(0) = 0. Thus (20) shows that P(fh)(z) + P(fh)(z) = 0 for all z € C" and
P(fh) = O for all h € H? since P(fh)(0) = 0. But this shows that the Toeplitz operator Oy : H?> — H? given by
Qrg = P(fg)forge H? vanishes on H? and this implies that f = 0 a.e on C" by (Folland, 1989), page 140.

The following is Lemma 3.2 of (Bauer and Le, 2011).

Lemma 4.1. Suppose g € L*(C",du), 1 € 7", s € Z and let (m — k)l := (my — k)ly + - - + (m,, — k,)I, for m, k € NG Then
f({:n gowW™ W du(w) = 0 for all multi-indices m, k € NG such that (m — k)l # s if and only ife(y"z1, ¥z = ¥'g(2)
fora.e.y€Tanda.ezeC"

For g € L*(C", du) radial and s € C such that Re(s) > —n, we set w(g, s) = M[de"z](Zs + 2n)/T'(s + n). Then w(g, s) is
analytic on its domain and

7 [gl@)

a!

w(g,la)) = o Te2" = w(g.lahz” and T,2" = w(g, lahz’, 21

for every @ € Njj. Now, if ¢ € C then

M[2(g - c)e_"z](Zs +2n)/T(s + n)
M[2ge™"1(2s + 2n)/T(s + n) — cM[2¢™" 125 + 2n)/T(s + n)

= w(g,s)—c.

w(g —c,s)

It follows that s — w(g, s) is constant if and only if g is a constant function on C”.

Let f, g € Sym-o(C") be two radial functions, define the set
Z(f,g)={d € Z: w(f,s)=w(g,s+d) forall se K with Re(s) sufficiently large}. (22)

It is shown in (Bauer and Le, 2011), that if one of the functions is non-constant, then either Z(f, g) = 0 or Z(f, g) = {d}
for some integer d. Also, if f is non-constant then Z(f, f) = {0}. Our next result was given in (Bauer and Le, 2011), in
the case of the Fock space, and we show here that the result remains true on the Pluri-harmonic space.

Theorem 4.2. Suppose f,g € Sym-o(C") are radial functions, and at least one of them is non-constant. Then exactly one
of the following assertions holds true:

(a) Z(f,8) = 0 and for any function h € S ym-o(C"), T¢T), = T T, on th ifand only if h(z) = 0 a.e. z € C".

(b) Z(f,8) = {d} and for any function h € Sym-o(C"), T¢T;, = T;T, on H;h if and only if h(yz) = 7dh(z)for aeyeT
and a.e z € C".
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Proof. For any «,8 € N" we have the following:

(1) (TyTheq,ep) = w(f,|B)heq, ep) and (T) T,eq, ep) = w(g, |)(heq, ep);
(2) (TfTheq,ep) = w(f,|B)(heq, eg) and (T) T,eq, €) = w(g, |)(heq, ep);
(3) (TyTheq,ep) = w(f, |B)(hea, eg) and (T)Tgeq, ep) = w(g, lal)heq, ep);
@) (TyThea, ep) = w(f, |B)(heq, eg) and (T}, Tea, €g) = w(g, ||)(hea, p).

Using (1)-(4) and the fact that 7T}, = T;T,, we have the following:
(1) (w(f,18) — w(g, laD) (heq, ep) = 0;
2") (w(f,18) = w(g, laD) (heq, ep) = 0;

(3) (w(f, 18D — w(g, D) (heq, eg) = 0;
@) (w(f, 18D — w(g, laD) (heq, es) = 0.

Now, (1”) is equivalent to

0 = (w(f, 18D = w(g.lal)) <hea, eg) = \/%,8! (w(f; 1B = w(g. lal)) [E ) hOw)w W dp(w).

Let m and k be two fixed multi-indices in Nfj, with @ = m + [ and § = k + [ for [ € Nj. Then by (21) we have

Gi()

FLAK+D  Flglm+1D)
(k +1)! (m+1)!

) f ROW™ S w2 - w2 dp(w)
(Cn
= ((f, Ikl + 1ll) = w(g, lm] + 1)) fc ” hw)W™ " du(w) = 0 (23)

In a similar manner using (2’)-(4) we define G;(I), i = 2,3,4 forl € Ng. Now, it is easily seen that for each i = 1,2, 3,4,
the function (m + k + [)!G;(!) satisfies the hypothesis of Proposition 2.5. Therefore, G;({) = 0 for all / € Nj if and only if

Gi()=0foralll e K. This by analyticity, is equivalent to either w(f, |k| + |I|) = w(g, |m| + |I|) for all / € K orforleK
each of the following holds:

7y | oW W' Pduw) = 0;
(Cn
(211) h(W)Wm+k+21d/J(W) — 0’

C)l

(3//) h(W)Wm+k+21d/J(W) — 0;
(Cn

%) R W' P du(w) = 0.
(Cn

Now, (w(f, |kl + |I) = w(g,|m| + |l|) for all [ € KH, implies that |m| — |k| € Z(f,g). Since one of the functions f, g is
non-constant, we have the following two possibilities.

(a) If Z(f, g) = 0 then the conditions (1”")-(4"") holds, and (1”) is equivalent to h(z) = 0 for a.e z € C".
The converse is immediate since 7¢T), = 0 = T,T, whenever h(z) = 0 for a.e z € C".

(b) If Z(f,g) = {d}, then (1"")-(4"") holds for all [ € K satisfying |m| — |k| # d. By Lemma 4.1, assertions (1”) and (4"")
is equivalent to h(yz) = 7dh(z) for a.e.y € T and a.e z € C". Conversely, suppose h(yz) = 7dh(z), for all y € T. Then for
every m, k,l € Ng

fh(w)v—vm+k+2ld#(w) — 7d+|m+k+21|f h(W)v_Vm+k+21d,u(W),

and thus
(1- 7d+|m+k+21|) /’l(W)Wm+k+2[dﬂ(w) =0
CVI

for all y € T. This gives (3”). By observing that h(yz) = y?h(z), for all y € T, we similarly show that (2””) holds for every
m, k,l € Njj. Also Lemma 4.1, shows that (1”’) and (4”) hold for any m, k € Nj such that |m| — [k| # d. This shows that for
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all m, k, ki, ko € Nfj, we have
(") (@S ]+ 1) = (g, Iml + 1) fc oW W Pdp(w) = 0;
") (@Sl + 1) = (g, lml + 1)) fc " () = 0;
(") (@ kol + 1) = (g, bl + 11D) fc RO du(w) = 0;

@) (@S ]+ 1) = (g, Im] + 1) fc O ! du(w) = 0.

for every [ € Ni. Now (1”7)-(4"") implies that, for every a, 5,7y, 4 € Nj we have

<TfThea - Ttheaa eﬁ) =0= <TfTh€a - Tthem Ey);
and

(TTheq — TpTgeq,e1) = 0 = (TfTheq — ThTge,, ep).
This shows that

<TfThe(y - Tthea, eg + Ey> =0and (TfThEa - TthE(,,e/l + E/;) =0

for every a, 8,7y, 4 € Nj. It follows that T;Te, = TyTge, and TThe, = T;Tge, for every @ € N. We therefore conclude
that T,T), = T, T,, as required. O

Corollary 4.3. Suppose f,g € Sym.o(C") with f radial. If TfT, = 0 or Ty,Ty = 0 0on th then either f or g must be zero
a.e on C".

Proof If f is a constant, then 7,7, and T, T are constant multiples of T,. Now T, = 0, implies g(z) = 0 fora.e z € C",
by remark in the begining of this section. Now suppose f is a non-constant function. Take A(z) = O for all z € C". If
T¢T, = Othen T;T, = T T} and since Z(f,h) = O we see by Theorem 4.2 that ¢ must be zero. The case T,T; = 0 is
similar. O

5. Commuting Toeplitz Operators

We will study the commutators of two Toeplitz operators with quasi homogeneous symbols. Our next theorem is a
corollary of Theorem 4.2.

Theorem 5.1. Let f € Symso(C") be a radial and non-constant function. Then for any g € Sym.o(C"), Ty and T,
commute if and only if g(yz) = g(2), for a.e.y € T and a.e 7 € C".

Proof Since Z(f, f) = {0}, Theorem 4.2 implies that 7T, = T,T; if and only if g(yz) = g(z), for a.e.y € T and a.e
zeCn. O

Recall that Theorem 5.1 also holds for the setting of the Fock space, see (Bauer and Lee, 2011), for the details. Based on
the above theorem, we have the following corollary.

Corollary 5.2. Let p, s € N" and suppose r, ¢ € Sym-o(C") are radial functions. Then TyTp, =

llar &g = LagyTwon th if and
only if either |p| = |s| or ¢ = 0.

Proof. Let g(2) = f”?¢(lz|). Then fory € T, g(yz) = 7\p|f|xlgﬁgs¢(|z|) and thus g(yz) = g(z) if and only if either ¢ = 0 or
|pl = |s|. The result follows from Theorem 5.1. O

With Theorem 5.1 one easily shows that the result on commutativity of Toeplitz operators given in (Bauer and Lee, 2011),
for the Fock space also holds for the Pluriharmonic Fock space. We present here the result for completeness. Let n = 1
and define D, on C. The following is Lemma 2 of (Bauer and Issa, 2012).

Lemma 5.3. Let ¢ < % and f € D,.. Then f has the series expansion:

flre®y = > fiurel? (24)

k=—c0

with |fi.(r)| < Ce for some constant C > 0 and for almost all r € (0, 00). The above convergence holds in [*(C, dus) for
0> 0.
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We have the following:

Corollary 5.4. Suppose u € Sym-o(C) is radial and let v € S ym~y(C) have the expansion

00

v(re'?) = Z Vi (r)e”e

j=—0c0

Then the following are equivalent:

(a) T,T, =T,Ty;

(b) TuT,iw =T, 0Ty for every j € Z;
(c) vi=0for je Z\{0};

(d) v is radial.

Proof. By Theorem 5.1 (a) holds if and only if v(re®*?)) = v(re') for every ¢ € [0, 2x] if and only if (¢/ — 1)v; = 0 for
all j€ Zifand only if v; = O for all j € Z\ {0}. Butv; = 0 for all j € Z\ {0} is equivalent to v is radial and also equivalent
to (b). O

We remark that Corollary 5.2 was first given in (Guan et al., 2013), in the case of the Pluri-harmonic Bergman space, with
the requirement that p L s. In our case that restriction is not required. In addition, the corollary also holds in the case of
the Fock space. We also note that Corollary 5.4 has been given in (Bauer and Lee, 2011), in the case of the Fock space.
However in their setting « and v are from the class S given by (15). However, the above corollary shows that the result
also hold for the Fock space with u, v € S ym.(C).

To end this section we will tend our attention to the case when both symbols are quasihomogeneous of degree (p, s). We
begin with the following Lemma which will be useful to us throughout the remaining of this section.

Lemma 5.5. Let p, s be two multi-indexes of non-negative integers and ¢ is a radial function in D,, ¢ < 5. Then for any
multi-index «,

2p+a) | Mlge™ 12lal+pl-lsl+2n) awrp-s
("+\p+oz| D!(p+a—s)! < lfp +ta Z N
T, = (%) = { 25!MIpe”1(sl-lpl+2m) =s—p-ar . 25
e ¢( ) G—p-a)(ntls-DT_ < > ifp+a S, N (25)
0, otherwise.
Z(WI)‘M[(W" 1Q2lal+|s|=pl+2n) —a+p-s .
(n+\5+a| D!(s+a—p)! z , ifs+a Z p
7%) = { 2p!Mlge " 1Ipl=lsl+2n) =p-s—a . 2%
Terps@) = ) B fs+tap (26)
0, otherwise.

In particular, if p, s are two non-zero multi-indexes with p L s, the we have

2(17+“)'M[¢€_r 12lal+|pl-Isl+2n) At ifa/ >
0 ¢(Z )_ (n+|p+al-D!(p+a—s)! ~ (27)
, otherwise.
2(S+a/)'M[¢e" 1Q2Ja|+|s|=|pl+2n) —a+p—s .
) (Z“) — (n+|s+a|-1)!(s+a—p)! z lfa Z p (28)
e , otherwise.
Proof. If ¢ is a radial function in D,, ¢ < % then for each 8 € N" we have that
2
. 2n!(p+a)'M[pe™" 12|al+|p|-|s|+2n) . _ _
(P(é"pféqﬁz"),zﬁ) = (n+lp+al-D)!(s+a—p)! » fp=ptra-s (29)
0, otherwise.

If p + @ — s is a multi-index of non-negative integers, then for each 8 € Nj we have that

n(p+a-ys), iff=p+a-s
(s, By = (p ) B p.
0, otherwise.

76



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 9, No. 6; 2017

Also for || # 0, then (P(£PE ¢2%),7°) = 0 = (zP**=5, 7). Thus,

— 2p+a) Mige ™ 12lal+pl-Isl+2n) atp-s | >
P(§p§S¢Z{1) - (ntlptal-Dl(pra—s)! z ifp+azs G0,
0. otherwise.
Using the same arguments as above, we have that
e 2s!M[¢pe™ 2 1Q@lIsl=Ipl+2n) _a+p— 5 . <
PEE P =] thDGapl ¢ ifp+tass 31)
0, otherwise.

Thus, for @ € Njj we have

T,z" = PE'E ")+ PEE D) - PEE ¢:)(0)

2(P+d)‘M[¢6" 1Q@lal+|pl-Isl+2n) Z0HPS
(n+|1)2+a| D!(p+a—s)! lfp ta Z S
= 25! Mlge™" 1Q2lIsl=Ipl+2n) _a+p— s, .
D G—a-p)l 2 ifprass
0, otherwise,

which is (42). If p L sthen p + @ 2 s is equivalent to @ 2 s. Indeed, since p, s are non-zero with p L s, there exists
i €{l,---,n}such that p; # 0 and s; = 0, that is there does not exist multi-index @ such that p + & < s. This shows that

(nt|ptal-D!(p+a—s)!
0, otherwise,

T

2(p+a)! Mlge™" 12lal+pl—si+2n) 25, ifa > s
aE Pt =

which is (27). In a similar, one can prove (26) and (28) and so we omit the details here. O

Theorem 5.6. Let p, s € N* be such that p L s and ¥ and ¢ be two radial functions in A. If 0 < ||p| — |s|| < 2 then

Tf,,?wa,,gsa) Tél,‘f o Lerzy if and only if ¢ = Cy for some constant C.

Proof. Direct calculation using Lemma 5.5 gives

4M[¢ff’2 1Q2la+3(Ipl=Ish+2n)(p+a)!2p+a—s)!
(p+a—s)!(n+2|pl+|al—|s|-1)!

2
T. = T. = = Mlge™ 1Qlal+|pl-Isl+2n) a+2p-2s 32
egot gyt X Grlpra-DICpra—2s)(pra—s) ¢ , if2p+a 2 2s (32)
0, otherwise,
4M[¢e”‘2](2|a/|+3(|x|—|p\)+2n)(x+rr)!(2p+a—x)!
(s+a—p)!(n+2|s|+lal-|pl-1)!
T,z T,z 7" = Mige |Qlol+lsl-Ipl+2m za+2s-2p 33
§re o erg wZ X (n+|s+a|-1)!2s+a-2p) if 25 + a 2 2p ( )
0, otherwise,
and
4M[Lpe”'2](2|(t|+3(|p|—|s\)+2n)(p+a)!(2p+a—s)!
(pta=s)/(p+a—s)!(n+2|pl+le|-|s-1)!
T.= T, = = Mige™ 1Qlal+|pl=Is+2n) _a+2p-2 : 34
ey e ¢Z x (n+|p+al-1)!2p+a-2s)! T, if 2]7 +a Z 2s ( )
0, otherwise,
4M[Lpe”‘2](2\a|+3(|x|—|p\)+2n)(x+ry)!(2p+ry—x)!
(s+a—p)!(n+2|s|+lal-|pl-1)!
T.s T,z 7" = M[gpe " 1Q2lal+sl-|pl+2n) —a+2s— 2p . 35
ey ere ¢Z (n+|s+al-1)!2s+a-2p)! if 25 + z 2p ( )
0, otherwise.
Thus, if TopoTagy = TapyTog s then we have
2 2
Mlype ™ 1Q2lal + |s| = |pl + 2n)M[¢e™" 1(2lal + 3(Is| = |pl) + 2n) = (36)

M(ge™12lal + Is| - |p| + 2m)M[we™" 12lal + 3(sl - pl) +2n) if 25 +a 2 2p
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and

Mlye " 12lal + pl - |s| + 2m)MIge ™" 12lal + 3(Ip| - Isl) + 2n) = 37)
Mige™"12lal + |p| - Is| + 2m)MIwe ™" 12lal + 3(pl — Isl) +2n) if 2p +a > 2s.

Now assume |s| — |p| = k € {1, 2}, then (36) implies

Mlwe™ PR Qla)MIge ™ P 12(al + k) =
Mige™ P 2lah)Mlge™ ** 2(al + k), if a > 2p. (38)

Thus the function
F(2) = Mlge™ P Qo) MIge™ rP3*1(22) — Mlge™ P 12 MIye ™ P»+3](22), (39)

is holomomorphic for all z with Rez > 0 and vanishes on m = {2|p|, 2|p|+1, - - - }. By Proposition 2.2, there exist h;,h, € A
such that F(z) = M[(h; — hy)e "](2z) = M[he™"](2z). Since M[he™"](2m) = O for all m € N, Lemma 2.3 shows that 2 = 0
a.e on R* and thus F(z) = 0 for all z with Rez > 0. Thus

Mlye™ P Q) MIge™ P2 + k) = Mige™ PP Q)M Iye™ rP™1(2(z + k).
That is —_ k ~ k
MIge " P 1@QMIge "2 1(z + k) = Mlge " ¥ 2 1)MIfe " "2 1(z + k),
where /() = y(+/r). By Lemma 2.7 we have that

Mg " 1@MIge™" 21z + mk) = M[ge™ P 21 M[Pe™ " 21z + mk), (40)
for all m € N. Choose zo € C with Rezy > 0 such that M [Je"r’”%](zg) # 0. Then (40) implies that

M[ge™ o715 1(1 + mk) = CM[e™ 7 *31(1 + mk), (@1

for all m € N, where C = C(zo,$,¢) = M Thus M[(¢ — C&)e™ P~ 145](1 + mk) = 0 form = 1,2,
Mlge r”+2]( 0)

Since k < 2, Lemma 2.3 shows that 5 = Cy, as required. In a similar manner, we show that the result holds in the case
[pl — |s| > 0 by using equation (37) intead of (36).

The proof of the converse is trivial. O

Corollary 5.7. Let p,s € N" be such that p L s and ¥ is radial and belongs to A. Suppose ¢ € A is radial. If
O<|lpl—Isll £2thenT, fpfwaEpfsqj = T.fl’fs(prl’f gy on the Fock space H? if and only if ¢ = Cs for some constant C.

6. Finite Rank Toeplitz Operators

We give here some results on the finite rank of Toeplitz operators with quasihomogeneous symbols and on the commutator
operator. Recall that if f, g € Sym_,(C") then the commutator [T, T,] is defined by

[T}, ) = TyT, = T, Ty.

Theorem 6.1. Let py, p», s1, 52 be multl indices and let ¢y, ¢, be radial functions in Sym,y(C"). Then T, emE2 g, Tg,,, 2l
of finite rank if either ¢1 = 0 or ¢, =

Proof. Let S = Tfp2 24 Tf,,, Flg Then by Lemma 5.5 we have that

4(p1+@) (paa+pi—s1) ! MIg1 e [2lal+|py|—Isi1+2n)
(nt|py+al=D!n+pr+a+pi=si|=Dl(pi+a=s1)!
Migre™ 1Q2lel+|p1 =51 [+|pal=lsol+2m) LIPS
(p2+a+pr+—s2—s1)!

ifpr+aZs,pr+p+a s+

S(ZQ) = 4(32+Sl+<Y—171)!S!M[fﬁle"'z]ﬂsl|—|P1|+2") (42)

(s1 Pl—d)‘("+|51| DI(s2+s1+a—p1—p2)!

M[qﬁoe’ 1Q2]s1 —p1+al+]s2|—|p2]+2n) =, vl p1—a+py— vz
(n+|sy+s1—p1+a|-1)!

ifpr+aSs,pi+pr—asSs +s

0, otherwise.
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and
2
A1+ (satatsi—p)!MIgre”" 1Q2lal+si|—Ipil+2n)
(n+\51+<y| D!(n+s2+a—pi|-D!(s1+a—p1)!
M[¢2€7' 1@la+s1—=pil+s2]— |P2|+2n)-ﬂf+51 —pit+sa— P2
(s2+a+s1—p1—p2)!

ifs;+a 2 p,a+s1+s52p1+p2

S(Z“): 4p1!(p2+p1—51—a)!M[¢1e”2](IP1I—IS1I+2n) (43)

(p1—s1 2w)'(n |p2+p1=s1—al-D!(n+|p1|-1)!

Milgre™ 1(p1—s1—al- |57|+2")Zp| S| —a+py— s2
(p2tp1—s1—s2—a)!

ifsi+a<pLsi+s2+aSp+p

0, otherwise.

Since S has finite rank, we have that {S (z*)},ene and {S (%)} ey must have finite rank. It follows that there exists @y € N”
such that p; + a9 2 s1, pa + p1 + @y = 51 + 52 and S(z%) = 0 for all @ 2 . That is

Mig1e™1@2lal + Ipi| = |si] + 20 M[dse™ 12l + |p1| — 51| + [pal = |s2] +2m) = 0 (44)

for all @ = ag. Let k = |py| — |s1| and m = |py| — |s1] + |p2| — |s2], then k and m are all positive integers and it follows from
(44) that

Mg 2"e 1 2lal) M[g2r"* "¢ 12lal) = 0 45
for all @ 2 «. It follows that the function
F(2) := Migir** e 122 Mg e 1(22)
vanishes on |ag|, |ag| + 1, - - - . Thus the function
F(2) := F(z + lagl) = Migi 7+ 2l 1(20) M1+ 2+ 20007 (22)

vanishes on N. By Proposition 2.5 F vanishes on the set {z e C: Re(z) > 0}. Since Fis holomorphic we have that either

Mg <2+ 20l ] = 0 or Mg, rm+2+2le=r] = 0, that is either ¢; or ¢, equals zero. O
Theorem 6.2. Let p, s be multi-indices and let ¢, be radial functions in Sym.o(C"). If [Ty, T F ¢ ] has finite rank then
the rank is equal to zero.
Proof By Lemmas 3.1 and 5.5 we have that
2(p+a)'M[¢e" 1Q2|al+|pl=Is|+2n) M[l//e” 1Q2la+p—sl+2n) o+ .
(n+|p+al-D!(p+a—s)! (n+|a+p-s|-1)! (1 - 5 1fp+a’ z S
T,T,,z 7% = 46
¥ 1343 ¢Z 25! M[pe™ 2 1(s]— \p|+2n)M[we” 1Q2|s—p— a|+2n) —=s—p—a lf +a < s ( )
G—p-®)n s DIn—Js—p—al-D)! pPras
0, otherwise,
and
2M[ye” s 1Q2|al+2n) '(P+<l)‘M[¢e" 1Q2lal+|pl=Isl+2n) o+ :
(n+lal-1)! wpra Dipra—n 2 s ifa+pTs
—s i
T-f”f ¢T¢/Z 25‘M[¢e” 1(sl=Ipl+2n)M[pe™ 2 ](2|0/|+2n)—s p—a f + < (47)
(5—p-@)nsI-Dl(n—lal-D)! nprass
0, otherwise.
LetS = [Ty, Tf,,gs ¢]. Then for @ + p 2, s we have that
2 + a !Z(Y+[7—.S'
S = (p+a)
n+lp+al-Dip+a-s)!
Mige™"12lal + Ipl = Is| + 20)Mye " 12la + p — 5| + 2n)
n+la+p-s/ -1
_2 _.2
Mlye™ 12lal + 2n)M[pe™" 12|l + |p| — |s| + 2n) 48)

(n+lal-1)!
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and for p+ @ < s,
2s1757P7¢
n+]s|-Di(s—p—a)!
Mlge™" 1(Is| - Ipl + 2n)M e 12ls — a — p| + 2n)
n+|s—a—-pl -1
Mlge " 1Q2lal + 2n)M[pe™" 1(2ls| - |pll + 2n)
(n+ |af — 1)! ’

S(Za/)

(49)

and S (z%) = 0 if @ does not satisfies @ + p = 5, p+ @ < 5. Since {S(z%)}qen has finite rank, there exists ag such that
p+ay 2 sand S(z%) = 0 for all @ 2 @p. Thus if @ 2 ag and p + @ 2 s then the function

Mlyr*e ™ 1(22)  Mlyr*e™ 12z + 2k)

@) 1= Mlgre " 122+ b | = +0) ’

where k = |p| — |s], is holomorphic on Rez > max(—1, —k — 1) and vanishes on {|a|, |ag| + 1, - - - }. From the choice of ay,
we get that k£ > 0. It follows by Corollary 2.6 that the function ®(z) = O for all z with Rez > max(—1,—k — 1). That is,

S (z%) = 0 for all @ € N”. In a similar manner, we show that S (z%) = 0 for all @ € N”. Hence S is of rank zero. O

It is easy to see that the methods of the proofs for Theorems 6.1 and 6.2 can be applied to the case of Fock Toeplitz
operators.
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