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Abstract

This paper proves that the Nagata automorphism over a finite field can be mimicked by a tame automorphism which is
a composition of four elementary automorphisms. By investigating the sign of the permutations induced by the above
elementary automorphisms, one can see that if the Nagata automorphism is defined over a prime field of characteristic
two, the Nagata automorphism induces an odd permutation, and otherwise, the Nagata automorphism induces an even
permutation.
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1. Introduction

Throughout the paper K denotes a field and char(K) denotes the characteristic of the field K. Let K[X,...,X,] be
the polynomial ring in » indeterminates X, ..., X, over K. For polynomials fi,..., f, € K[Xi,...,X,], the n-tuple of
polynomials F' = (fi, ..., f,) is called a polynomial map. The set of polynomial maps over K and the set of maps from K"
to itself are denoted by ME, (K) and Maps(K", K"), respectively. We can identify each polynomial map with a map from
K" to itself via the following natural map

n: ME,(K) — Maps(K", K").

We denote the set of polynomial automorphisms (resp. affine automorphisms, elementary automorphisms) of K" by
GA,(K) (resp. Aff,(K), EA,(K)). Recall that

Aff, (K) = K" x GL, (K).

We use the symbol TA,,(K) to represent the subgroup of GA, (K) generated by two subgroups Aff,(K) and EA,(K). For
F € GA,(K), F is called tame automorphism if F € TA,(K), and otherwise (F € GA,(K) \ TA,(K)) F is called wild
automorphism. The Tame Generators Problem asks whether GA,,(K) = TA,(K), and is related to the Jacobian conjecture.
The equality is trivially true for n = 1 and the equality still holds for n = 2 (Jung-van der Kulk theorem (Jung, 1942),
(Kulk, 1953)). For n = 3, Nagata proved that & € GA»(K[X3]) \ TA2(K[X3]) (Nagata, 1972, Part 2, Theorem 1.4),
and he conjectured that o € GA3(K) \ TA3(K) (Nagata, 1972, Part 2, Conjecture 3.1). The map o is called the Nagata
automorphism (See Equation (1) for the definition of ¢). Shestakov and Umirbaev in (Shestakov & Umirbaev, 2004,
Corollary 9) finally gives an affirmative answer in the case where char(K) = 0. An algebro-geometric proof of this fact
is given by Kishimoto (Kishimoto, 2008). Smith (Smith, 1989) shows that the Nagata automorphism is stably tame, and
Spodzieja (Spodzieja, 2007) gives a direct proof of this fact. We refer to (Essen, 2000) for more details.

For any finite set 7', we denote by Sym(T') (resp. Alt(T)) the symmetric group on T (resp. the alternating group on 7). Let
us denote by sgn : Sym(T') — {£1} the sign function. When K is a finite field I, with g elements (p = char(IF,), g = p"”',
and m > 1), we use the symbol r, instead of :

g ME(F,) - Maps(IFZ,IFZ.

If we restrict the map 7, to GA,(F,), 7, (G) is a subgroup of Sym(]FZ) for any subgroup G C GA,(IF,). Maubach has
investigated the subgroup 7, (G) in the case G = TA,(F,) (Maubach, 2001, Theorem 2.3).
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Theorem 1. [fn > 2, then ny(TA,(Fy)) = Sym(Fp) if g is odd or g = 2. If g = 2" where m > 2 then n,(TA,(F,)) = Al((Fy).

If there exists F € GA,,(IFo») such that sgn (o= (F)) = —1, then we must have F € GA,(Fo») \ TA,,(Fo»). This indicates
that the polynomial automorphism F is wild. Thus, the following question is very important (Maubach, 2008, page 3,
Problem).

Question 1. For g = 2" and m > 2, do there exist polynomial automorphisms such that the permutations induced by the
polynomial automorphisms belong to Sym(Fy) \ Alt(Fy)?

It is a natural question to ask the sign of the famous polynomial automorphisms such as the Nagata automorphism (Nagata,
1972, Section 2.1, Equation (1.1)), the Anick automorphism (Cohn, 2006, Section 6.10, page 398), and the Nagata-
Anick automorphism (Cohn, 2006, Section 6.10, page 398). This question is partially solved in the case of the Anick
automorphism and the Nagata-Anick automorphism by Hakuta (Hakuta, 2017b, Main Theorem 1 and Main Theorem 2).
Hakuta also derives the sign of the permutations induced by the affine automorphisms and the elementary automorphisms
(Hakuta, 2017a, Main Theorem 1 and Main Theorem 2). Moreover, for a given tame automorphism over F,, we can
compute the sign of the permutation induced by the tame automorphism over F, under the knowledge of a decomposition
of the tame automorphism into a finite number of affine automorphisms and elementary automorphisms (Hakuta, 2017a,
Corollary 5). However, we emphasize that, at least in our knowledge, the answer of the above problem for the case of the
Nagata automorphism over I, is unknown yet.

Another motivation for considering the above question comes from multivariate polynomial cryptography (Ding, Gower,
& Schmidt, 2006). Multivariate polynomial cryptography is a potential candidate for post-quantum cryptography. One
such example is the Tame Transformation Method (See, for example, (Chen & Moh, 2001), (Ding & Hodges, 2004), (Ding
& Schmidt, 2004), (Goubin & Courtois, 2000), (Hakuta, Sato, & Takagi, 2016), (Hrdina, Kure§, & Vasik, 2010), (Moh,
1999), (Moh, 2003), (Moh, Chen, & Yang, 2004)). One of the building blocks for multivariate polynomial cryptography
is a bijective polynomial map over IF,. Thus, it is important to investigate mathematical properties of bijective polynomial
maps over [, such as the sign of the permutations induced by bijective polynomial maps over IF,, the classification of
bijective polynomial maps over I, by individual computation (Maubach & Willems, 2014), and so on.

This paper proves that the Nagata automorphism over a finite field can be mimicked by a tame automorphism which is
a composition of four elementary automorphisms. By investigating the sign of the permutations induced by the above
elementary automorphisms, one can see that if the Nagata automorphism is defined over a prime field of characteristic
two, the Nagata automorphism induces an odd permutation, and otherwise, the Nagata automorphism induces an even
permutation.

2. Sign of Permutation Induced by Nagata Automorphism
The Nagata automorphism is defined by

o= (x =20z +y")y = (62 + )2y + (2 +)2.2) € GA3(K). ()
The inverse of the Nagata automorphism o is given by

ol = (v +2(xz + yz)y —(xz+ yz)zz,y —(xz+ yz)z, 2). 2)

We call (o) the permutation induced by the Nagata automorphism. This section investigates the sign of the permutation
m4(0r). Let t be a new variable. We first show that there exists a polynomial A(¢) € IF,[¢] such that i(a) = 0 for @ € IF;'; and
h(0) = 1 for @ = 0. In order to prove this claim, we define the polynomial f(f) € F[¢] as follows:

foy = [e-o eRla.

celfy

We put ¢y := f(0). By (Hakuta, 2017b, page 26), we have ¢y € IF; and h(r) = c(;' x f(t) € F 1] satisfies the condition

[0 (@em),
Mm_{l(azm. ®)

We say that F € GA,(IF,) can be mimicked by an element of a certain group G if there exists G € G such that 7, (F) =
74 (G) (See (Maubach & Willems, 2011, page 305) for more details). We prove the following lemma (Lemma 1) which
states that the Nagata automorphism over I, can be mimicked by a composition of four elementary automorphisms.
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Lemma 1. Let ¢, A, and 1 be elementary automorphisms defined by
¢ = (x+ 277,20, 40= (4 y +22%,2), 1= (x = 21(2)y°, 3, 2) € EA3(F,).

Then we have
(o) = JTq(/Al o ¢_1 oldog). 4)

In other words, the Nagata automorphism o can be mimicked by 1o ¢~' o 10 ¢ € TA3 (F,) which is a composition of four
elementary automorphisms.

Proof. 1tis easy to see that

Moo @) = me((x,y + 2°x,2) 0 (x + 2722, 3, 2))
= 1y ((x + 2772,y + 2(x + 27727, 2)
= m((x + 27722,y + (32 + 29%),2)
= m((x + 2772,y + (x2 + 2%), 2))

= 1 ((x + 27727,y + 2(xz + ¥%), 2)).

Since ¢! = (x —z772y%,y,2) € EA;(IF,), we obtain

(¢~ 0 Ao )
= 1y ((x = 21752, 3,2) 0 (x + 27727, y + 2(xz + %), 2)
= 7y ((x + 2729 = 272 + 200z + ¥y + 200z +57), 2))
= mg((x = 2(xz + Y20 = (xz + ¥z, y + (x2 + ¥z, 2)).

Then we can see that

o(x,y,2) (zeFy),

o0 ,V,2) =
(¢ d)(x,y,2) {(x’y, 0) # O’(X,y,Z) =(x- 2y3,y, 0) (z=0).

From Equation (3), we have (1o¢™' o dog)(x, y,2) = o7(x,y,2) for all (x,y,z) € F3. Therefore, 7,(0) = m,(Ao¢ ™' odog). O

From Lemma 1, it is sufficient to derive the sign of (1) and ﬂq(;l). We compute sgn(r,(4)) (resp. sgn(nq(;l))) in Lemma 2
(resp. Lemma 3). We will use these lemmas to prove the main result of this paper (Main Theorem 1).

Lemma 2. (Sign of 7,(1)) Let A be as in Lemma 1. Then we have
sEn(ry () = (=" e, )

Namely, if q is odd or g = 2™, m > 2 then we have n (1) € Alt(]Fz). If g = 2 then we have 7t (1) € Sym(FZ) \ Alt(Fz).

Proof. Let us take two elements xo, zo € F,. We consider the following map Ay, z) ]F; - ]Fz,

Aoz ]FZ - FS
(x,y,2) +— (x,y+2z°x,7), if x=xpand z = z,
x,y,2) +— (x,9,2), otherwise.

One can see that the map Ay, ;) is bijective. We take
B(Axyz0) = {(x,y, 7)€ ]F; | Axoz0) (X ¥, 2) # (X, ), z)}.

Since B (A(x,.z0)) N B (’l(xg,,zg))) = 0 for any (xa,z()) € I, X 7 \ {(x0, 20)}, we have

A= 1_[ Axo,20)5

x0,20€F
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which is a composition of disjoint permutations on IE‘?]. We decompose the permutation Ay, 5,y as @ composition of disjoint

. - . . Q@
cycles on IF?] for each (xg,z9) € ]F; X IE‘;. In order to find such a decomposition, we define an equivalence relation @0 on

F,: y€F,andy €I, are equivalent if and only if there exists / € {0, 1,...,p — 1} such thaty’ =y — lz(z)xo. We set

A
W=y eF, 1y Yy

We fix a complete system of representatives R, for the equivalence relation @ on [F,. Remark that R, = g/p = p"'/p =
p"~!. For arbitrary xo € R,, we define the bijective map Ay, (xy.z,) : IE‘; - ]Fg by

. 3 3
Ayo,(xo,z()) . IE“q - Fq

x,y,2) (x,y + 72x, z) , ifye C)(,ﬁ),x = Xxo, and z = zp,

(xx,y.z) (%, 9,2), otherwise.

It is obvious from the definition of the map A (4, o) that A, (-, s a cycle of length p. Namely,
sgn (ﬂq (/l)’oa(xo,zo))) = (_1)[)71 .

Let us take y; € Ry. If y;, ¢ C;f}) then from C;g) N C)(f) = (), we have
0

Awoz0) = 1—[ Ayo (x0.20)

YoeR,

3
q

sgn (nq (/l)) = l_[ sgn (77 q (/lyo,(xt),zo)))

X0,20€Fg,0€R,

1—[ (=1t = (_])1!7"”'(10—1)01—1)2 )

X0,20€Fg,y0€R,

which is a composition of disjoint cycles on ;. Since 7, and sgn are homomorphisms of groups, we obtain

Thus, Equation (5) holds. ]
Lemma 3. (Sign of nq(;l)) Let A be as in Lemma 1. Then we have
sgn(r, () = 1. 6)

Namely, we have 71',1(;1) € Alt(IF;).

Proof. Since sgn(ﬂq(fl)) = 1 when char(F,) = 2, it is sufficient to show the assertion for char(IF,) # 2. We suppose that
char(lF,) # 2. By the definition of A and by Equation (3), we can easily see that

(x,y,2) (z e Fp),

Alx..2) = {(x -2y%,9,0) (z=0).

Let us take an element yo € [, and we put zo := 0. We consider the following map /Al(yo,z(,) : IE‘; - IE‘;,
;l(y(J»Z(J) : ]Fz - F%
(x6y,2) = (x=2y",y,2), ifyelFjandz=0,
(x,y,2) +— (x,,2), otherwise.
One can see that the map Ay, ) is bijective. We take

B(/Al(}'u,zu)) = {(x’y’ 7)€ FZ | /Al(yo,zo)()ﬂ ¥,2) # (%, Y, Z)} .

Since B (/Al(yO,ZO)) NB (’Al(yg,m)) = 0 for any y; € I, \ {yo}, we have

A= 1—[ /l()‘n,ZO)’

YoEFy
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which is a composition of disjoint permutations on IFS. We decompose the permutation /Al(yo,m) as a composition of disjoint

cycles on IE‘; for each yo € F;. In order to find such a decomposition, we define an equivalence relation @ onlF,;: x e,
and x” € F, are equivalent if and only if there exists / € {0,1, ..., p — 1} such that x’ = x — ZIyS. We set

D wer, Dy,

pl
We fix a complete system of representatives R for the eguivalence relation @ on [F,. Remark that §Ry = ¢/p = p"'/p =
p"™!. For arbitrary xo € Ry, we define the bijective map Ay, (y.20) : IF; - ]F; by

/l)m,(yo,zo) : F; I FS X
(xy.2) +— (x,y +22x, z), ifx e Cg),y = yo, and z = zp,
x,y,2) +— (x%,9,2), otherwise.

It is obvious from the definition of the map /Ale,(yO,ZO) that /Ale,(yO,ZO) is a cycle of length p. Namely,

~

-1
sgn (ﬂ"{ (/lx()s(yUsZU))) =(=D"".
Let us take x, € Ry. If x3 ¢ €\ then from €0 n ) = 0, we h
et us take x, € Ry. If x5 ¢ C,,” then from Cy" N » =9, wehave
Ayo.z0) = 1_[ Ao, (0,200
xOE‘Rg
which is a composition of disjoint cycles on IF;. Since 7, and sgn are homomorphisms of groups, we obtain

sgn (nq (/Al)) = 1_[ sgn (”q (;lxo,()'o,zo)))

X0 ERQ Yo EIF:;

= l_[ (1P~ = (=" DD Z

X0€Ry.Y0ERy

Thus we always have sgn(nq(;l)) = 1. Hence, Equation (6) holds. O

From Lemma 2 and Lemma 3, we have the following main result of this paper (Main Theorem 1).
Main Theorem 1. (Sign of Nagata automorphism) If g is odd or g = 2™, m > 2 then we have m (o)) € Alt(IB‘Z). If
q = 2 then we have m (o) € Sym(IFg) \ Alt(Fg). Namely,

sen(m, () = {il EZ l:s ;;Zd orqg=2"andm>?2), e

Proof. From Lemma 1, we have
sgn(mg(0)) = sgn(ry (A0 ¢~' 0 A0 ).
Since 7, and sgn are group homomorphisms, we can derive
sgn(mg(1o ¢~ 0 10 ¢)) = sgn(mg(Vmy (¢~ my(Dmy())
= sgn(,(D)) sgn(y(¢7)) sgn(y(A)) sgn(ry(4))
= sgn(r, (D) sgn(my(¢)) ™" sgn(my() sgn(ry())
= sgn(my()) X sgn(my()).
Thus, it follows immediately from Lemma 2 and Lemma 3. O

Remark 1. One can also prove Lemma 2 and Lemma 3 by avoiding the cycle decomposition of permutations. Here, we
give a more simple proof of Lemma 2 and Lemma 3. It follows immediately from (Hakuta, 2017a, Main Theorem 1) that
sgn(ﬂq(;l)) = 1. Again from (Hakuta, 2017a, Main Theorem 1), we have

1 (gisoddorg=2"andm > 2),

sen(r, () = {_1 2

Thus, Lemma 2 and Lemma 3 hold.
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