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Abstract

Hexagonal grid methods are found useful in many research works, including numerical modeling in spherical coordinates,
in atmospheric and ocean models, and simulation of electrical wave phenomena in cardiac tissues. Almost all of these
used standard Laplacian and mostly on one configuration of regular hexagons. In this work, discrete symmetric boundary
condition and energy product for anisotropic Laplacian are investigated firstly on general net of regular hexagons, and
then generalized to its most extent in two- or three-dimensional cell-center finite difference applications up to the usage
of symmetric stencil in central differences. For analysis of Laplacian related applications, this provides with an approach
in addition to the M-matrix theory, series method, functional interpolations and Fourier vectors.

Keywords: Bilinear form, Cell-center finite difference, Discrete Laplacian, Hexagonal grid method.
1. Introduction

Hexagonal (Hex) grid methods are of interest in many research studies: (Pickering,1986) on direct method, (Makarov,
Mararov & Moskal’kov, 1993) giving a formula without proof, (Bystrytskyi & Mosklkov, 2001) on seven-point method on
rectangular grid with explicit form of eigenpairs, (Zhou & Fulton, 2009) with periodic boundary condition (BC), (Heikes
& Randall, 1995, part LII) and (Heikes, Randall & Konor, 2013) on numerical modeling in spherical coordinates, (van Eck
& Kors, 2005) on action potential in heart modeling via algebraic method without using diffusion in form of differential
equation, (Nickovic,Gavrilov & Tosic, 2002) showing advantages of Hex grids over commonly used square grids for use
in atmospheric and ocean models. In the article by (Lee,Tien,Luo and Luk,2014), Hex grid finite difference (FD) methods
are derived in a finite volume (FV) approach involving standard Laplacian, and used in the simulation of electrical wave
phenomena propagated in two-dimensional reversed-C type cardiac tissues, exhibiting both linear and spiral waves more
efficiently than similar computation carried on rectangular FVs. We note these cited works all used standard Laplacian
and mostly on one configuration of regular hexagons.

In two-dimensional applications of configurations consisting of (subset of) Cartesian type regular hexagons, we denote

the radius of hexagons by r, the height by A(= gr), and the center-to-center distance by d(= 2h). Near a typical center
node, Py = (xo,Yo), the six neighbor (center) nodes are

iT 7w
i, m

1<j<6. 1
315 <j< (D

Pj = (-xjayj) = (XO,yO) + d(COSfj, Sin'g:j)’ ‘fj =g+
Here the phase angle, ¢, is the configurarion parameter. Two particular instances are called type I (¢ = 0) and type II
(¢ = ) for convenience. Hexagon centers in lattices of these two types are indexed as for an orthogonal Cartesian mesh
as shown in Table 1, while the geometry and neighborhood of a general Hex FV shown in Table 2. Indexing rules are
illustrated in Figs. 1, 2, 3 and 4.

For convenience, we abuse the notations and denote FV centers in a neighborhood (Figs. 3 and 4) by an ordered list,

P

Sw?

P, P

PS ’ PSE’
P

NW?

PNE}’
P}

Typel: {P;}S% =1{P, P,, P,

! )
Type II: {Pj}j:O:{P’ Py Py sw>
We note for applications that a two-dimensional irregular domain may be approximated by a sequence of (not neces-
sarily Cartesian) nets of hexagons. Actually, our work in numerical modeling of ECG depends on this (Algorithm 1 in

(Lee,Tien,Luo & Luk, 2014)).
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Figure 4. Type II regular hexagonal FV neighborhood
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Table 1. Lattices of type I and II regular hexagons

Phase angle Typel, ¢ =0 TypeIl, ¢ = —n/6

Center point even l-odd jeven jodd

ex(i, j) (1.5i - 0.5)r 2ih (2i-Dh
o, j)  2jh 2j-Dh (1.5j-0.5)r

Table 2. Local geometry at a regular hexagon : six vertices and six neighbor centers

Phase angle pelR
Vertices Vi = vx(x, k), vy(x,k)), k=1,2,---,6.
vx(x, k) ex(x) + reos(p + )
vy(*, k) cy(x) + rsin(p + %”)

Neighbor centers Py = Vi + Vi — Po, k=1,2,---,6.

Concerning the negative anisotropic Laplacian
—Lap (f) := =D1 fxx = D2 fyy 3)

with positive constant diffusivities D and D,, we observe the following.

Lemma 1 (Reflection principle for anisotropic Laplacian.) The two configurations, type I and Il regular hexagons centered
at the origin together with the anisotropic Laplacian, are convertible from each other by applying reflection with respect
to the main diagonal in the xy-plane, and therefore interchanging the two symbol lists (Figs. 3 and 4)

{x.y, D1, Dy, N.NW,SW,S,SE,NE|  and  {y,x,D,,D\,E,SE,SW,W,NW,NE}.

With a general phase angle, the reflection interchanges

{@. @)} and [ G- Pouo)f |-

123456

54321 6) of the indices.

Here (Ps- j%ﬁ)?:l refers to the outcome of the order-2 permutation (
The focus in subsequent discussion is on net of type I hexagons.

We note that spectral analysis of iterative methods solving the discrete anisotropic Laplacian on a net of hexagons seems
not as easy as the analysis on square grids (Suli,1993) and (Karaa & Zhang, 2003), since finite trigonometric series is
incomplete for the error analysis (even) on a single regular hexagon (McCartin,2002,2003).

The analysis of solving Laplacian related applications on net of (regular) hexagons may be based on series method (Lee,
Tien, Luo & Luk, 2014), M-matrix theory (Lee, Tien, Luo & Luk, 2014) and (Lee, August 2017), functional interpolation
(Lee, 2015), or Fourier vectors (Lee, August 2017). The current work discusses the Laplacian through discrete symmetric
boundary condition (Sections 3 and 4).

In the world of differential equations, for example (Strauss, 2008), the term symmetric boundary condition is defined so
as to make a (real) operator symmetric. On the other hand, as a practice for long time in the engineering literatures, the
phrase symmetric boundary condition may mean, differently, that the computational domain is reduced by halving and
the numerical BC on the virtual separating edge is of homogeneous Neumann type : (Kim & Huh, 2000), (Xu & Soares,
2013), and (Pal, Lan, Li, Hirleman & Ma, 2015). Same as such with spherical (reflexive) symmetric boundary condition
in similar situations.

We are with the operator-theoretic view (Egs. (5, 20 and 24) in current work).

As for the remaining sections, symmetric boundary condition for the Laplacian is introduced for smooth scalar functions
in Section 2, with detailed discussion in Section 3. The theory is generalized and simplified in Section 4 with simple
assumption and argument. Discussed in Section 5 are many examples of symmetric boundary condition for Laplacian,
including non-product type pairs (generators) for an invariant subspace of some operator on type I Hex grid.
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2. Function Symmetric Boundary Condition for Laplacian

We focus here on standard Laplacian (Eq. (3) with Dy = D, = 1) and recall the Green’s first and second identities,

P
—ff F,)V2ie(x,y)dxdy = ff Vf(x,y)Vg(x,y)dXdy—f f%dv(l)
Q Q o0 on
3
- f f gL, VA f(x,y)dxdy = f f Vf(x,y)Vg(x,y) dxdy — f ga—{ dy(1)
Q Q o on
g 0
[[ove-evnaar = [ (7oL @
Q e O T on

in which Q is a domain with JQ its piecewise smooth boundary such that these formulas are valid. The outward normal
on the boundary is denoted by 7.

Definition 1. A pair of (distinct) functions f,g € C 2(Q) satisfies symmetric boundary condition (for the Laplacian), if

dg  Ofy\ ., _
fﬁ g —sga)dr=0. (5)

so that the Laplacian is symmetric on f and g, (f, V?g) = (V2f, g).

If every pair in a family of functions satisfies the symmetric boundary condition, we say the Laplacian is symmetric on
the family.

Notice that, with or without satisfication of the symmetric boundary condition, we may consider symmetrization of the
energy product,

1
(Fn =501 ~P) + (5, =T1) = [[ T3Vt dady = Ba(f.) ©

in which the boundary functional is

L L R S
B =3 [ roan=3 [ ¢Eedhao )

Assuming the symmetric boundary condition, there may exist simplification of the boundary functional and the energy
product.

Example 1. Some particular cases assume
E?Q::F=FDUFN, FDﬁFN=¢,

then the symmetric B.C. is satisfied, provided that

of og
f|FD = girl) = %iﬂv = %’il",v =0

Accordingly, the energy product is

(f, -VPg) = (g, ~V’f) = f fg Y (x, ) Vg(x,y) ddy ®)

Two classical examples include pairs both satisfying homogeneous Dirichlet or homogeneous Neumann BC.

Example 2. A pair satisfying Robin BC that

‘;—&x) =i, B0 = e ©)
7 on

provides another example which satisfies the symmetric boundary condition, owing to

0 0
F o iy = - f (D) F D) (x(0)) dy(r) = f ¢ 2 iy,
00 n

S
oQ a0 Ot
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The corresponding energy product

(f, -V’¢)y=(g, -V*f)= f fg V£(x,y)Vg(x,y) dxdy + fa . c(0) f(x)g(x) dy

is then positive definite, under an additional assumption that ¢(x) > 0 on 0Q.

Very general results in discrete symmetric boundary condition are presented in Section 4. For the motivation, we discuss
next the discretization (Fig. 1) of a Cartesian net of type I regular hexagons.

3. Discrete Symmetric Boundary Condition on Net of Regular Hexagons

The type I neighborhood topology (Fig. 3) and the geometry (Eq. (2)) are detailed below.

Q= ()| 1<i<n,l1<j<n),
9= (G)eQ| (- DG- DG~

de:= {(0,0),(ny+ 1,n, + 1)}
U{G, ) 1i=0,n+1, 1<j<n}
U@ N 1j=0,n+1, 1<i<n,},

Q.= QuJ,,

Qg := {SP),SEP),SWP)| PeQ},
Qy:= (N(P),NE(P),NW(P) | PcQ},

ds = 0,NQg,
oy = 0, ﬂﬁN,

With P = (i, j) € Q,

%)

SwW

SE

NW

NE

S(P)
N(P)

SW(P)

SE(P)

NW(P)

NE(P)

{
{
{
{

no)(j—ny) =0},

(G Jj—-1
(G j+1
(i-1,j-
(i-1,j ),
(i+1,j-
(i+1,j ),
(i-1j )
(i-1,j+1),

i+1,j )
i+1,j+1),

For the symmetry of the negative hexagonal seven-point Laplacian

(L1f)p := 6fp — fn

we use backward (in vertical direction) differences to derive

(Lrf,8) = Zprea (8P(fP = fs)—&p(fn — fp) + 8p(fp — fsw) — 8p(fnE — fP)
+8p(fp — faw) — gp(fsE — fP))

= Spea((fo = f5)(gp — 85) + (fo = fsw)(gp = gsw) + (fo — fuw)(gp — gvw))

— 2ned, 8PN — fP) + Xises, 8s(fp — [s)

interior nodes

interior boundary

exterior (ghost) boundary

with odd i

with even i
with odd i
with even i
with odd i
with even i

with odd i

with even i

—fs = fvw = fse — fve — fsw

— 2NEes, 8P(INE = fP) + Dswes, 8sw(fp — fsw)
— Yisees, 8p(fsE — fp) + Xywes, Enw(fp — faw)
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interior and exterior
non-top-most part
non-lowest part
southern boundary

northern boundary

(10)



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 9, No. 3; 2017

Similarly, by interchanging f and g,

(fiL78) = Xrea (fP(gP —8s) — fr(gn — gp) + fp(gp — gsw) — fP(gnE — 8P)
+fp(gr — gvw) — fr(gsE — gp))
= 2reo ((fP = fs)(gp = gs) + (fp = fsw)(gp — gsw) + (fp = faw)(gp — gNW))
= 2ved, fr(8N — &p) + Xses, fs(gp — &s)

— 2NEed, JP(8NE — 8P) + Xswea, fsw(gp — &sw)
— Yisees, fP(8sE — &P) + Xnwes, fnw(gp — gnw)

Setting the goal (L7 f, g) — (f, L7g) = 0 leads to backward difference version of the symmetric boundary condition,

Ynes, (fe(gn — gp) — gp(fn = fp)) — Xseo, (fs(gp — &s) — &5 (fp = f5))
+ Ynees, (fr(gne — gp) — gp(fne — [P)) = Dswes, (fsw(gr — gsw) — gsw(fe — fsw))

+ Yskes, (fr(gse — gp) — gp(fse — fp)) — Znwes, (faw(gr — gnw) — gvw(fe — fyw))
=0

Alternatively, we can make use of forward (in vertical direction) differences.

(L1f,8) = Xpea(Ufv = fo)gy — gp) + (fve — fr)ene — 8p) + (fse — fo)(8sE — gp))

— 2nes, NN = fP) + Xsea, 8p(fp = f5)
— 2.NEed, SNECNE = fP) + Ziswes, 8p(fp — fsw)
— 2skes, 8SE(fse — fp) + Znwea, 8PP — fyw)

Also, by interchanging f and g,

(fiL1g) = Tpea(Ufv = fo)an — gp) + (fve — fo)ene — 8p) + (fse — fo)(8sE — gp))

— 2nes, JN(EN — 8&P) + Xseo, fP(gP — &5)
— 2NEed, INEGGNE — 8P) + Xswea, JP(gP — 8sW)
— 2sEes, fsE(€sE — gp) + XDnwes, fr(gp — gnw)

Comparison of the last two equations leads to forward difference version of the symmetric boundary condition
Yives, (In(gn — gp) — an(fn — fp)) — Zsea, (fr(gp — 8s) — gp(fp — f5))

+ Yvees, (INe(@NE — gP) — gne(fve = fP)) — Zswea, (fr(gp — &sw) — gp(fr — fsw))

+ Yseea, (fse(€se — gp) — 8se(fse — fP)) — Znwea, (fr(gp — gvw) — gp(fp — faw))
=0

Taking average of Egs. (10 and 13), (11 and 14), respectively, leads to

<L7f7g> =

+

PIE ((fP — fo)(gp —gs) + (fp = fsw)(gp — gsw) + (fp = fyw)(gp — gNW))
2peq <(fN — fr)(gn — gp) + (fne — fP)(gnE — 8P) + (fsE — fP)(8sE — gP)>
Sves, B5E(fiy = fr) + Tseo, “FE(fe = fs)

- 2NEeo, (gNE;gP)(fNE = fp) + Xswea, W(ﬁv = fsw)

~ Ysres, EEE (fip — fr) + Sawes, L2 (fp — fuw)

= D=

51
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(filag) =3 Tpea((fr = f)(gp = gs) + (fr = fsw)(gp — gsw) + (fr = fuw)(gp — gnw))
+3 Zpea((fv = fo)en — gp) + (fvr — fo)(ene — gp) + (fsr = fr)(gse — gp))
- 2Ned, (fNZfP) (gn — gp) + Xses, (fP;fS)(gP - gs) (a7

- XNEed, (fNEzﬂ(gNE —8p) + Xswes, (ﬁ)+—2fsv”(gp — gsw)
- 2sEed, M(&S‘E - 8gp) + 2nwea, M(gp - gNw)

To summarize in compact form. Let P’ represent a member in the neighborhood of P € Q, that is, symbolically,

Pelpr, P,

P PS’ PSE’ PNE}

Sw?

Then, in terms of backward differences (using three lower neighbors, Eq. (10)),

(Laf.ey= D @p—gp)fr—fr)+ D gr(fr—fr)= D gelfr = fr)

P'eQyg P’eds P’edy

and, in terms of forward differences (using three upper neighbors, Eq. (13)),

(Laf.g) = Z (gp —gp)(fp — fp) + Z gr(fp— fr)— Z gr(fp = fp)

P'eQy P’eds P'edy

Taking average of these two leads to a compact form of Eq. (16),

1 y
Laf.8) = 5 2 (8 = gp)fo = fr) = 3 EEZE (fp = ) (18)

PeQ P’eo,

Similarly, with f and g interchanged, we obtain compact forms of Eqs. (11 and 14),

(f L2g) = Z (fp = fr)(gp —gr) + Z fr(gp—gr) - Z Jr(gp —gpr)

PreQy Preds Predy
(fiL28) = Z (frr — fP)(gp —8P) + Z fr(gp—gpr) — Z fe(gp —gp)
P'eQy Preog Pedy

and their average, now as a compact form of Eq. (17),

1 y
Fire) =5 o= feder—gp) = 3 P g — ) (19)

PeQ P’ed,

In summary.

Theorem 2 (Symmetric boundary condition and energy product for negative seven-point Laplacian on Cartesian net of
type I regular hexagons.)

QLY =(f L) =0 & Npeo (L5 (ep - gp) = S5 (fo — £p)) = 0

(20)
& Ypeo, (frgr — frgp) =0
If the above (implied) symmetric boundary condition is satisfied, then the bilinear form
1 1
Fo8, = (Laf.8) = {fulag) = 5 ) (o = fo)gp —gp)+ 5 ) (frgp = frrgp) 1)

PeQ P'eo,

is well-defined and symmetric.

Proof. Taking difference of Egs. (19 and 18) yields the symmetric boundary condition, while taking average leads to the
discrete product. O

Remark 1. The Theorem is valid on a general (not necessarily Cartesian) net of type I hexagons, because there is no
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usage of integral indices in the relevant discussion. Even more general case is applicable with central differencing in a
proper setup, as presented in Section 4.

Example 3. (Stencil-truncation.) Assume cell-average Dirichlet BC that the grid data vanish at ghost nodes, fp = gp =
0,VYP’ € 9,, the symmetric boundary condition (Eq. (20)) is then satisfied. The simplified energy product

1 1
(f. 8, = 3 Z(fP’ - fp)gp —gp) + 3 ZngP

PeQ) Peo;

is certainly positive-definite. We note the boundary functional is defined with multiplicities at interior boundary nodes.

Example 4. (Torus.) A Cartesian net of hexagons (Fig. 1), as a computational domain with periodic BC, corresponds to a
torus with no exterior boundary (ghost) node. The symmetric boundary condition for Laplacian is satisfied. The boundary
functional vanishes and the discrete energy product is positive semi-definite. (f, f),, = 0 if and only if f is a (single)
constant with the discrete topology being path-connected.

There are more examples along this line, with the periodic BC replaced by twist BC or by mixing of periodic and twist,
resulting in applications of dynamical systems for the real projective plane or a Klein bottle. Open field problems subject
to homogeneous Dirichlet or Neumann BC are discussed as corollaries to the general result in the next section.

4. Symmetric Boundary Condition for Discrete Laplacian by Cell-center Finite Difference

For applications involving discrete (negative) Laplacian in the form

L= Y Apfe-fr),

P'eN(P)

with Q and 0, denoting respectively the (disjoint) set of interior grid nodes and ghost nodes, we assume very general
assumptions that

(i) the discrete neighborhood topology is reflexive so that being-neighbor-to is a symmetric relation among interior nodes,

PQeQ, Qe NP) < PeN),

(ii) the central difference (CD) stencil is symmetric, assuming proper orientation (ordering) consistently in all (local)
neighbor lists, such that

A={Ap | P e N(P)} (independent of P € Q)
=(A(P,Q) | P€Q, Qe N(P)cQNd,), AP, Q) = A(Q,P)if P,Q € Q.

As an example, consider standard Laplacian on a net of type I regular hexagons (Figs. 1 and 3, and Eq. (3)), the
homogeneous discrete neighborhood is the relation

N = {(P.N(P)).(P,NW(P)),(P.S W(P)),(P.S (P)). (P, S E(P)).(P.NE(P))| QX (QU d,)
which is symmetric among interior nodes. We abuse the notation slightly and use
N(P) = { N(P), NW(P), S W(P), S (P),S E(P), NE(P) }

or, with implied dependence,
N ={N.NW,SW,S.SE.NE}|,  VPeQ.

The consistently ordered homogeneous symmetric stencil (Lee,2015) is,

1

2 } VPeQ,

1
"6

N =

s

AN =

s

N =

’

AN =

A= {ANaANW7ASW,AS’ASEaANE} = {
and, in order,
VPeQ, Pe [NNWSWS.SE NE}

Ap € {AN,ANW,ASW’AS’ASE’ANE} = {é’ 5

=
=
A=
=
—
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We add in passing, for anisotropic negative Laplacian (Eq. (3) on type I Hex net, that (Lee,2015)
A~{3D, - D\, 2Dy, 2Dy, 3D, - Dy, 2Dy, 2D,

The following relations are helpful.

Lemma 3

Ap(frgp — frgr) =0
PeQ P’eN(P)NQ

Ap(frgp — frgp) =0
PeQ PreNPINQ

We establish a very general result, as follows.

Theorem 4 The symmetric boundary condition for (Lf, g) = (Lg, ) is

Z Ap(frgr — frgp) =0,

PeQ, PPeN(P)NO,

and up to satisfication of which, the resulting energy product is

(fe = Z Z Ap(fp — fp)(gp —gp) + Z (frgp — frgr)

PeQ PPeN(P) PeQ, P’eN(P)NO,

Proof. Note that

(Lf, =) >, Av(fr—frigr

PeQ P’eN(P)
= Z Z Ap(fr— fr)gr + Z Z Ap(fp = fP)gp
PeQ PPeN(P)NQ PeQ P’ eN(P)NO,
(Le, fY=D. Do Ap(gr—gr)fe+ ), >, Aplgr—gp)fe
PeQ PPeN(P)NQ PeQ PPeN(P)NO,

By taking difference of the last two equations and using Eq. (22), we obtain

(Lf, gy =(Lg. H=D > Ap(fegr - frgr)

PeQ P’eN(P)NO,

Jfr + fp gr +gp )

@so) =) > Ap(T5T(gr —gr) = TS (e~ o)

PeQ P’eN(P)Nd,

which yields the symmetric boundary condition (Eq. (24)), while taking the average and using Eq. (23),

1
., ::E((Lf, Q) +(Lg, ) =(Lf,g)=(Lg, f)
1 1
=3 Z Z Ap(frgp + frgr — frgr — frgr) + 5 Z Z Ap (2fogp — frgr — frgp)

PeQ PPeN(P)NQ PeQ P’eN(P)NED,

(22)

(23)

(24)

(25)

(26)

:% Z Z Ap(fp = fp)(gp — gp) — % Z Z AP'((fP’ — fe)gp — gp) — 2fpgp + frgp + fP’gP)

PeQ P'eN(P)N(QUA,) PeQ P'eN(P)NO,

1
=52, O Arfr = fo)gr - g0 + B(f.9)

PeQ P'eN(P)

with boundary functional

1
Bl =5 ), (rer—frsr)

PeQ, PPeN(P)Nd,

Thus ends the proof.

54
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Remark 2. A second-order central difference approximation to the contour integral term (Eq. (5)) predicts correctly the
discrete symmetric boundary condition (Egs. (26 and 20)).

Corollary 5 Suppose every exterior (ghost) boundary node, P’ € 9, is of homogeneous Dirichlet, homogeneous Neumann
or Robin type such that, respectively,

either fp+fp = gp+gp = O,
or fe=fr = gr—gr = 0,

Jetfp _  getgp — ’ : ,
or ol il constp, ateach pair (P, P’),

then the symmetric boundary condition (Eq. (24)) is satisfied.
Corollary 6

(1) If a mixed type homogeneous BC consists of at least one Dirichlet and some Neumann node(s) with vanishing boundary
functional (owing to fp'/fp = fp'/ fp = £1 at boundary), then the energy product simplifies to

1
o= Le) = (Lfg) =5 > D (fr = fr)gr —gp) (28)

PeQ P'eN(P)

and is (symmetric and) positive-definite.

(i) If pure homogeneous Neumann BC (fpr — fp = gp — gp = 0) holds, then the symmetric boundary condition is
satisfied, the boundary functional vanishes, the energy product is reduced (to Eq. (28)) and is positive semi-definite such
that (f, f)r = 0 if and only if f is constant in each (path-)connected component of Q.

(iii) In case of (function) Robin BC (Eq. (9)) with c(x) > 0 on 09, the central difference approximation

fr—fo _ _ St fe

2h 2

with 2/ being the node-to-node distance, implies

]i: l—ch:Q
fp 1+ch gp.

Therefore, the energy product (Eq. (25))

1 1 4ch
=5y o= fo)er—gn+s  p.  (frgre—s) 29)

2
PeQ (P,P)EQX(N(P)N,) (1 +ch)

is positive definite, up to ¢ := ¢, .., > 0 in practice.

We note the boundary functional is defined with various multiplicities at ghost nodes.

4.1 Symmetric Boundary Condition for Five-point Laplacian

In a setup of rectangular grid, the scaled negative five-point Laplacian reads

Lfij=4fij— fi-rj = firrj = fijo1 = fijets
inwhich 1 <i <n,, 1< j<n,atinterior nodes, and i =0,n, + 1, j=0,n, + 1 at ghost nodes. The general theory (Egs.
(24 and 25)) specializes as follows.
Theorem 7 Let the indices run through all interior nodes, 1 <i < n,, 1 < j<n,.

(1) The discrete 2D symmetric boundary condition for five-point Laplacian is

Z (fi,ogi,l = fi18i0 * fin+18in, — f;’,n‘.gi,nv-f—l)

1
(30)
+ Z (fo,jgl,j = f1.j80.j + fr+1.i8n.j — fnx,jgnﬁrl,j) =0.
j
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(ii) Suppose the above symmetric boundary condition is satisfied, then the following expression
(f.o = (Lf.g)=(fiLg) =3 Z (80 i 2080y + D1fig 8 &+ Viiy Vi &y + Vi1 7 8)
bJ

+ Z (fi,lgi,l - fi,ogi,o) + Z (fi,nygi,nv - fi,ny+lgi,ny+l) (31)

l

J

+ Z (fl,jgl,j - fo,jgo,j) + Z (fnx,jgnx,j - fnx+1,jgnx+1,j)
J

defines a symmetric bilinear form.

The above theory were actually studied firstly in details, and motivated the discussion of Hex grid case (Section 3) and
then the very general case (Section 4). We omit any meta-analysis in deriving Eqs. (30 and 31). Instead, we specialize for
a commonly encountered application on rectangular grid.

Theorem 8 (Product-form symmetric boundary condition.) Suppose that the application data are (separable) in product
forms,

(aibj)i,j = (fi,j)i,j + (gi,j),',j = (Cidj)i,j’ (32)

then the symmetric boundary condition (Eq. (30)) simplifies to

(body = brdy + by s1dy, = bdn1) Y aici
i=1

. (33)

+  (aoct = arco + G +1Cny — Ay Cnys1) Z bjd; =0,

=1
which is satisfied if any of the following four conditions holds

bOdl - bldO + bn}.+ldny - bn).dny+1 = apcy —ajco + Ap+1Cn, — An, Cpo+1 = 0 (34)
body = brdy + byrdy, = bydysr = > bidj = 0 (35)

=1
apct — a1y + Ap+1Cp, = An,Cnel = Z aici = 0 (36)

i=1

Ny ny

Z a;c; = Z bjdj = 0 (37)

i=1 j=1

5. Discussion

We give here examples of sets of (basis) vectors which all satisfy pairwisely the symmetric boundary condition for discrete
Laplacian. The private BC in each case is indicated when it is convenient.

We consider 2D half-integral nodes

i-0.5 . j—05 .
X; = , 1<i<n,, yj= , 1<j<n,
ny ny

with extensions to ghost nodes. Depending on applications, several Cartesian type bases exist as summarized in Table 3,
in which the one-dimensional components are defined next.

5.1 One-dimensional Fourier Vectors

With (n, k, #) denoting (n,, i, x;) or (ny, j,y;), the Fourier half-wave Sine and Cosine, and quarter-wave Sine and Cosine
vectors are, respectively,

vi = sin(lny),  ul = cos((€ - Dat),  whi=sin((£ = 0.5)rt), 7% :=cos(t-0.5)mt), 1<kt<n  (38)
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The implied boundary values (k = 0, n) satisfy private BCs that

4 t 4

l ¢t £ _ L _ 4
V0+v1_vn+l+vn_u0_ul_un+l_u

PEW W S W m W =g =8 =g, 45, =0, VO (39)
We allow the extension that v? = u;’“ = 0 and refer to Figs. 5 and 6 for several low degree instances of these vectors.
The bases defined by Eq. (38) satisfy many properties, among which we mention the following.

(1) (Central-)Even-odd symmetry in half-wave vectors.

With f =V orul, f,_ = (=)’ Thatis,

n+1-i
20-1 20-1 2¢ 2¢
veloo= vt vt = v
T e T T s @
Uprmg = W U = TH
In particular,
20-1  — 201 20 _ 20
Vi = v, vy = v
20-1  _ 201 2 _ 20
u;, = uw',  ow = —uy,
and therefore as twist and periodic BCs, respectively, that
20-1 _ _260-1 — _.260-1 _  20-1 2 _ 20 20 _ .20
{ Varel =V = TVE = Vo s { Varr =7V VT = Vo @1
2 20 _ 20 _ 20 20-1 _ 20-1 _ 20-1 _ 201
U = Uy =7Up = Tly - Uppy = Up =l = Uy
(2) Symmetry in quarter-wave vectors.
With i+ =0+ =n+1,
Wl[ _ (_1)[+l Zl{ — (_1)i+1 Zf' — (_])t’+l+iwfl'
¢ e+l 0 e+l 0 Crlti 0 (42)
Z,’ = (_1) + Wl'r = (_1) + Wl'r = (_1) i Z,’/
(3) 1D orthogonality.
n, f:p:n’ n, ]:f:p,
WPy = 2, 1<l=p<n, W uPy=4{ 5 1<t=p<n, (43)
0, l§f¢p3n, 0, 1S€¢p£n
¢ ¢ n
(wiowh)y=(z, ") = S6ep (44)
(4) 1D cross-product.
P 0, if £— pisodd, 4s)
vi, ul) = _ _ . .
(esc (Hpnl)”/z +esc & p;l)”/z), if {— piseven.
(P S _ 1 (—p)m ; i
. (w,z") = 3csc—5-—, if £— pisodd,
(W', 27) = 1 (C+p-Dr . (46)
(wP, 'y = Jese =52, if {— piseven,

Orthogonal bases exist in various forms. We state a few.

Lemma 9 Every set in the following generates an orthogonal basis of R”.

(| 1<e<ny, G {7, v 1<e<
Q{uf | 1<t<n), @ (VL Wt 1<t
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vl ut
1 ,e/e/e/H—H\e\@\s\ 1 o—6—6—6—0—6—06—"0
0 0
-1 -1
0 0.5 1 0 0 1
2 2
1 /@/g 1
-1 -1
0 0.5 1 0 0 1
v3 3
1 % & © \% 1 e —or
0 \& / o \S /
1 1 - -
0 0.5 1 0 0 1
4 4
11— 1
Or 0
1 — -1
0 0.5 1 0 0 1
5 5
1 1
0 0
-1 = = -1
0 0.5 1 0 0 1
6 6
1 1 &
0 0
1 1 S
0 0.5 1 0 0 1
7 7
10 S 1
0 0
-1 -1
0 0.5 1 0 0 1
8 8
1 ay o o 0o 1
0 0
1 S S e S 1 &
0 0.5 1 0 0.5 1

Figure 5. Fourier half-wave Sine and Cosine vectors of degrees up to eight
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w
W i
0 0.5

2
/O/e/&
0 0.5
3
%/T\\N‘ )]
Q. /@/Z/
0 0.5
4
0 0.5
5
0 0.5
6
0 0.5
7
0 0.5
8
0 0.5

4
© W
0.5 1
2
0.5 1
3
@ /ﬂr AN
\@\ B
0.5 1
Z4
0.5 1
5
0.5 1
6
0.5 1
7
0.5 1
8
0.5 1

Figure 6. Fourier quarter-wave Sine and Cosine vectors of degrees up to eight
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Remark 3. These four algebraic bases are also eigenbases of the 1D three-point Laplacian subject to separable or non-
separable BCs of types (D)irichlet, (N)eumann, (P)eriodic and (T)wist, respectively, as follows.

(i) Dirichlet:  fo =—=fi, faor1 =—/a
(ii)) Neumann: fy= fi, fu1= fu
(iii) Periodic:  fo = fu, fur1= N
(iv) Twist : Jo=—fu o1 =-N

The corresponding BCs, for smooth functions, are

47)

(i) Dirichlet:  f(0) fQ) =0
(i) Neumann : f’(0) = f'(1) =0
(@iii) Periodic :  f(0) - f(1) = f/(0O")—f'17) =0
(iv) Twist : fO)+ () =fOH+fA7) =0

The Twist subcase suggests that the dynamics of a BVP solution be realized on a Mobius strip, while on a circle with the
periodic one.

5.2 Two-dimensional Fourier Vectors

With admissible indices 1 < £,i < n,, 1 < m,j < n, and extension to ghost nodes, we define 2D Fourier Sine, Cosine
and two mixed type vectors, respectively,

Lm — (# tm l — o :
vimt= (v v = v v = sin(Crxg) sin (mmy ),
ubm = whm). . ut™ = b = cos ((€ - 1)mx;) cos ((m — Dmy;),
bj 7] bj i 7 (48)
olumy; ;= (vfu;f’)i’j, Ve u = sin ({mx;) cos ((m — Dy;),
(utvmy, ;= (ufv?’)i’j, ut Vit = cos (£ = Dmx;) sin (mmy;),
with the convention that
Vi =0, if tm=0, and u" =0, if £=n,+1 or m=ny+ 1.
Another four bases of mixed type are
wim = (Wlt’]m)l . Wf,;n - WfWT — sin ({’—O.S)n(i—O.S)n sin (m—o.szl(,‘/‘—o.syr
' ' (49)
tm — (L tm . fom _ (£-0.5)(i=0.5) (m=0.5)(j=0.5)r
M= (G wy = 72 =cos B COS P
and
(wizh),, = (sin (E0SN=05)m (o (M=09)=05)m)
J i e ny ij (50)
¢ o ((=0.5)(=0.5)1 :  (m=0.5)(j=0.5)r
(Gwi); = (cos o sin e )ij

Appropriate BCs in applications with these bases (Egs. (48,49 and 50)), among others, are shown in Table 3. The
associated priviate BCs can be expressed collectively, with 1 < £ <n,, 1 <m < n,, as

4 m ¢ m ‘4 m 14 m
Wo Wy Vet Vnrl Zuar g

o _0_"0_ 70 _ - = = =1

l m ¢ m ¢ m l m
vioovioowpow Va, Vi, Zn, Zny 51
¢ m 4 m uf u™ W[ m ( )
Uy Uy %y _ % netl Ul W Ul
T om0 " Tm T ¢ T Tom T ¢ T Toom
u 1 ul < 1 Z1 Un, u”y Wi, W",v

More bases and BCs appear in Tables 4 and 5, in which the types of BC are consistent with usage in Remark 3, except
for a new type: A(lternating between D and N). Discrete symmetric boundary condition and energy product for five-point
Laplacian are discussed next.
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Table 3. Fourier bases on rectangular half-integral nodes and associated BCs

Basis BC.w BC.e BC.s BC.n
DD-DD, {(v vm),d}&m vf; = —vf Vﬁx+1 = —vfh vy = -V VZ?H =-Vp
NN-NN, (Gl i), uh= uf = ul = =)
DD-NN, {(v u’”),j}gm vg = —vf mel —vﬁX uy = uf M:ZH = u,
NN-DD, {( u[ vm),]}[,m uf) = ul "‘i+1 = uﬁ vy = -V v;'z“ =V
DN-DN, {(wiw) ), - wh=-wi Wi = wi  wi=—wi wi, = wy
NDND, (2}, %= 4 fa=-um @= & aa=-a
DN-ND, (0w 2fisl,,  wo=-wi wi.= wi = g,=-a
ND-DN, {(Z w’”),,}&m zg = Zf Z,(;XJrl —Zflx wy = —wY' il = W
DD-DN, {(v w’"),j}[’m vg = —v{ Vﬁxn —vﬁx wg = —wl wn’”yJr1 = wf{i
DDAD. {(2,), V= =i g= @ =

tm Nx x ny 'y
NN-DN, { u: w’”),,}&m ué = uf ufml = uﬁx wy = —wY' Z“ = w;,';
NN-ND, {( ufz’")l]} uh= ub U= ul = =

tm ny x ny y
DN-DD, {(w vm)l J}&m wg = —w‘; wfh I wﬁx vy = v v:'; = vzl\
DN-NN, {wfu)ig), - wh=—wi Wi = wi = = u
ND-DD. {(fvIij),, %= & . =-m =N v =
ND-NN, {(Z ”m)lj}[’m Zé = Z[17 Zﬁx+l = _Zﬁx uy = uy Z_?v+1 = U,
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Table 4. Eigenpairs of negative 5-point Laplacian, Part I

. Types of BCs .
Case Basis pe . Eigenvalue
iniand j
la va’]’.’ D, D Adew  =4-2cos an —2cos ’,'1‘—”
-1 1
b ulum N, N Ao =4 —2cos EDE 2 cog =br (m L
i K ny
Ic vfu']?’ D, N Aem  =4-2cos ﬁ—” — 2cos = (m 1)”
-1
1d ufv;” N, D Aem =4 —2c0s (n—)” —2cos ’;ﬂ
- T T
2a va?’” ! A T Aepmy =4 —2cos £ —2cos @m=Dr
‘
ul[uf’” Aeom =4 —2cos M;l)” 2 cos M
X
_ -1 2m-1
2b ufv?’" L A, T Apom-1 =4 —2cos (n—)” —2cos M
2m-1
vfu?m depm  =4-2cosZ —2cos Gm-lx
-1
2¢ "v?’" 1 D, T Agom-1 =4 —=2cos Z —2cos ( m‘ )”,
viydm Apom  =4-2cosE  —2cos Enbr
i > n ny
F Dme -1 2m-1
2d ufv?’" L N, T Apom-t =4—=2cos " nx)" 2 cos M
1 -1
ubum Aeom =4 —2cos (ln ) _ D cos Zmbn
X }
2e vfu?’"‘l, A, P Arom—1 =4 —2cos 2—” —2cos M,
)
-1
ufvi’" Adeom =4—=2cos X — 2 cos 221
_ _1 2m-2
2f ufu?’" 1 A, P Arom-1 =4 —2cos ([nx)” 2 cos @,
va?’” Aepm  =4-2cosZ —2cos 2t
_ )
2g vfui’" ! D, P Aepm-1 =4 —=2cos 2 —2cos @m-2)n )"
va%’” Aeom =4 —2cos fTﬂ —2cos %
- -1 2m-2
2h ufu?’" L N, P Apomy =4 —2cos nx)" 2 cog Zm=2n )”
ubyzm Adpom =4 —2cos EDr _ 9 oo 2m
i ] > n.’( n
- 7T
3a ?f 1 ¢ T, A Ao =4 - 2005(5 i ZCOS’Z—”,
u 'y Aoy m=4-2cos (2[;1)" 2 cos =T ('” 1)”
_ 20-1 1
3b v, T, A Aag-im =4 =2 cos o — 2 cos WL,
wt Aoy m=4—2005(2€nir—2005M

X
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Table 5. Eigenpairs of negative 5-point Laplacian, Part IT
Case Basis Tin:I eis ;)If(Fst Eigenvalue
3c ff’lv?’, T, D Aor_1m =4 —2cos (Zf 1)"
ur v Aoy ,m=4—2005%—2cos?
3d v, T, N Aapo1m = 4 = 2cos o — 2 cos T,
ut uy Ay m=4—2cos (2[,:)” 2 cos - ‘1)”
3¢ w v, P A Aog-1m =4 —2cos BEDT —
vl.% u Aoy m=4-2cos Znﬁr —2cos (m )1)"
3w, P A Aog-1m =4 = 2cos BEDT 2 cos (A,
vl.% v;" Ay = 4—2005% —ZCos’Z—f’
3wy, P, D Aog-1m =4 —2cos BEDT
viy v? e m = 4—2(:0s2nﬁT —2005?
3h Wty P, N g1 = 4 = 2cos CEBT — 2 cos LT,
v ! e m=4-2cos2E  —2cos (’" 1)"
4a Vi%_ I V?m_ I , T, T A2e—12m=1
V,?[_luim = A2e-12m
u; V?mfl = ome
w " =y o2m =4-2cos (2[,;1)" 2 cos 22D
4b M?[_l V?m_l s P, T A2e—12m-1
uff‘lui’" = Ayr1om =4—2cos (25,;2)" 2 cos (2’")1)”
vt V?"’ L Ao 2m-1
vie =y om =4-2c0s%%  —2cos Gm-lr
4c Vl.%_ 1 M?m_l s T, P Arp_q 2m-1
ul.zf u?m‘l =y om-1 =4—-2cos @T —2cos %
vt A2e-1.2m
u? v?m =y om =4-2cos (25,;1)" 2 cos X (2'")"
4d 21 f’” L P P Aor-1om1 =4 —2cos (2{7 2)" 2cosM
uff’lvi’" Aye—1om =4 -—2cos Qaﬂ —2cos 2%1
v u?”‘" D¢ ome1 =4-2cosZZ —2cos M
p2lym Ao om =4 —2cos iz —2cos 2’"—”,
i J > ny ny
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5.3 Discrete Two-dimensional Symmetric Boundary Condition

Following the general usage of the vector notations (Eq. (32)), we note the following.

Example 5. The product-form symmetric boundary condition (Eq. (33)) is satisfied by all the 16 bases in Table 3.
Proof. With the specified component bases (and f # g), each of the individual BCs (Eq. (51)) implies

Cn, ’b_O_dO’ bny B dn

>

a ¢ a 19 by di bun+1 dps
{_1 €1 Gnal Cpe1 by 1 Ongt dy, }C{i 1}.
ap Co dap

X X y

Hence the assertion, by Eq. (34).

An alternative argument exists as follows. Forab = f # g = cd,

ifa # c,b #d,then {(a,c) =(b,d) =0,
if a # c,b=d,then(a,c) = bod; — bido + by +1dy, — by dy 41 =0,

ifa=c,b+#d,then(b,d) = apc1 — aico + an+1¢n, — Ay, Cny41 = 0.

All Egs. (34, 35 and 36 ) are thus satisfied in these 16 cases. O

Discussion of cases in the next example makes use of (i) Eqs. (35 and 36), (ii) the respective BCs (Eq. (39)) of 1D Fourier
vectors, and (iii) the even-odd symmetry (Egs. (40 and 47)) that
(3 i) =

20
0 H

( Vv V%f VZI 20
( u2€—1 u%
(u

> Vie > Vird

(

) (

NN o S R G N N W U R
) (

¢
2w 20 2
uy Uy, s Uy 4

0
20
0
and the same holds with (/, n,) replaced by (m, n,).

Example 6. We justify the symmetric boundary condition (Eq. (33)) for all 24 bases listed in Tables 4 and 5.
(1) The first four (1a-1d) options of bases are covered in the previous example.

(2) For bases (2a-2d), we note

b} — v2'm—1 dj — uzm’ < b, d > — < v2m—1, MZm > =0

J ’ J

and

2m—1,2m 2m—1_2m 2m—1_2m 2m—1, 2m
(bod1, —bidy, buv1dy,, —bndn1) (v - u

o Ui TV Uy, Vi Uy, TV, Uy
_ 2m—1.2m
= " u"(-1,-1,1,1).

(3) For bases (2e-2h),
bj — u2‘m—l, dj — v2]n < b, d) — < MZm—l, v2m ) — O,

and

(bOdl, _bldO, bnerldny’ _bn),dn}.+1) (u2m—l 2m _u2m—l 2m 2m=1._2m __2m-1_2m

0 Vi TUD Vo Upyy Vi Ty Vi

= uNVIm(,1,-1,-1).

(4) Same argument applies to bases (3a-3h), as does for (2a-2h), by an interchange of the two symbol lists

{j,m,ny,b,d} and {i,{,nx,a,c}.
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(5) It is similar for bases (4a-4d). We mention for basis set (4a), by Eq. (41), that

20-12m=1  20=1 2m 20 dm-] 20, 2m
fe{ Vit vy U, up v U U }

Joj = €fujs a1y = €f1js Jio = €fings Singe1 = €fin.
with € = —1. Note that € = 1 works for basis 4(d).
5.4 Two-dimensional Non-product Type Pairs

This is an example on type I Hex grid. For convenience, we label components of the symmetric boundary condition (Eq.
(30)) as follows,

S
Il

1st-sum + 2nd-sum + 3rd-sum + 4th-sum

Z (fiogi1 — fi18i0) + Z (finy+18iny = fin,&imy+1) (52)

+ Z (fO j81.j fl ,j80, j) + Z (fmﬁ—l j8n.j — fnrjgnx+1 J)

J=1 J=1

and consider three non-product type families (and members),

. O m
Pair 1. f,ge{zz W WJ}Zm’
. O om
Pair 2. f.8€ {Ziz Wi W }[,m
Pair 3. fe€ {Zﬁz’f’ +wl Wm} g €zl - W{‘”Wr'n} :
[ 1 J)tm ’ tJ ! JItm

We note these are invariant under some operator, Qﬁ' (Lee,(2016,submitted)), on a net of type I Hex grid.

In above and below, the admissible indices satisfy
1<i,6,0,p,p' <ny, (+0 =p+p =n,+1, 1 < jm,q<ny.

Theorem 10 (Pair 1 and pair 2.) Let
f~~—zz’"+w‘)w] 8ij=2

If (i) g = m, or (i1) p = ¢’ and m — ¢q is odd, then the symmetric boundary condition (Eq. (30)) is satisfied on both pairs.

Proof. With respect to Eq. (52), it is straight forward to derive the following,

. +sec(“£’—1)"sin %, if (— p is even
st-sum = d ) . .
+ sec L2 p)"sin%, if £ — p is odd
X
2nd-sum = (=147 . (1st-sum)
3nd 0, if g—m is even
rd-sum =93 5 ooc qzm)” cos & 2?15)" cos (p_zg's)", ifg—m is odd
Ath 0, if g—m is even
TSUM =1 42 e @ ()47 gin 0T gjn @097 i 0y s odd
ny n iy
This ends the proof. O
Theorem 11 (Pair 3.) Let
fii =32 +wiw? 8ij =22 —wlwi.

If p = ¢’ and m — q is even, then the symmetric boundary condition (Eq. (30)) is satisfied.
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Proof. The following are obtained.

—sec (“é’,;l)” sin (erZ”f;I)”, if £ — p is even
Ist-sum = { —sec “;T{M sin —("’J“zq';l)", if (- p is odd
2nd-sum = (=1)""? . (1st-sum)
Srdesum = { —-2csc (m+2qn;1)” cos ([_2(31'5)" cos _285)", ifm—gq is even
0, if m—¢g is odd
Athsum = { (-DP2csc (m*fn:l)" sin “’2(})1'5 7 Sin 2 ;g'f)”, ifm—gq is even
0, ifm—gq is odd

]

We note all the calculations of discrete inner-products involving finite trigonometric series are derived by hands and also
verified by C-codes.

6. Conclusions

Cell-centered hexagonal finite volume based finite difference method were confirmed effective in Poisson problems and
also in time-dependent problems such as to exhibit successfully linear and spiral waves. The hexagonal seven-point
Laplacian is analyzed in this work by using symmetric boundary condition. The developed theory, together with some
examples, are readily generalized to many two- and three-dimensional applications up to usage of symmetric central
differences. Further generalizations to biharmonic and self-adjoint operators are expected.
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