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Abstract

We show that there are no nontrivial stationary solutions of certain decay order for some applied nonlinear evolution
equations which include the thin epitaxial film model with slope selection and the square phase field crystal (SPFC)
equation. The method is to use the Morawetz multiplier and the Gagliardo-Nirenberg inequality.
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1. Introduction

Consider the thin epitaxial film model with slope selection (Li & Liu, 2004; Shen, Wang, Wang, & Wise, 2012; Wang,
Wang, & Wise, 2010; Xu & Tang 2006),

ou
= -£2A%u+V - ((Vu[ Vu) - Au (L.1)

and the square phase field crystal equation (Cross & Hohenberg, 1993; Hern&ndez, Castafeda, & Cadenas, 2014; Hoyle,
1995; Lloyd, Sandstede, Avitabile, & Champneys, 2008),

%“ = A(yoU +7,AU + £°A%u—V - ((VU[* Vu)) (1.2)
The stationary equation of (1.1) is
-e? AU+ V- (|Vu|2 Vu)—Au =0,
that is,
g*A*u -V - (|Vu|2 Vu)+Au = 0. (1.3)
The stationary equation of (1.2) is
Ay U+ 7, AU+ g° AU -V - (|Vu|2 Vu)) =0.
Thus
7oU+ 7, AU+ g2 AU -V - (|Vu|2 Vu) =0, (1.4)

if the solution decays at infinity.
In this paper, we will study the equation that is more general than the above equations (1.3) and (1.4),
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A*u—-V. (|Vu|"_2 Vu) +aAu +bu + f(x,u) =0, (1.5)

where a and b are constants and f is a continuous function. We will show that under certain conditions of a, b, and

f (x,u), there is no nontrivial solution with certain decay order for (1.5). The method is to use the Morawetz multiplier
(Levandosky & Strauss, 2000; Morawetz 1968) and the Gagliardo-Nirenberg inequality (Bellazzini, Frank, & Visciglia,
2014).

Nonlinear fourth-order elliptic equations related to (1.5) have attracted a lot of attentions lately. For example, for the

equation —A%u =uP", itis known (Lin 1998; Wei and Xu 1999; Fazly, Wei, & Xu 2015) that it doesn’t have a nontrivial

4 _ n+4
with N>5,and p>1 1with n<4.Also for the case of p=——

n-4 n-4
all solutions are classified. Thus it is natural to consider the case of equation (1.5) which combines the effect of

nonnegative solution when 1< p <

nonlinearity, fourth order, and the p-Laplacian operator (Drébek 2007).

As usual, X =(X,X,,...,X,), VU denotes the gradient of u, V -U denotes the divergence of u, and ' = |X| . Also

: _ - ou : ou X
the subscript denotes the partial derivative, thus U, =— . We also use the notation U, =—=—-VU and

0S or r

oF(x,s) X
or

0
0. = F. (X,s) denotes =.V F(x,8) . C*(R") is the space of functions whose partial
X r

J
i
derivatives of order up to and including k are continuously differentiable.

Define the following four sets of functions Dy, x (R"), En(R"), Fa(R"), and NF(R"), which we will use in this article:

X(Z

Dy« R)={u|ue C*(R"), Lim(‘s?p( D'Bu(x)‘)} =0, for all multi-indices o and B € N such that
2% |x<R

|a|§hand||3\§k, Wherea=(a1, o, ...,(ln), B:(Bl, Bz,...,Bn), |(l| =0 top+...+ad, and |B‘ =B1+B2+ +Bn- }1

En(R") = {a]aeCYR"), SUp (x™la(x)|) <o for some p>0andm>0},

‘X‘Zp

Fo(RD) ={u] lim (R ‘S‘lilg IF(x, u())) =0},
And
NF(R") = {u| '[R" [NF(X, u(x)) + rF(x, u(x)) — ((n-1)/2)f(x, u(x))u(x)] dx <0 },

where F(X, u) is the antiderivative of f(x, u) with respect to u such that F(x, 0) = 0.

Remark 1. A function u is said to be of decay order (h, k) if and only if u € Dy, « (R"). All the functions are assumed to be
real-valued.

2. Morawetz Multiplier
Multiplying both sides of Equation (1.5) by Morawetz multiplier {(u, + ((n — 1)u/(2r))), where { € C3(R™) and {(x) = {(|X|)
= {(r), we get

0=[A%u —V-(|Vu|p_2 Vu) +aAu +bu + f(x,u)l (U, +%) =V-Y+2Z, 2.1)

where Y depends on { and u as well as their partial derivatives up to and including the third order and F(x, u), and
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z :£(Au)2 + AU, +B(VUl —|u ) +Cu? + (£ 1P
HE-OvuP [, +—uu]+[4 - DO+ Dp- 20DV}

(¢, |Vu|2 VUV~ fuf + G —4)(|Vu|2 ~u)

n-1.1

+ Sl -5 AL+ }

(e -1 n-i _
+b2u <, + - $)F(x,u) + or S f(x,u)u—<gF (xu)

where
2o (=D(n-3) —5)
A=-1o
2 2r?
z <
- (P +2n-19)(¢ -
o 3 g 7 )¢ =)
2 r or2
g
con=Lid’ (=3 (0-3(-7)¢" 3(n=3)(n=5)( —>]
2 2r r2 2r 2r4 )
and

P= %[Z(SH“)Z —Z(Zx—r"siyju)z] >0,

X X
Where S; .U =r—;Z[xk (X0, —xiak)ur]+ajZ[r—§(xkai — X0, )ul.
k k

3. Nonexistence of Nontrivial Solutions
Theorem Assume p > (2n)/(n + 1) and u € D, 3(RM)NF,(RDHNNF(R").

(a) If a> 0 and b > a’C,%12, then u = 0, where C, is the constant, depending only on the dimension n, for the
Gagliardo-Nirenberg inequality.

(b)Ifa<0and b>0, thenu=0.
Proof:
Let R > 0. Integrating both sides of (2.1) in [x| <R and using the Divergence theorem, we get

0= [ Y- (x/R)ds+Ide
[x=R

LetR — 0. We get 0= lim j Y~(x/R)ds+Ide
Rn

Now we let {(X) = {(|x|) ={(r) =rin (2.1). Then
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0= jde
.

_2n—(n+Yp
2p

Vul? —a1|Vu|2 + blu2
2 2

-] £ (auy
“nF(x,u) - ”T_l f (x,u)u — rF. (x, u)}dx

Thus

!n{g (Au)? —%TOH)DWUVJ —a%|Vu|2 +b%u2}dx

(3.1)
n-1
= j {nF (x,u) ——= f (X, u)u+rF. (x,u)}dx
R" 2
To show the assertion (a), we recall the Gagliardo-Nirenberg inequality (Bellazzini, Frank, & Visciglia, 2014)
2 2 L ,
[Ivul"dx<C,([]ul dx)? ([ |au[ dx)? (32)
R" R" R"

where C,, depending only on n, is the least positive constant such that the above inequality (3.2) holds for all u in H*(R").

Therefore, since a > 0,

aC,
2

2 oyl SRC
EJﬂ|Vu|dXS (R[M dx) (Jn|Au|dx)

2,2
L2 G, _[|u|2 dx+§j |Au|2dx
24 ), 23

Thus
2n—(n+1 b a’C’
j{—MWur’ - 220 u2ddx
: 2p 2 24
< J'{E(Au)2 —MWMp —al|Vu|2 +b£u2}dx
o 2 2p 2 2
n-1
= j {nF (x,u) === F (x,u)u + I, (x,u)}dx
Rﬂ
22
Since b>a G, and pzﬂ.
12 n+1
we have
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since u e NF(R").
Thus

Since u € D, 3(R™), u=0.

2n — (n+1)p| | 9

0<j{ >

a’C’_,
o I
< J.{nF(x,u) _T_l f (x,u)u + rF, (x,u)dx
<0

2 2
J-{_Zn—(2n+1)p|vU|p+g Cn] uZ3dx = 0

2n
For the assertion (b), sincea<0,b>0,and P = —1 we have from (3.1),
n+

0< F;[{g(Au)z _%r:—l)pwuv —a%|Vu|2 +b%u2}dx

= [OF (o) = T2 (x U+ 1F, )

<0,

since u € NF(R").

Thus,

FE[{g(Au)2 _%n;l)pwur —a%|Vu|2 +b%u2}dx =0

Since u € Dy, 3(R™), u=0.

Remark 2. As an example for f(x, u), let f(x, u) = q(X)Juf*u, s > 1. Then

where

Assume q € E(R").
For u to be in F,(R"), we need

|S+l

F(x,u) =Si+1q(x)|u

q(x) = a(x)) = a(r).

!{im(Rn sup|F (x,u(x))| =
—© [x=R
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that is,
lim(R" sup(q(x) uC)f™) =0
This would be satisfied if
lim(R" sup((x(" [u([")) =0 (33)

The above condition (3.3) would be satisfied if u is of decay order (n+m, 0).
As for u to be in NF(R"), since

|s+1

nF (x,u) +rF (x,u) - (—)f(X u)u—[Tq —qr—(—)Q]IU

. . n r n-1

u would be in NF(R"), if ( q+ q, — q)<0
s+1  s+1 2
Thus, if
ns—n-s-1
rq, < (———)a, (3.4)
2

then u is in NF(R").

e ns—n-s-1 - .
Therefore, if u is of decay order (n + m, 1) and rq, < (f)q, u satisfies the assumptions of the

theorem on u. In particular, s must be > (n+1)/(n-1) if g is a positive constant and s must be < (n+1)/(n-1) if g is a
negative constant, in order for the inequality (3.4) to hold.

Remark 3. A similar conclusion can be obtained for f(X,u) = ql(X)|u|W1 u+d,(x) |u|ﬂ7l u,where ¢ > f>1.

4. Conclusion

The classification of entire solutions of nonlinear elliptic equations is one of the intensively investigated topics. Our goal
is to completely classify all the solutions of the relatively new equation (1.5). The work in this paper is only a first step in
this direction. We will carry out more research in this direction in the future.
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