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Abstract

We consider a one-dimensionnal bilayer model coupling shallow water and Reynolds lubrication equations with a molecu-
lar interactions between molecules. These molecular interactions give rise to intermolecular forces, namely the long-range
van der Waals forces and short-range Born intermolecular forces. In this paper, an expression will be used to take into
account all these intermolecular forces. Our model is a similar model studied in (Roamba, Zabsonré& Zongo, 2017).
The model considered is represented by the two superposed immiscible fluids. A similar model was studied in (Zabsonré
Lucas & Fernandez-Nieto, 2009) but the authors do not take into account the intermolecular forces. Without hypothesis
about the unknowns as in (Roamba, Zabsonré& Zongo, 2017), we show the existence of global weak solution in time in
a periodic domain.

Keywords: shallow water equations, bilayer models, viscosity, friction, capillarity, intermolecular forces
1. Introduction

The purpose of this paper is devoted to the existence of global weak solutions to 1D pollutant transport model. This model
can be used to simulate for instance the evolution of a pollutant fluid over water. It is a bilayer model of two immiscible
fluids where the upper layer can be represented by a Reynolds lubrifications model and the lower layer by a shallow water
model.

This work follows the work done in (Roamba, Zabsonré & Zongo, 2017). In (Roamba, Zabsonré & Zongo, 2017) as in
this present work, we use a model of transport of pollutant in 1D formally derived in (Fernandez-Nieto, Narbona-Reina
& Zabsonré 2013). In (Roamba, Zabsonré & Zongo, 2017), the authors showed the existence of global weak solutions
of similar model derived in (Fernandez-Nieto, Narbona-Reina & Zabsonré 2013). To lead well this result, the authors
considered the condition according to which h, < h; (the water layer is more important than the layer of the pollutant).
We suppose in this paper the existence of molecular interactions between molecules and this leads us to use the force of
Van Der Waals which is given by V(h;) = i -z

b h
Herminghaus & Jacobs, 2001). This force of Van Der Waals allows us to lower the height of water which allows us to get
around hypothesis made in (Roamba, Zabsonré& Zongo, 2017). The model studied is read as follow:

(a > 0), see (Kitavtsev, Laurencot & Niethammer, 2011; Seemann,

Ohy + 0x(hyuy) =0, 6]

1
3 (huy) + 8, (hyuy?) + Egaxh% — 410, (h1dxuy) + % — h0(ad2hy = V(hy))

Vghlaxhz + rghzz’)x(hl + ]’lz) + r1h1|u1|2u1 =0. )
i + O (houy) — 62 — ax((ahz2 + bh23)6xp2) 0. 3)
with |
a
0,p2 = 0280 (1 + hy) and V() = i (a>0), €]

1 1

where (f,x) € (0,T) x [0, 1].

These equations represent a system composed of two layers of immiscible fluids.
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We denote h,, hy respectively, the water and the pollutant heights, u; is the water velocity. We introduce the ratio of

densities r = L2 where p; and p, denoted respectively the densities of the water and the pollutant. v; is the kinematic
P1

viscosity; g is the constant gravity.

The coeflicients o, r; and S are respectively the coefficients of the interfaz tension, quadratic friction and positive slip

length parameters. a and b are respectively depending on the friction at the interfaz and coefficient of the viscosity of the

pollutant. @ and ¢ are positive constants.

From a theoretical point of view, several studies have been carried out on the existence of global weak solutoins of
shallow-water equations model. We cite among others some results concerning the existence of global weak solutions of
the transport models.

The existence of weak solutions for a viscous sedimentation model is obtained by assuming smallness of the data in
(Toumbou, Le Roux & Sene, 2007) in which the viscosity term is the form —vAu. The authors in (Zabsonré Lucas & Fern
ndez-Nieto, 2009) studied the stability of global weak solutions for a sediment transport model in two- dimensional with
the term vdiv(hVu).

The stability result is obtained without any restriction on the data and by using a mathematical entropy introduced first in
(Bresch & Desjardins, 2003) namely BD entropy. The BD entropy allows us to get regularity on d, VA, see lemma 2. The
authors in (Bresch, Desjardins & Grard-Varet, 2007; Bresch, Desjardins & Lin, 2003; Marche, 2007; Mellet & Vasseur,
2007) use the BD entropy inequality to get the existence results of global weak solutions for Shallow-Water and viscous
compressible Navier-Stokes equations. In (Kitavtsev, Laurencot & Niethammer, 2011) the authors proved the existence
of global weak solutions for one-dimensional lubrication models that describe the dewetting process of nanoscopic thin
polymer films on hy-drophobyzed substrates and take into account a large slippage at the polymer-substrate interface. In
their work, the authors have used an intermolecular force that is very crucial in ours.

In the analysis, our contribution is to show the existence of global weak solutions for a similar model studied in (Roamba,
Zabsonré & Zongo, 2017) taking into acount the presence of intermolecular forces, namely long-range attractive van der
Waals and short-range Born repulsive intermolecular forces without any hypothesis on unknown.

We complete the system studied with the initial conditions
h1(0,x) = hy,(x),  h2(0,x) = hpy(x), (hiu1)(0,x) =mp(x) in (0, 1). )

hi, € L2(0,1),  hy, +hy, € L*(0,1),  8x(hy,) € L*(0, 1),

dmyeL'0,1), my=0 if £y =0, (6)
2
Ml e o, gty e ',
Lo

where ¢ will be defined later on (see (13)).

Our paper is organized as follows. First of all, we will give in the Section 2, the definition of global weak solutions,
secondly, we will establish a classical energy equality and the “mathematical BD entropy”, which entails some regularities
on the unknown. Thirdly, we will give a proposition allowing us to limit inferiorly the height of water which is very
fundamental for the continuation since this limit study gives us additional regularities on the unknowns. Fourthly, we will
give an existence theorem of global weak solutions. And finally, we will give the proof of existence Theorem including
the limits passage.

2. Main Results

Definition 1. We say that (hy, h,, uy) is a weak solution of (1)-(3), with the initial condition verifying the entropy inequality
(12) for all smooth test functions ¢ = ¢(t, x) with (T, ) = 0, we have:

T 1 T 1
ho1¢(0,-)—f f h@gﬁ—f fhlulax¢=o 7)
0 0 0 0
T 1 T 1 T 1
—029(0,.) - f f hadip f f hoi6 + & f f Py
0 0 0 0 0 0

T 1
. f f ((ahs? + b0, o = 0 ®)
0 0
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Tl T Al T Al
h()ll/l()1¢(0, ) - f f h1u16,¢ - f f h1u126x¢) + 4V1 f f hléxulc')xqﬁ
0 Jo 0 Jo 0 Jo
1 T ! T Al T Al
o f f o + f f (@52 = V)ddh + f f (@ hy = V()06
BJo Jo o Jo o Jo
1 T Al T Al T Al
__gf f h%ﬁx(p — rgf f hohi0x¢ + 11 f f h1|u1|2u1¢
2% Jo Jo o Jo o Jo
VS| T T Pl
_rgf f ohy0.hy — rgf f (hy + hy)hy 0. — rgf f (hy + h)0hyp =0 9)
0 Jo 0 Jo 0 Jo

Lemma 1. (Energy inequality) For classical solutions of the system (1)-(3), the following inequality holds

d (1 5 1 , 1 , 1 5
= [_hl|ul| + Uh) + 581 =Nl + Srglhy + hal” + 5010 ]
0

+4v1f 110 u1| +—f |u1| + grsf [0 h2|
0

T 1 1 ] 1
- f f Il + parg’ f 10 + o)+ bls) < 3 rge f 02 (10)
0 0 0 0

where the potential function U is the indefinite integral of V defined by U(h;) = — h; > 0.

1 .
202 3h

Proof: First, we multiply the momentum equation by u; and we integrate from O to 1. We use the mass conservation
equation of the first layer for simplification. Then, we obtain

1 1 1 1 1 1 1 uz
f o)+~ f ¢0 I 4 f 8,y Yy f hund(00h, — V() + f i}
0o 2 2 Jo 0 0 o B
1 1 sl
+rgf hi10chouy + rgf hy0(hy + ho)uy + ry f f h1|u1|4 =0 (11D
0 0 o Jo

Now, let us simplify each term:
1 1
. —4f 0x(vih O xuy )uy =4V1f hy(0yu1)*
0 0
1 1
o - f 8 (cd?h — V(hy)) = f 3 (hu)(od*hy = V(hy))
0

_ f (o hy = V(i)

f 0B0idihy + f BU(h))
0
1
- [ a5t + vaw)
0 2
1 1 1
. ”gf h13xh2bt1=—’”gf hZax(hlul):rgf hyd:h
0 0
1 ! 2 2
.« 58 fo duhtu = 585 f il

1
- f (s + by = —rg f (I + )9 (o)
0 0

The equation for the thin film flow gives us : @, (i) = —ihs + £9%hs + ((ah22 + bh23)6xp2) and we have:

i i i
o ”gf h0x(hy + hp)uy = rgaf 0xh10:h; + rgsf 10, o |* + —rg—f |haf*
0 0 0

1
+parg’ f h310:(hy + o) (a + bhy) + rgf h10:hy
0 0
Substituting all these terms in (11), we get (10) by integrating under O to 7.
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Remark 1. 1. Notice that the term in the right of (10) can be controlled using Gronwall’s lemma.

2. Theterm fol ](;T U(hy)|0h |2 can be absorbed by Ll L‘T(%}l? - %)w,{h] |2 thanks to the work done in (Kitavtsev,
Laurengot & Niethammer, 2011).
Corollary 1. Let (hy, hy, uy) be a solution of model (1) — (2). Then, thanks to Lemma 1 we have:
hy is boundedin L*(0,T;L*(0, 1)),
d:hy  isbounded in  L¥(0,T;L*0, 1)),
(h + hy)  is bounded in  L¥(0,T;L*(0, 1)),
\/h_lé’xul is bounded in Lz(O, T; L2(O, 1)),
u, is bounded in  L*(0,T;L*0,1)),
hy \/a+—bhz(6x(h1 + hz)) is bounded in X0, T: 12(0, 1)),
k' is boundedin  L™(0,T;L*(0, 1)),
h,* isboundedin L™(0,T; L%(0,1)),
dchy  is bounded in  L*(0,T; L*(0,1)),
Vhilw [ is bounded in  L*(0,T;L*(0,1)).

1w

We will need furthermore, some additional regularities on /; and this will be achieved through an additional BD entropy
inequality presented in the next lemma.

Lemma 2. For smooth solutions (hy, hy,uy) of model (1) — (3) satisfying the classical energy equality of the Lemma 1,
we have the following mathematical BD entropy inequality:

d 1

1
dat Jo

1
[Eh.m] + Bt~ -

1 1 1
plh) + 5801 - Ml + Sl + hy? + zawxhnz + U(ho]

1 1 1 h , 1 h 1
+— f lul)? + 4w, f (g+gr—=+V (h)dchi > + rgf (& + 4v, =2)d 1,0 hy + 4v10'f 10%h, [*
B Jo 0 hy 0 hy 0

T 1 1 1 2 1 1
+4vir f f w1 Purdhy + gre f 10cha | + rg? f h%(a+bh2)(6x(h1+h2)) < 5rge f 10, hy (12)
0 0 0 0 0

@(hy) = 4vilogh;. (13)

where

We need these results to prove the above lemma.

Proposition 1. If hy has the regularities established in corollary 2.1, then there exists constants ¢; and ¢, such as 0 <
c1 < /’l1 < (.

Proof: We follow the lines performed in (Kitavtsev, Laurengot & Niethammer, 2011). Using the bound on d,h; we

obtain: .
f 0z 1
X

for all (x,y) € (0,1) X (0,1) and ¢ € (0, T). Next we integrate the above inequality with respect to y € (0, 1), readily give
the upper bound. To establish the lower bound for #; , we combine the L*(0, T'; L%(0, 1))-estimates on h173/ 2 and o hy
just established to obtain a bound on the norm of 1/ vVhy in L=(0, T; WHL(0, 1)) since

! 1 o] 1
o :_f <« L IVFa Ll
fol ()] = 5 y _NEH«/E a1

Due to the continuous embedding of Wwb10,1) in L*(0, 1), we get the positive lower bound.

h(x,t) — h(y,t) <

Cy
< lx = W20k (D)l € —=]|x — y|'/?
[lx = Y1l <10~ (DIl \/E| by
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Proof: (Lemma 2) Let us multiply the equation (2) by d.¢(h,), integrate with respect to x and use an integration by parts,
and using (1), we have:

1 1 5 5 1 axhl lulaxhl 1 5 )
4v1f(0,u1+u16xu1)6xh1+4v1gf 0. +16v1f hlﬁxulax(—)+4v1f —+4v10'f 02|
0 0 0 hy o Ph 0

1 1 1 1
, h h
+4v, f V (h)I0 i + 4virg f O,hadhy + 4virg f h—zlﬁxh1|2+4v1rg f h—28xh28xh1=0. (14)
0 0 0 1 0 1

On the one hand, a further integration by parts of the first integral of (14), equation (1), and the energy equality (10) give

1
4V1f (Oru1 + u10,u1)0chy
0

P i 1
=4y, —f u10,h —f ulaithl +f ulaxulaxhl)
dt Jo 0 : 0
d 1 1
=4 —f ulaxhl_f axula.x(hlul)+f ulaxulaxhl)
dr Jo 0 0
d [ 1 )
“‘“(Efo ulaxhl—fo m(@an)?)

d (! 1 1 1 1
=< fo [4vmaxh1 + Sl o+ Ulh) + 580 = il + Srelhn + o + E(rwxhnz]

1 ! 1 1 1 2
+ ,E f |u1|2 + rgsf 0,h0hy + rgaf |C7xh2|2 + rng h%(a + bhz)(c')x(hl + hz))
0 0 0 0

On the other hand,we can write the third and the fourth integrals of (14) as

15)

1 1
dch 1d
. 1602 f ax(h—ll)axmm: hlg(hi)P
0

24t J,
1 1 1
0h 0, (uh 0,
o 4y l ! = -4y, M + 4vy i
o Bh o Bh o B

1d (!
:_,[_id_t\fo‘ (hy).

Substituting finally the last three identities into (14), we obtain (13).

(See (Kitavtsev, Laurencot & Niethammer, 2011)).

Remark 2.

In Lemma 2 all the terms, excepted

T 1 T 1 h2 1 T ,
f f 2 5, f f (6 + 20 mdy and f f V (h)loshi P
o Jo o Jo hy o Jo

Tl
are controlled since they have the good sign. The control of the term f f |ui|*u105hy takes inspiration in (Roam-
o Jo
1 T
ba, Zabsonr?& Traor? 2016). The term f f v (hl)|6xhl|2 can be absorbed thanks to the work done in (Kitavtsev,
0o Jo

T Al
h

Laurengot & Niethammer, 2011). It remains for us to control the term f f (e +4n h—z)é)xhlﬁxhz.
o Jo 1

... . h
Proposition 2. There exists a constant C such as || (€ + 4v; h—z)ﬁxh 100 207212001 < C.
1

Prc%of: ]We have: o
1
f f 0,h10,hy < Ef f (R |2 + | 0xho |2) < C’ because d,hy, d,hy are in L=(0, T;LZ(O, 1)). It remains for us to
o Jo 0o Jo
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h
limit —28,h,0,h.
hy

h
Since h—zaxh 10xhy = 0,p(h1)0,h10hy, we can write:
1

T 1 h2 1 T 1 ) l T 1 5
f f 125 ol < & f f D) + - f f ol
o Jo M 2Jo Jo 2Jo Jo

We will now look at the two terms to the right of the above inequality separately. For the first one, we have:
Tl T pl 2 Tl
0xh
f f 0. 0(h))* = f | ;lzl ! < f f | d4h1 |* < C (hy being bounded inferiorly) and 8,4, is in L2(0, T'; L*(0, 1)),
0 Jo 0 Jo 1 0 Jo
0 0,p(h1) is in L*(0, T; L*(0, 1)). For the second one, since hy € L*(0,T; H'(0, 1)) and 0.4, € L0, T; L*(0, 1)) then,
hyd.hy € L=(0, T; L2(0, 1)) see (Marche, 2007) for instance. Which completes the proof.

Lemma 3. For classical solutions of the system (1) — (3) with a first component hy, we have

1 (! 1 (! 1
—f hi|0yp(hy)* < —f hy(u + 0p(hy))* + 2E(hy, hy, uy) + = (16)
4 Jo 2 Jo 3

with

1
1 1 1 1
E(hy, ho,uy) = f [Eh1|lft1|2 +U(m) + E”gV’ll + 58— Pl + haof” + zo'laxhﬂz .
0

Proof: Using the elementary inequality
2
v+ z)2 > y? -2,

the fact that

Uhy) > %] a7

for ; > 0, and the definition of E, we obtain:

1 1 1 1
f MG + ) = 3 f o) - f I
0 0 0

1 ! 1 1 1 1

> - f IOy - 2[E(h1,h2,u,> - f (U + 500 = P + Srglhn + hof? + —awxhnz)]
2 Jo o 2 2 2
1 (! 1

> = | m|o.oh)l> = 2E(hy, hy,uy) — —

> 210‘ 110x(hy) (h1, ho, ur) 37

from that the statement of the lemma follows.

Corollary 2. Let (hy, hy,uy) be a solution of model (1) — (3).
Then, thanks to Lemma 2 and Lemma 3 we have:

Vhi isboundedin  L*(0,T; L0, 1)),
Oy \/h_l is bounded in L0, T: L0, 1)),
d2hy  is bounded in  L*(0,T;L*(0,1)).
Remark 3. 1. In the Corollary 1, the estimate
\/h_lul is bounded in  L*(0,T;L*(0, 1))

implies,
hyuy  is bounded in L0, T; L*(0, 1))

this leads us
d:hy s boundedin  L™(0,T; W20, 1)).

2. We have the additional regularities thanks to Corollary 1:

(a) hi is bounded in L*(0,T; H'(0, 1)),
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(b) hyuy is bounded in L3(0, T; L3(0, 1)) N L=(0, T; L2(0, 1)) N L*(0, T; W"1(0, 1)).

Remark 4. We have the following additional regularities:

1. hy and hy are bounded in L*(0, T; L*(0, 1)).

2. +hy is bounded in L*(0, T; H' (0, 1)).
Indeed,

by integrating the mass equation, we obtain directly \/hT{ in L=(0,T; L*(Q)). As Corollary 2 gives us 0, h’f in
L0, T; L*(Q)), so \/hT]‘ is bounded in L=(0,T; H'(Q)).
Theorem 1. There exists a global weak solutions to the system (1)-(3) with initial data (5), (6) and satisfying energy
equality (10) and energy inequality (12).
3. Convergences

The objective of this section is to prove the Theorem 1. Let (K, hg, u’f) be a sequence of weak solutions with initial data
k k k
h11(|t=0 = h]fo’ hyy—o = hgo’ (hyu =0 = m{()
such as
i, — hy, in L'(Q),  h5 —> hy in L'(Q),  mjg —> mg in (L'(Q))’,

and satisfies

1 ! 1 ) )1 L o i
_BL 90(h/f0) +]0‘ [hlf0|ulfo| + 64V%|6x ‘/hllcol + 58(1 - r)|h/f0| + Erglh’fn + thI + Ea-jaxh'fo| ] <C.
Such approximate solutions can be built by a regularization of capillary effect.

3.1 Strong Convergence of h’f, h’f and hg

From the remark 4:
hk is bounded in L™(0, T; H' (). (18)

Moreover, using the mass equation, we obtain the following equality:

I
0, s = 5 kol - . i,

which gives that ; \//7; is bounded in L2(0, T: H-'(Q)).

Applying Aubin-Simon lemma (see (Lions, 1969), (Simon, 1987)), we can extract a subsequence, still denoted (h’l‘ Vi<k»
such as

h’l‘ converges strongly to \/h_l in CO(O, T;LZ(O, 1)).
According to the Proposition 1, we show that

2 2
}h’; —hy :

h/f converges strongly to A in LZ(O, T; LZ(O, 1)).

We have h’; bounded in L%(0, T; H' (0, 1)). Moreover, we have d,h,* = —6X(hgu’f) + saﬁhz.

Since A% is in L*(0,T; L*(0,1)) and u* is in L*(0, T; L*(0, 1)), we show that the first term is in L*(0, 7; W~"(0, 1)). By
analogy we prove that the last term is in the same space and we also get ﬁrhg in this space. According to the Aubin-Simon
lemma, we have:

< Ve

:‘h’{—hl

<C2

This ensures

h’; converges strongly to /4 in LZ(O,T;W’I’I(O,I)).
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3.2 Strong Convergence of h’fu/f

We have i{uf = ﬁ \/hTI‘u’f. Since \/hTf is bounded in L*(0, T; L*(0, 1)) and /h*u* is bounded in L*(0, T; L*(0, 1)) so
h’f u’{ bounded in L*(0, T'; L3 (0, 1)). Writingthe gradient as follows:

oy =t ko = R

since the first term is in L*(0, T; L3 (0, 1)) and thanks to the Corollary 1, the second one belongs to L*(0, T'; w-Ls O, H)n
L*(0,T;L'(0, 1)), we have
(h*ub), bounded in L2(0, T; W"1(0, 1)).

Moreover, the momentum equation (2) enables us to write the time derivation of the water discharge:

1 ut
0 uy = 0, (i uy - §g6xh’f2 + 410, (hk D) + El + B0 (oo hk — V(Rb))

—rghkd hl — rghsa (ht + 1Sy — rink|ub Put.
We then study each term:
° ax(h’f(u’f)z) = 04( \/hilf\/hi’l‘(u’{)z) which is bounded in L*(0, T’ W’l’%(O, 1)).
o As h’l‘ is in L®(0, T; L*(0, 1)), we have:

3. [(h)?]is in L=(0, T; W~"1(0, 1)).

o 3,(htd.u¥) is bounded in L2(0, T; W~"3(0, 1)).

o Let us write itub uh)? = ik (WA, which is in 20, 7: W=11(0, 1).

o rghd k! is bounded in L*(0, T; W="1(0, 1)).

) rghgﬁx(h’f + h’é) is bounded in L2(0, T; W~"1(0, 1)).

° (h’l‘ﬁx((r@)zch’f - V(h'l‘)))k is bounded in L2(0, T; H~3(0, 1)) see ( Kitavtsev, Laurencot & Niethammer, 2011).
Thus the sequence (9,(h]f u’f) is bounded in L2(0, T; H~3(0, 1)). Then, applying Aubin-Simon lemma, we obtain,

(h’fu]f)k converges strongly to m in LZ(O, T, LZ(O, 1)).

k, k
3.3 Strong Convergence of ||h\u}

k k
. m ) m
Setting m* = h’f u'{, we have w/h’f u’f = —— . We want to prove the strong convergence for this term. We know that ——

is bounded in L*(0, T'; (LZ(Q))z); consequently, Fatou lemma reads:

k2 ky2
fliminf(m) sliminff(m) < +oo,
o k hllc k Q hlf

In particular, m is equal to zero for almost every x where h; (¢, x) vanishes.Then, we can define the limit velocity taking
u’f (t,x) = MY gince hy (t, x) # 0. So we have a link between the limits m(z, x) = h(t, x)u; (¢, x) and:

hy(t,x)
2 1
m
(m)” =f hilug > < +oo.
o M 0

Moreover, we can use Fatou lemma again to write

T T T
f fhmﬂ“sf fliminfhllull“gliminff fh1|u,|4
0 Jo 0o Ja 0 Ja
T
:liminff f\/h_1|'41|2\/h_1|u1|2a
0 Q
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which gives A |u;[? in L*(0, T; L*()).
k
Asm* and h’f converge almost everywhere, the sequence of h’l‘ u]]‘ = % converges almost everywhere to \/h_l up = %
h 1
1
Moreover, for all M positive \/h? u’flws ) converges to Vhiu Liy<m (still assuming that h’f does not vanish). Then, al-

most everywhere, we obtain the convergence of ( \/hTf u’,‘ IWS Mk
Tl
Finally, let us consider the following norm: j(; fo ' \/hT]‘u’l“ - \/h_l U

2
<

T Al 2
f f (l \/hTfMITIWﬂSM — \hu Ly j<ml + |\/h7]fulf1|u§|>M| + |\/h_1bt11|ul|>M|)
o Jo
Tl 2 Tl 2 T Al 2
S 3 \/hilfullclluklsM— \/h_1M11|M|SM +3 thlfull(llukbM +3 \/hilil/l]](‘ll”kbM .
o Jo ! 0o Jo ! o Jo !

Since \/hTI‘ isin L*(0, T; L*(0, 1)), \/hi’]‘u’l‘ 1 W l<M is bounded in this space. So, as we have seen previously, the first integral

2 1 ! c
4
< _M2 ‘fo h]l/ll < —MZ,

tends to zero. Let us study the other two terms:

1 2 1 1
[ 1 c
k ko k4 [
ﬁ hl;ull\u’l‘bM < 2 f(; hl(ul) < v and f(; ]’lll/l1|u|>M

for all M > 0. When M tends to the infinity, our two integrals tend to zero. Then

\/hilfu’f converges strongly to \/h_lu in LZ(O,T;(LZ(Q))Z).

3.4 Strong Convergence of (%Ch’f, h’;[)xh’f, a)%hf, h’fﬁihl and axh’;aih’;

e We have d,4; bounded in L*(0,T;H'(0,1)) and 8,8,h, is bounded in L®(0,T; H'(0, 1)) since 8k, is bounded in
L>(0,T; H'(0, 1)). Thanks to compact injection of H 1(0,1) in L*(0, 1) in one dimension, we have:

ﬁxh’f converges strongly to  d,h; in L2(0,T; L*0,1)).
e The bound of 82h% in L*(0, T; L*(0, 1)) and 8,h% in L*(0, T; L*(0, 1)) gives us:
8§h’f converges weakly to (ﬁh 1 in L2(0, T, LZ(O, 1)),

d.hs  converges weakly to  d.hy, in L*(0,T; L*(0, 1)).

e Thanks to the strong convergence of K, h’; axh’f and the weak convergence of 6)26}1", we have:
(h’éaxh’f)k converges strongly to  hyd,h;  in LI(O, T, Ll(O, 1)),

(h’{éih’f)k converges weakly to hlaih] inL'(0, T; LI(O, 1)),
(c')xhlfaih/f)k converges weakly to (9Xh16)2(h1 in Ll(O, T; Ll(O, 1)),
(hk0,h%),  converges strongly to  hd,.h, in L'(0,T;L'(0, 1)),
(hé(’)xhé)k converges strongly to  hyd,hy in LI(O, T, LI(O, 1)),
((h’l‘)z)k converges strongly to hlz inL! o, T, L 0, 1)),
((h’;)z)k converges strongly to h22 in LI(O, T; LI(O, 1)),
(h’fh’;)k converges strongly to  hjhy in Ll(O, T; Ll(O, ).
3.5 Convergences ofhlfﬁxulf, u’f and h’ﬂu’ﬂzu’f
As u¥ is bounded in L*(0, T'; L*(0, 1)), then d,u* is bounded in L*(0, T; W~'2(0, 1)).

Then,
(u’f)k converges weakly to u; in L2(0, T; LZ(O, 1)).
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However, the function (¥, Gxull‘) — h’l‘ﬁxu’f is a continuous in L*(0, T; H'(0, 1))xL?*(0, T; W=12(0, 1)) to L>(0, T; W~"2(0, 1)).

So,
(h’{ﬁxu]f)k converges weakly to  h10,u; in L*0,T; H'(0, 1)).

At last, thanks to the strong convergence of h’f u’{ in L2(0, T; L*(0, 1)) and above the weak convergence of u’f, gives us:
(Wb Pub),  converges weakly to  ylui[*u;  in L'(0, T3 L'(0, 1)).

3.6 Convergences of (hgu’f)k and (Bih'f)k

We know that 8,44 is bounded in L*(0, T; L*(0, 1)) this implies 62A% is in L' (0, T; W='(0, 1)).
So,
(aihé)k converges weakly to 6)2(h2 e L', T: W20, 1))

To end we have (u'{)k converges weakly to u; in L*(0,T; L0, 1)) and the strong convergence of (hg)k to hy, gives us:

(hgull‘)k converges weakly to  hpu; in Ll(O, T; LI(O, 1)).

3.7 Convergence of (a(h )2 + b ) L+ hk)]

We know that (ax(hk +hX )k converges weakly to d,(h1 +hy) in L*(0,T;L*0,1))and ((a(hk )? +b(h; 53k converges strongly
to ah2 + bh% in Ll(O T, Ll(O 1)).

So,

(a(hg)2 + b(h’;)3))6x(h’l‘ + h’;)]k converges weakly to (a2 + bh)d(hy + ) in L'(0, T L'(0, 1))

3.8 Convergences of (h; V(h’f))k and (V(h’f)ﬁxh’f)k
1 o«
(h)? ()

We will begin by studying the convergence of the term /, V(h’f). We have h; V(h’l‘) = and

1

‘(h")3 h3

i

'(hk)z h2
‘_ a 1 a
R A

1 1
We use the Proposition 1 to find two constants 7; and 77, such as

0k = ol Il = R + T +
(s, Eyn '

‘(hllf)z —%—(h%—h%) milhy = il + molh = hyl.
>0 @ 1 af
IW - W - (h_% - h?) <k — il > 0. with 3 = 2max(y, 172).
We have | N . 2 2
(W - W)k converges strongly to h_% - h_f in L°(0,T;L~(0,1)).
A similar reasoning ensures the strong convergence of (@ - %)k to h_lf - % in L2(0, T; L%(0, 1)).

The strong convergence of ((9xh’1‘)k in L2(0, T; L*(0, 1)) gives us
(V(h)0,ht),  converges weakly to  V(hy)dch;  in L'(0,T;L'(0,1)).

4. Conclusion

In this paper, we shown the existence of global weak solutions to 1D pollutant transport model. We have considered
the existence of molecular interactions between the molecules and we added the term £52h; to the level of the transport
equation. This has led us to the use of a molecular interaction force in this work. We obtained a result of existence of

133



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 9, No. 4; 2017

weak solutions. For our future works, we intend to tend the coefficient & (of €9%h) to 0. We will also show the existence
of strong global solutions of our model.
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