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Abstract

In this paper, we investigate the sign of permutations induced by the Anick automorphism and the Nagata-Anick automor-
phism over finite fields. We shall prove that if the Anick automorphism and the Nagata-Anick automorphism are defined
over a prime field of characteristic two, they induce odd permutations, and otherwise, they induce even permutations.
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1. Introduction

Let K be a field. We denote the polynomial ring in # indeterminates X, . .., X,, over K by K[X{, ..., X,]. Let K(Xi, ..., Xy,)
denote the free associative algebra in n indeterminates X1, ..., X, over K. For polynomials fi,...,f, € K[Xi,...,X,],
the n-tuple of polynomials F = (fi, ..., f,) is called a polynomial map. The set of polynomial maps over K and the set
of maps from K" to K" are denoted by ME,(K) and Maps(K", K"), respectively. Each polynomial map can be identified
with a map from K" to K" via the following natural map

n: ME,(K) — Maps(K", K").

We denote by GA,(K) (resp. Aff,(K), EA,(K)) the set of polynomial automorphisms (resp. affine automorphisms,
elementary automorphisms) of K". We recall that

Aff, (K) = K" x GL, (K).

Let us denote by TA,(K) the subgroup of GA,,(K) generated by two subgroups Aft,(K) and EA,(K). For F € GA,(K), F
is called tame automorphism if F € TA,(K), and otherwise (F € GA,(K) \ TA,(K)) F is called wild automorphism. The
Tame Generators Problem asks whether GA,(K) = TA,(K), and is related to the Jacobian conjecture (See (Essen, 2000)
for more details).

For any finite set 7', we denote the symmetric group (resp. the alternating group) on 7' by Sym(T') (resp. Alt(T)). Let
sgn : Sym(T') — {£1} be the sign function. If K is a finite field IF, with g elements (p = char(F,), g = p™, and m > 1), we
use the symbol 7, instead of 7

g ME,(F,) — Maps(F,, F’

Q= q’

When we restrict the map r, to GA,(FF,), m, (G) is a subgroup of Sym(IF;) for any subgroup G € GA,(IF,). Maubach has
investigated the subgroup 7, (G) in the case G = TA,(IF,) (Maubach, 2001).

Theorem 1. Ifn > 2, then ny(TA,(Fy)) = Sym(Fp) if g is odd or g = 2. If g = 2" where m > 2 then n,(TA,(F,)) = Alt(Fy).

If there exists F € GA,(Fo») such that sgn (mo«(F)) = —1, then we must have F' € GA,,(Fy») \ TA,(IFo»). This indicates
that the polynomial automorphism F is wild. Thus, the following question is very important (Maubach, 2008).

Question 1. For g = 2" and m > 2, do there exist polynomial automorphisms such that the permutations induced by the
polynomial automorphisms belong to Sym(Fy) \ Alt(Fy)?

It is natural to consider the sign of the famous polynomial automorphisms such as the Nagata automorphism (Nagata,
1972), the Anick automorphism (Cohn, 2006), and the Nagata-Anick automorphism (Cohn, 2006).
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In this paper, we investigate the sign of permutations induced by the Anick automorphism and the Nagata-Anick automor-
phism over finite fields. We shall prove that if the Anick automorphism and the Nagata-Anick automorphism are defined
over a prime field of characteristic two, they induce odd permutations, and otherwise, they induce even permutations.

2. Sign of Permutations Induced by Anick Automorphism
The Anick automorphism is defined by
0 1= (x + y(xy — y2),y, 2 + (xy — y2)y) € Autg K(x,y,2). 1)
Remark that there exists a group homomorphism
0 : Autg K(Xi,...,X,) = GA,(K) 2)

(See (Cohn, 2006) for details). We call 7, (8(5)) the permutation induced by the Anick automorphism. This section
investigates the sign of the permutation induced by the Anick automorphism over a finite field. We begin with the
following lemma.

Lemma 1. Let ¢, T be elementary automorphisms defined by
¢ :=0xy,z—-x), T:=(x- yzz,y,z) € EA3(K).

Then we have

0(0)=¢'ot04. 3)

Proof. Since

(x = y*2,y,2) 0 (x,y,2 — X)
(x =y (@ =x),y,2= %)
(x +y(xy = y2),y,2 — %),

TOQ

and ¢~! = (x,y,z + x), we have

¢ oTod = (x+y(xy—y2),y,2— x+ x+y(xy — y2))
= (x + y(xy = y2), ¥, 2 + y(xy — y2)).

Thus, 6(6) = ¢~ o T 0 ¢. m]

Next we prove Lemma 2 which is used to prove Main Theorem 1. Lemma 2 shows that the sign of 7, (7) can be determined
by Equation (4), where 7 is the elementary automorphism defined in Lemma 1.

Lemma 2. (Sign of 7, (1)) Let T be as in Lemma 1. Then we have
sgn(my(r)) = (=1)" D, “

Proof. Let yo, zo be elements of ;. We define the map 7y, ) : F; — F; as follows:

T(yo,20) ~ F; —> F;
w w
(x,y,2) +— (x=y*2,y,2), ify=yjandz =z,
x,y,2) — (x,y,2), otherwise.

The map 7y, -, is obviously bijective. We set
— 3
B (T @o,zo)) = {(x, :2) € F) | 750,20 (x.7.2) # (1., z)}.

Since B (T@O’ZO)) N B (T(ya’za)) = 0 for any (y{, zy) € Fy X Fy \ {(y0,20)}, it follows that

T= l—[ T(y0.20)>

Y0,20€F
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which is a composition of disjoint permutations on ]Ff]. For yo,z0 € IF;, we decompose each permutation 7y, ., as a

composition of disjoint cycles on FS. In order to find such a decomposition, we define an equivalence relation @ on Fy:
x € F,and x’ € F, are equivalent if and only if there exists / € {0, 1,..., p — 1} such that " = x — lygz(). Put

CV = {x eF, | xx)

We choose a complete system of representatives R, for the above equivalence relation. Remark that R, = g/p = p™/p =
p™!. For any xo € R;, we define the bijective map 7., (y,.z,) : IFfI - IF; by

Tx0.00:20) F?} - ]F?]
w w
(x,9,2) +— (x=y2,,2), ifxe Cﬁc?,y =9, and z = z,
x,y,2) +— x,y,2), otherwise.

It is easy to see that 7, 5, is a cycle of length p, namely,

-1
sgn (ﬂ'q (TXO,(},O,ZO))) =(-1)r .
Let x) be an element of .. If ), ¢ C\7 then from C{) N C'7 = 0, we have
0
T(vo.z0) = 1_[ Tx0.(y0,20)>
X0ER:
which is a composition of disjoint cycles on IF;. Since 7, and sgn are group homomorphisms, we obtain

sgn (ﬂq (T)) = l—l sgn (ﬂq (Txo,(yo,zo)))

Y0,20€F g, X0ER,

=[] eort=Eprmeen

Y0,20€F g, X0ER-

This completes the proof of Lemma 2. O

By Lemma 1 and Lemma 2, we obtain Main Theorem 1.

Main Theorem 1. (Sign of Anick automorphism) If g is odd or q = 2™, m > 2 then we have n, (6(9)) € Alt(]Ffl). If
q = 2 then we have i, (6(0)) € Sym(Fg) \ Alt(F;). Namely,

1 (qisodd =2"and m > 2),
sgn (n,, (¢ (5))) = {_1 (Z lzs Z). orgq and m 5)
Proof. By the fact that 7, and sgn are group homomorphisms and by Lemma 1, we have
n(r 00) = sl (0(6 o700)

= sgn(m, (¢7") 7 (D) 7y (9))

= sgn (n'q (q)_l)) sgn (ﬂ'q (‘r)) sgn (ﬂq (qﬁ))

= sgn(m, () sgn(my (1) sgn (7, (9))

= sgn (nq (T))
Thus, it follows immediately from Lemma 2. m

In (Drenski & Yu, 2007), the following automorphism
w:=(x+yxy—yz),y,z2+(xy—yz2)y) € Autg K(x,y,2) (6)

is called the Anick automorphism. These two Anick automorphisms 6 (§) and 6 (w) have the following relation:
O(w)=yobB) oy, @)
where ¥ = (x, z,y) € Aff3(K). By Main Theorem 1 and by Equation (7), we obtain the following corollary (Corollary 1).
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Corollary 1. (Sign of Anick automorphism 0 (w)) Let 6 € Auty, F(x,y,z) is the Anick automorphism defined by
Equation (1), and let w € Auty, F,(x,y,z) is the Anick automorphism defined by Equation (6). Then we have

sgn (ﬂ'q @ (6))) = sgn (ﬂ'q @ (w))) . ®)
Namely, the sign of the permutation induced by the Anick automorphism 6 () is equal to that of the permutation induced
by the Anick automorphism 6 (w).
3. Sign of Permutations Induced by Nagata-Anick Automorphism
The Nagata-Anick automorphism is defined by
p =W, x+ (wx —y2)z,y + wwx — y2),2) € Autg K{w, x,y, 2).

We call 7,(6(p)) the permutation induced by the Nagata-Anick automorphism, where 6 is a group homomorphism defined
by (2). In this section we consider the sign of the permutation induced by the Nagata-Anick automorphism over a finite
field.

Let ¢ be a new variable. We define the polynomial f(¢) € IF,[¢] as follows:

foy = Ja-o eRln.

celfy

Choose a generator g of the multiplicative group ;. Then one can easily see that

]:F*
f(a) = O -1 q-2 (a € q)’
(_l)q Hi:() 8 ((l = 0)’
_ o (@ € Fy),
T (=DelgledE@b2 (g = 0).
We put ¢g := f(0) = (-1)7"" g2~ D/2, Remark that ¢g € F;. Setting (1) := cj' X f(t) € F,[] yields that
0 ),
hay={2 @8 ©)
1 (a=0).

We prove the following lemma (Lemma 3) which states that the permutation induced by the Nagata-Anick automorphism
is equal to the permutation induced by a composition of four elementary automorphisms.

Lemma 3. Let y, & A be elementary automorphisms defined by
W= (w,xy—wxzd ™2 7) € EA4(F,),
¢ 1= (w,x = y2',y,2) € EAu(F,),

and
A= w,x,y+ wth(z), 7) € EA4(F,).

Then we have
74 (0(0) = mg(A oy~ 0 &oy). (10)
Proof. By easy calculation, one can easily verify that
mg(€ o) = my((w, x = y22,,2) o (W, x,y — wxz?72,2))
= 7g(w, x = (v = waz" ),y —waz? 2, 2))
= (W, X + (wx = y2)z,y — wxz? 72, 2)).
Since zﬁ’l =w,x,y+ wxzi72,7) € EA4(F,), we have
W o g oy)
= 1,(W, X,y + wxz?72,2) o (w, x + (Wx — y2)z,y — wxz?™2, 7))
= 7y (W, X + (Wx = y2)z,y = wxz? > + w(x + (wx = y2)2)27 72, 2))

=, (W, x + (Wx — y2)z,y + w(wx — y2)2771, 2)).
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Therefore,
mgdoy ofoy)
= 7g(W, %,y + W'xh(z),2) © (W, X + (wx = y2)z,y + wwx = y2)2 ™", 2))
= (W, x + (Wx — y2)z,y + wlwx — yz)zq_1 + w2(x + (wx — y2)2)h(2), 2))
= 74(6(0)).
Hence we obtain Equation (10). m]

Remark 1. In the case of the Anick automorphism, Equation (3) holds as polynomial automorphisms. On the other hand,
in the case of the Nagata-Anick automorphism, we have

0p) # Aoy ofoy.

Remark that Equation (10) holds as permutations on ]F‘q‘.

We use the same argument as in Lemma 1 in order to show the main result of this section (Main Theorem 2). Namely, we
consider the sign of m,(4) and ,(¢) which are defined in Lemma 3.

Lemma 4. Let A be as in Lemma 3. Then we have

sgn(r, (1) = (1" P=Da-1, (11)

Proof. Let wo, xo be elements of ;. We define the map Ay, : Fg - F‘; as follows:

/l(Wo.Xo) : Fg - ]Fg
w w
W, x,9,2) +— (W, x,y+w?xh(z),2), if (w,x,2) = (wo,xo,0),
W, x,9,2) +— w, x,¥,2), otherwise.

The map A, x,) is obviously bijective. We set
B (/I(WOJO)) = {(W’ X, y’ Z) € ]F; | A(Wo,xU)(W’ X, y$ Z) * (W, X, y’ Z)} .

Since B (A(y,.x,) N B (/1(%%)) = 0 for any (w), x)) € Fs x I \ {(wo, x0)}, it follows that

A= 1_[ /l(Wo,Xo)’

wo,X0€Fy

which is a composition of disjoint permutations on IF;‘. For wo, xo € Fy, we decompose each permutation Ay, x,) as a
composition of disjoint cycles on IF;‘. In order to find such a decomposition, we define an equivalence relation @D on Fy:
y € F,and y’ € IF, are equivalent if and only if there exists / € {0,1,..., p — 1} such thaty’ =y + lw(z)xo. Put
2 @
V= eFyly >y
We choose a complete system of representatives R, for the above equivalence relation. Remark that §R, = g/p = p™/p =
p"". For any yy € Ry, we define the bijective map Ay, u.x) : Fg = Fy by

/lyo,(wo,xo) : Ff] - IF;
w w
W, x,v,2) —  W,x,y+wxh(),2),
if (w, x,2) = (Wo, X0,0),y € C\Y, and z = 0,
w,x,y,2) +— w, x,5,2), otherwise.

It is easy to see that Ay, (v, 15 a cycle of length p, namely,
sgn (ﬂtl (’l}’u,(Wo,xo))) = (_1)17—1 .
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ct € an element o A- en 1rrom ) , = U, we nhave
Let yj b lement of Ry. If y; ¢ Cy; then from Cy; N €Y = 0, we h
- 0
/I(Wo,xo) = l_[ /l}’o,(wo,xo)’
YoER

which is a composition of disjoint cycles on F 3. Since 7, and sgn are group homomorphisms, we obtain

sgn (ﬂq (/l)) = 1—[ sgn (ﬂl] (/l}’o.(wo,xo)))

wo,x0€F;,y0€R,

— H (=1)P! = (=) =D

WO,X()EF(:,}‘OERA
This completes the proof of Lemma 4. O

Lemma 5. Let ¢ be as in Lemma 3. Then we have
sen (, (©) = (1" 070 (12)

Proof. Let yo, zo be elements of F}. We define the map &y, ) : F; — Fy as follows:

. 4 4
é:(}'o ,20) Fq - ]Fq
w w
W, x,y,2) +— (W, x—yz%,y.2), if (,2) = (o, 20)
w,x,y,2) +— w, x,y,2), otherwise.

The map &y, -, is obviously bijective. We set
B (foo,m)) = {(W, %,,2) € By | &5y, X%, 3,2) # (0, X, y, z)} :

Since B (S@O,ZO)) NB (f(ya,za)) = 0 for any (y(, zy) € Fy X F; \ {(vo, z0)}, it follows that

é:: 1—[ g(yo,zo)’ 13)

Yo,20€Fy

which is a composition of disjoint permutations on IF;. For yo,zo € F;, we decompose each permutation £y, ;) as a

composition of disjoint cycles on IF;. In order to find such a decomposition, we define an equivalence relation © on F,:
x € F,and x’ € F, are equivalent if and only if there exists / € {0, 1,..., p — 1} such that x" = x — lyoz(z). Put

C¥ =(x eF, | x9x) (14)

We choose a complete system of representatives R, for the above equivalence relation. Remark that §R; = ¢/p = p™/p =
p"!. For any x) € R, we define the bijective map &0 : Fy = F by

. 4 4
Ewo,x0),(00,20) © Fq - ]Fq
w w

w,x,y,2) +—  (W,x=yz,,2),
if (w,y,2) = (Wo, Y0, 20) and x € C¥,
w,x,y,2) +— w, x,y,2), otherwise.

It is easy to see that &, x). (0.0 18 @ cycle of length p, namely,
-1
sgn (ﬂq (g(wo,xo),(yo,zo))) =D

Let x; be an element of Re. If x; ¢ C;i) then from Cfo) N Cff) = (), we have
0

E6o.20) = 1_[ Ewo,30),(30,20)-

wo E]Fq,xo ERf
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which is a composition of disjoint cycles on ]F;‘. Since , and sgn are group homomorphisms, we obtain

sgn (ﬂq (f)) = 1_[ sgn (ﬂq (g(WOst)’(yUsZU)))

wo€F 4, x0€Rs,y0,20€F

= 1_[ (=Pt = (_1)p’”"(p—l)(q—1)2q'

wo€F . x0€Re,Y0,20€F

This completes the proof of Lemma 5. O

By Lemma 3 through Lemma 5, we obtain Main Theorem 2.

Main Theorem 2. (Sign of Nagata-Anick automorphism) If g is odd or g = 2", m > 2 then we have n, (6 (p)) € Alt(]Fg).
If g = 2 then we have 7, (6 (p)) € Sym(IF;‘) \ Alt(IF‘q‘). Namely,

[, e
Proof. By the fact that , and sgn are group homomorphisms and by Lemma 3, we have
sgn (JTq (4 (p))) = sgn (ﬂq (9 (/l o (j/‘l ofo ¢)))

= sen(my (D mg (™) 74 ©) 7 W)

= sgn (ﬂq (/l)) sgn (ﬂ'q (w‘l)) sgn (ﬂ'q (f)) sgn (ﬂq (a,lr))

= sgn(m, (D) sen(r, ) sgn (m, &) sen (x, )

= sgn (nq (/l)) sgn (nq (5)) . (16)
Thus, it follows immediately from Lemma 4 and Lemma 5. O

Remark 2. We derive the sign of permutation induced by the Anick automorphism (Main Theorem 1) by using Lemma 1
and Lemma 2, and also derive the sign of permutation induced by the Nagata-Anick automorphism (Main Theorem 2) by
using Lemma 3, Lemma 4, and Lemma 5. Our strategy might be used in the Nagata automorphism case if one can prove
the similar results to Lemma 1 and Lemma 2 for the Anick automorphism case, and Lemma 3 through Lemma 5 for the
Nagata-Anick automorphism case.
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