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Abstract

Let G be a graph of order n and size m. A y-labeling of G is a one-to-one function f : V(G) — {0, 1,2, ..., m} that induces
an edge-labeling f’ : E(G) — {1,2,...,m} on G defined by

f(e)=|f(u)— f(v)], foreachedgee=uvinE(G).

The value of f is defined as
val(fy= > f(e).

¢€E(G)

The maximum value of a y-labeling of G is defined as

valpax(G) = max{val(f) : f is a -labeling of G};

while the minimum value of a y-labeling of G is
valnin(G) = min{val(f) : f is a y-labeling of G}.

In this paper, we give an alternative short proof by mathematical induction to achieve the formulae for valy.(K; ) and
Valmax (Kp).

Keywords: y-labeling, value of a y-labeling
1. Introduction

Let G be a graph of order n and size m. A y-labeling of G is defined in (Chartrand, Erwin, VanderJagt & Zhang, 2005)
as a one-to-one function f: V(G) — {0, 1,...,m} that induces an edge-labeling f': E(G) — {1,...,m} on G defined by
f'(e) = |f(u) — f(v)| for each edge e = uv of G. The value of f is defined by

val(HH= ) fle).

e€E(G)

If the edge-labeling f” of a y-labeling f of a graph is also one-to-one, then f is a graceful labeling. Among all labelings
of graphs, graceful labelings are probably the best known and most studied. Graceful labelings originated with a paper
of Rosa (Rosa, 1966), who used the term -valuations. A few years later, Golomb (Golomb, 1972) called these labelings
“graceful” and this is the terminology that has been used since then.

Gallian (Gallian, 2009) has written an extensive survey on labelings of graphs. The subject of y-labelings of graphs
was studied in (Bullington, Eroh, & Winters, 2010; Chartrand, Erwin, VanderJagt, & Zhang, 2005; Crosse, Okamoto,
Saenpholphat, & Zhang, 2007; Fonseca, Saenpholphat, & Zhang, 2013; Fonseca, Khemmani, & Zhang, 2015; Fonseca,
Saenpholphat, & Zhang, 2011; Khemmani & Saduakdee, 2015, 2016).

Obviously, since y-labeling f of a graph G of order n and size m is one-to-one, it follows that f’(e) > 1, for any edge
e, and therefore, val(f) > m. Moreover, G has a y-labeling if and only if m > n — 1 and every connected graph has a
y-labeling.

The maximum value and the minimum value of a y-labeling of G are defined in (Chartrand, Erwin, VanderJagt, & Zhang,
2005) as
valnax (G) = max{val(f): f is ay-labeling of G}

and
valnin(G) = min{val(f): f is a y-labeling of G},
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respectively. A vy-labeling g of G is a y-max labeling if val(g) = valpn,x(G) and a y-labeling & is a y-min labeling if
val(h) = valy,(G). Figure 1 shows nine y-labelings fi, f2, ..., fo of the path Ps of order 5 (where the vertex labels are
shown above each vertex and the induced edge labels are shown below each edge). The value of each y-labeling is shown
in Figure 1 as well.

Since val(f;) = 4 and the size of Ps = 4, it follows that f] is a y-min labeling of Ps. It is shown in (Chartrand, Erwin,
VanderJagt, & Zhang, 2005) that the y-labeling fy is a y-max labeling of Ps.

0 1 2 3 4 0 1 2 4 3 2 3 4 1 0

: 0—0—0—0—o0 . 0—0—0—0—0 . 0—0—0—0—0

fi 111 1 2 11 T2 1 v 11 3 1
val(fi) =4 val(f2) =5 val(f3) = 6

302 0 1 4 2 1 3 4 0 0 3 2 4 1

: 0—O0—0—0—o0 : 0—0—0—0—0 :  0—0—O0—0—o0

fi I 2 1 3 55 L 21" 4 Js 301 2 3
val(fy) =7 val(fs) =8 val(fg) =9

_ 4 0 3 1 2 2 0 3 1 4 30 4 1 2

: 0—0—0—0—0 . 0—0—0—0—0 :  0—0—O0—0—0

f 1 0322771 i 0570730503 fo 34 03 1
val(fy) = 10 val(fg) = 10 val(fy) = 11

Figure 1. Some y-labelings of Ps

By the y-spectrum of a graph G, we mean the set
spec(G) = {val(f) : f is ay-labeling of G}.

Observe that val i, (G), valyx (G) € spec(G) for every graph G.

For integers a and b with a < b, let
la,b]l ={a,a+1,...,b}

be a consecutive set of integers between a and b.

Thus for every graph G,
spec(G) € [Valnin(G), Valnax(G)].

The span of a y-labeling f of a graph G is defined as
span(f) = max{f(v) : v € V(G)} — min{f(v) : v € V(G)}.

Consequently, if G = Ps, then spec(G) = {4,5,6,7,8,9, 10, 11} and for each y-labeling f of G, span(f) =4 -0 = 4.
For a y-labeling f of a graph G of size m, the complementary labeling f: V(G) — {0,1,...,m} of f is defined by

Ffv)=m~— f(v) for ve V(G).

Not only is f a y-labeling of G as well but val(f) = val(f). This gives us the following.

Observation 1 (Chartrand, Erwin, VanderJagt, & Zhang, 2005) Let f be a y-labeling of a graph G. Then f is a
v-max labeling (y-min labeling) of G if and only if f is a y-max labeling (y-min labeling) of G.

The following result appeared in (Fonseca, Khemmani, & Zhang, 2015) is useful to us.

Theorem 1 (Fonseca, Khemmani, & Zhang, 2015) If f is a y-max labeling of a nontrivial graph G of order n and size
m, then {0,m} C f(V(G)).

In (Bullington, Eroh & Winters, 2010; Chartrand, Erwin, VanderJagt, & Zhang, 2005), the maximum and minimum values
of a y-labeling of path P,, cycle C,, complete graph K,,, double star S, , and complete bipartite graph K. ; are determined.

For any positive integers n, m, A with A > m, let G be a nontrivial graph of order n and size m, a y*-labeling of G is
defined in (Fonseca, Saenpholphat, & Zhang, 2013) as a one-to-one function f: V(G) — {0,1,...,m,m + 1,..., A} that
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induces an edge-labeling f': E(G) — {1,2,...,A} on G defined by f'(e) = |f(u) — f(v)| for each edge e = uv of G. The
value of f is defined by

val(fy=">" f(e.

¢€E(G)

The maximum value of a y*-labeling of G is
valgax(G) = max{val(f): f isay*-labeling of G}.
The minimum value of a y*-labeling of G is

val® (G) = min{val(f): f is ay®-labeling of G}.

A y-labeling g of G is a y*-max labeling if val(g) = val5, (G) and a y*-labeling & is a y*-min labeling if val(h) =
val%, (G).
Note that val;,,x(G) = Valﬁm (G) and valy,j (G) = Valiin(G) when A = m.

We first make the following observation for y*-max and y*-min labelings of graphs.
Observation 2 Let f be a y*-labeling of a graph G. Then f is a y*-max labeling (y"-min labeling) of G if and only if f
is a y*-max labeling (y*-min labeling) of G.

In 2010, the explicit formula for valy,x (K, s) and the standard form for y-max labeling of complete bipartite graph K ;
were determined by Bullington, Eroh and Winters (Bullington, Eroh, & Winters, 2010). Later, Fonseca, Khemmani and
Zhang (Fonseca, Khemmani, & Zhang, 2015) in 2015 presented the alternative proof of the formula for valy,x (K} ;) that
employs y-min labelings of complete graphs, as we state next.

Theorem 2 (Bullington, Eroh & Winters, 2010) For any two positive integers r > s,

1
Valmax(Kr,s) =rs (VS - 5(7‘ +5) + 1)

Theorem 3 (Bullington, Eroh, & Winters, 2010) Let f be a y-labeling of complete bipartite graph K, s with partite
sets V. and V of cardinality r and s, respectively. Then f is a y-max labeling of K, s if and only if

1.f(V,)=[0,r—1] and f(Vy)=[rs—(s—1),rs], or

2.f(V))=1[rs—(r—1),rs] and f(Vy) =1[0,5s—1].

In 2005, the maximum value of y-labeling of complete graph K,, was determined by Chartrand et al. (Chartrand, Erwin,
VanderJagt, & Zhang, 2005). As well, the authors (Fonseca, Khemmani, & Zhang, 2015) characterized the y-max labeling
of complete graph K, in 2015.

Theorem 4 (Chartrand, Erwin, VanderJagt, & Zhang, 2005) For every positive integer n,
(nz—l)(azrf—5n+e) ifnis odd

n(3n3—5n2+6n—4)
24

valpax(K,) = {

if nis even.
Theorem 5 (Fonseca, Khemmani, & Zhang, 2015) Let f be a y-labeling of a complete graph K,,. Then f is a y-max
labeling of K, if and only if

JV(Kw) = {

wherek<][2].) - 2]}

The goal of this paper is to present an alternative approach to formulae for valy, (K, ;) and valp,(K,) proved by mathe-
matical induction.

g tol@-l2 Q] s
o3]-1]u]

()-[2]+1n@)|utk  ifnisodd,

The reader is referred to Chartrand and Zhang (Chartrand & Zhang, 2005) for basic definitions and terminology not
mentioned here.
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2. y*-max Labelings of Graphs
In this section, we begin our investigation for y*-max labeling of any nontrivial graph by presenting a useful lemma.

Lemma 1 Let f be a y*-max labeling of a nontrivial graph G of order n and size m. Let u,w € V(G) with f(u) =
min{f(v): v € V(G)} and f(w) = max{f(v): v € V(G)}. Then neighborhoods of u and w are not empty.

Proof. For any nontrivial connected graph G, it is obvious that |N(u)| and |[N(w)| are not empty. Let G be a disconnected
graph. We will show that |[N(u)| # 0 and |[N(w)| # O Assume, to the contrary, that |N(u)| = 0 or [N(w)| = 0.

Case 1. |[N(u)| = 0.
Then u is an isolated vertex of G. Since G has a yA-max labeling, A > m > n — 1. Therefore, there is a component G of
G with |V(G))| = 2. Let x € V(G) with f(x) = min{f(v): v € V(G)}. Let g be a y*-labeling of G defined by

f(x) ifv=u

g ={ fa  ifv=x
f) if v #u, x.

Then
val(g) = val(f) - %]( )(f V) = f)) + %( )(g(V) - 8()

= val(f) - %( )(f ) = f(x) + %( )(f ) = f(w)

= val(f) + INOI(F(x) — f(w)

> val(f),
which is a contradiction.
Case 2. IN(w)| = 0.
By a similar argument, this leads to a contradiction with the maximum value of a y*-labeling of G. O

We now show formula for span of y*-max labelings of graphs.

Proposition 1 Let G be a nontrivial graph of order n and size m and f a y-labeling of G. If f is a y*-max labeling of
G, then span(f) = A.

Proof. Let f be a y®-max labeling of G. Let u,w € V(G) with f(x) = min{f(v): v € V(G)} and f(w) = max{f(v): v €
V(G)}. Then f(u) > 0 and f(w) < A. Assume, to the contrary, that span(f) < A. Then f(w) — f(u) < A. Therefore,
fw) > 0orA—f(w)>0.

Case 1. f(u) > 0.

Let g be a y*-labeling of G defined by

0 ifv=u
80} = ) ity # u.
Then
val(g) = val(f)— X (f(v) - fw)+ E%l( )(g(v) ()]

veN(u)
= val(f)- X (fM-fw)+ X (f(»-0)
vEN (u) VEN (u)
= val(f) + INWI(f(w) — 0)
> val(f) (byLemma 1),
which is a contradiction.

Case 2. A —f(w) > 0.
A similar argument to the one used in Case 1 leads to a contradiction with the maximum value of a y*labeling of G. O

This also provides the following corollary.

Corollary 1 Let G be a nontrivial graph of order n and size m and f a y*-labeling of G. If f is a y*-max labeling of G,
then {0, A} C f(V(G)).
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3. y-max Labelings of Complete Bipartite Graphs
We define the y2-spectrum of a graph G by
spec(G) = {val(f): f is ay"-labeling of G}.

Consequently, {valﬁlm(G), ValﬁaX(G)} c specA(G) for every graph G. As an illustration, we now establish the yA-spectrum
of a star K ;.

Proposition 2 For positive integers s, A with A > s,
A-k+1 A-—s+1 k+1
SpeCA(Kl,s)={( 5 )—( ; )+( 5 ):()sksA}.

Proof. Let K|  be a star with V(K| ;) = {v} U V; where v is a central vertex and V; = {v|,v,,..., v} and f a vA-labeling of
a graph K ; with f(v) = k where 0 < k < A.
If k = 0, then we may assume that f(v;) = A — (s —i) forall 1 <i < s. Then

s J A+1 A - 1
val<f)=2|f<v,~>—f<v>|=Z(A—<s—i>>=( ) )‘( ) )
i=1 i=1

If kK = A, then by Observation 2,

val(f):(A;rl)—(A_;Jrl).

If 0 < k < A, then we may assume that

f i—-1 ifl<i<k
) =
A—(s—1) ifk+1<i<s.

Therefore,

k+k-D+--+D+(A-(G-1)D)+A-(G6-2)+--+(A-k)

— (k-;l) + (A—;H) _ (A_;H) ,

as desired. ]

val(f)

In Proposition 2, we considered y*-spectrum of a star K;,. We are now ready to compute the maximum value of a
yA-labeling of Kj 5.

Corollary 2 For positive integers s, A with A > s,

A+1 A-—s+1
valgax(Kl,S)z( ) )—( 5 )

Moreover, let f be a y*-labeling of K, ; with
J0) =0 and f(Vy)=[A-(s—1),A]

Then f and f are only y*-max labelings of K .

Next, we show an alternative and yet simple proof employing mathematical induction of Theorem 3 which is proposed
by Bullington, Eroh and Winters (Bullington, Eroh & Winters, 2010) in 2010 and by Fonseca, Khemmani and Zhang
(Fonseca, Khemmani & Zhang, 2015) in 2015. In order to do this, first, let K,.; be a complete bipartite graph with partite
sets V, and V; of cardinalities r and s, respectively, where V, = {uj,up,...,u,} and Vg = {vi,v,,...,v,} and then we
discuss y*-max labelings of K, ; as follows.

Theorem 6 Let f be a y*-labeling of a complete bipartite graph K, s with
JW)=1[0,r=11 and f(Vs)=[A-(s—1),A],

where A > rs. Then f and f are only two y*-max labelings of K,..
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Proof. We proceed by induction on r + s. The result is certainly true for r + s = 2. Assume that r + s > 3 and the result
holds for K,» v when 2 < r’ + s’ < r + 5. By Corollary 2, hence the theorem holds when » = 1. Suppose that r > 2. Let f
be a y*-max labeling of K, ; with f(u;) < f(uz) < -+ < f(u,) and f(v1) < f(v2) < -++ < f(vy).

Assume that f(u;) < f(v1). By Corollary 1, f(u;) = 0. Furthermore, for each j € {1,2,..., s} it follows that f(v;) <
A—(s—j). Let K,_; s be a complete bipartite graph with vertex set V(K,_; ;) = V(K,)—{u;} and partite sets V,_; = V,—{u;}
and V. Consequently, let f; be a y*~!-labeling of K,_; ; defined by

fitw) = f(w)— 1 foreach ue V(K, ;).
Then

val(f)) = Zf T(uivy) < valp LK)

2<i<r
1<j<s

Let g; be a y*~!-max labeling of K,_; ;. Since A — 1 > (r — 1)s, by induction hypothesis, we have
g1(Vem) =[0,r=2] and g (V) =[(A-1)—(s—1),(A-1D].
We can extend g to a y”-labeling g of K, ; defined by
0 ifu=u
g(u) = ,
g1(w)+1 otherwise .

Since
vals (K,.,) = val(f)

= S+ B 1) - flw)
£

2<i<r
I<j<s
< val(fi)+ R 1A= (5= =0
£
< vald i (K1) + S IA-(s—j) -0

J=1
= val(g) + -21 A= (s—j)—0l
j=
= val(g)
< valy, (K,

it follows that

DU = fanl= D A= (s = j) -0 ()
j=1 j=1
and
val(fi) = Valygy (Ki-1.5) - 2

From (1), we have
SV =[A-(s—1),A]
From (2), we have f;(V,_1) = [0, r — 2], hence

SV =1[Lr-1]
and we have f(u;) = 0. Therefore,

JV)=10,r=1] and f(Vy) =[A-(s—1),A].

On the other hand, if f(v;) < f(u;), then a similar argument to the one used shows that

fVy)=[0,s=1] and f(V,)=[A—-(r—1),A].
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O
The following result is the consequence of Theorem 6 when A = rs.

Theorem 7 Let K, ; be a complete bipartite graph with partite sets V, and V of cardinalities r and s, respectively, let f
be a y-labeling of K,.; with
JV) =10,r=11 and f(Vy) =I[rs—(s—1),rs].

Then f and f are only two y-max labelings of K.
4. y-max Labelings of Complete Graphs

The y-max labelings of complete graphs K, were characterized in (Fonseca, Khemmani & Zhang, 2015). In this section,
we present characterization of y*-max labelings and y-max labeling of complete graphs K, by applying a similar fashion
to the one used in the proof of Theorem 6.

Theorem 8 Let f be a y*-labeling of a complete graph K, with
[O,[%J— I]U[A—[§J+ l,A] if nis even

f(V(Kn))z{ [O,ng_l]U[A_I_%J-i-I’A]U{k} if nis odd

where A > (;) and k € H’%J ,A— [’%ﬂ Then f and f are only two y*-max labelings of K.

Proof. Let K, be a complete graph with V(K},) = {uj,u, ..., u,}. Assume that n is even. We use mathematical induction
on n. When n = 2, the result is obvious. Assume that n > 4 and the result holds for K, when n’ is even and 2 < n’ < n.
Let f be a yA-max labeling of K,, with f(u;) < f(up) < --- < f(u,). By Corollary 1, f(u#;) = 0 and f(u,) = A. Let f; be a
yA‘z-labeling of a complete graph K,,_, with vertex set V(K,-) = {uz, u3, ..., u,— } defined by

Si(w) = f(u;) — 1 foreach 2 <i<n-1.

Let g; be a y*~2-max labeling of K,_,. Since A — 2 > (";2>, by induction hypothesis, we have

n—-2 n-2
s1(V(Ky2)) = [0, {TJ -lHulaA-2)- {TJ L (A- 2)] )
We can extend g to a y-labeling g of K,, defined by
0 if u=u
gu)y=4 A ifu=u,
gi(w)+1 ifu+#u,u,.

Since

val®_ (K,)

max

val(f)
n—1 n—1
= wval(f) + Z:z(f(ui) = fu) + %(f(un) = f) + (f(un) — f(ur))

< val® (K, + El(A —0)+(A-0)

max
i=2

n—1 n—1
= val(g) + %(g(uf) —g(m)) + %(g(un) = 8(u) + (g(uy) — g(u1))
= val(g)

< vald, (

Kﬂ) ’

it follows that
val(fi) = valy2(Ky2) .

max

Thus,
n—-2

U (A—Z)—{TJ+1,(A—2)].

-2
AV(Kya) = [o, VTJ -1

Hence
n—-2

n-2
S(V(Kp-2)) = [1, {TJ ula-2) - {T

+2,(A - 1)]
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and we have f(u;) =0, f(u,) = A. Therefore,
vk = [o.|5]-1]u[a-[5]+1.4]
2 2
On the other hand, if n is odd, then by a similar argument, this shows that

vk =o.|5] - 1]u[a- ||+ 1.a]uim
where k € [|4].A-[4][ O
The following result is the consequence of Theorem 8 when A = (Z)

Theorem 9 Let f be a y-labeling of a complete graph K,, with

[O,HJ— 1]U[(Z)—[§J+ 1,(;)] if nis even

[o.[5]-1]u[G) - [2]+ 1L.()| vtk ifnisodd

where k € H_%J , (;) - ['5’” Then f and f are only two y-max labelings of K.

5. Open Question

JV(Ky) = {

The characterization of y-max labelings of K,.; and K,, were determined. The main open question is to characterize y-min
labelings of those graphs.
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