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Abstract
A decomposition (G4, G, Gs, -, G,) of agraph G is an Arithmetic Decomposition(AD) if |E(G ;)| =a + (i—1)d for all i

=1,2, ---,nanda, d € Z". Clearly q = % [2a + (n — 1)d]. The AD isa CMD if a=1 and d = 1. In this paper we

introduced the new concept Even Decomposition of graphs. Ifa=2and d =2 in AD, then g = n(n + 1). That is, the number
of edges of G is the sum of first n even numbers 2, 4, 6, ---, 2n. Thus we call the AD witha =2 and d =2 as Even
Decomposition. Since the number of edges of each subgraph of G is even, we denote the Even Decomposition as (G,, G,
e GZn)-

Keywords: Continuous Monotonic Decomposition, Decomposition of graph, Even Decomposition, Even Star
Decomposition (ESD)

1. Introduction

All basic terminologies from Graph Theory are used in this paper in the sense of Frank Harary. Gnanadhas. N and Paulraj
Joseph. J discussed on Continuous Monotonic Decomposition (CMD) of graphs. Ebin Raja Merly. E and Gnanadhas. N
introduced Arithmetic Odd Decomposition (AOD). In this paper we investigate Even Star decomposition (ESD) of
Complete Bipartite Graphs. Throughout this paper Sn denotes the star graph of size n.

The definitions which are useful for the present investigation are given below.
1.1 Definition (Gnanadhas & Joseph, 2000)

Agraph G = (V, E) be a simple connected graph with p vertices and q edges. If G, G,, -, G, are connected edge-disjoint
subgraphs of G with E(G) = E(G,) UE(G) U ... UE(G)), then (G1,G,, ..., Gy) is a Decomposition of G.

1.2 Definition (Harary, 1969)

A bigraph or bipartite graph G is a graph whose vertex set V can be partitioned into two subsets V; and V; such that every
edge of G joins Vyand V. If G contains every edge joining V;and V,then G is a complete bigraph. If VV;and V;, have m
and n vertices, we write G= Ky, , =K(m,n). A star is a complete bipartite graph of the form K, , and is denoted by S,.
Clearly Ky, , has mn edges.

2. Even Decomposition of Graphs
2.1 Definition (Merly & Gnanadhas, 2011)

A decomposition (G, G, Gs, ***,Gy) of G is said to be an Arithmetic Decomposition (AD) if |E(G;)| = a+(i — 1)d for all i
=1,2, ---,nanda,de Z". Clearlyq:% [2a+(n—1)d]. Ifa=1andd=1,then AD isaCMD. Ifa=1andd =2, then AD

is an Arithmetic Odd Decomposition (AOD).

Ifa=2andd =2, then g = n(n+1). Clearly n(n+1) is the sum of first n even numbers 2, 4, 6, ---, 2n. Thus we call this
Decomposition as an Even Decomposition denoted by (G,, Ga, Gs, -, Gap).

The following theorem is a necessary and sufficient condition for a graph G admits Even Decomposition.
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2.2 Theorem

Any graph G admits Even Decomposition (G, G4, Gg, - .., Gan), Where Gy = ( V3, Ey) and |[E(Gy)| =21, (i=1, 2, 3,4....,n) if
and only if g = n(n+1) for each n € Z*.

Proof:
Suppose q = n (n+1) for each n € Z*. Applying induction on ‘n’. The result is obvious whenn=1and n = 2.

Suppose the result is true when n = k. Let G be any connected graph with q =k (k + 1), then G can be decomposed into (G,
G4, GG! (KR GZk)'

We prove that the result is true for n = k + 1. Let G’ be any connected graph with (k + 1) [(k + 1)+1] edges. We prove that
G’ admits (G, Gy, Gs, ..., Gak, Gapeny)- Now (K + 1) (k+2) =k (k + 1) + 2 (k + 1). Thus q(G")=k(k + 1)+ 2(k + 1).

Let G* and Gy + 1) be two subgraphs of G" with k (k + 1) and 2(k + 1) edges respectively.
By our induction hypothesis G * can be decomposed into k subgraphs (G, G4, Gs, ... Gu).

Therefore G' can be decomposed into (G, Ga, Gg, ..., Ga) and Gyy.1). Hence G admits Even Decomposition. Conversely,
suppose G admits Even Decomposition (G»,G4,Gs, ..., Gan).

Then obviously q(G)=2+4+6 +...+2n=n(n + 1), ne Z*. Hence the proof is finished.
2.3 Example

h jg
d " %

G, Gy d Gy

Figure 1. G with Even Decomposition (G,, Gg4, Gg)
3. Even Star Decomposition of Complete Bipartite Graph

3.1 Definition (Merly & Gnanadhas, 2012)

An Even Decomposition (S,, Sy, Sg, ---, San) Of G is called an Even Star Decomposition(ESD).
A graph G with g = 12 having an ESD (S,, S, Se,) is shown in Figure 2.
“ € v, e V3
G
Vs .
Vo vy a2 o V4
v, 'Vb
v. v, v

v, 12

6

Figure 2. Even Decomposition (S,, S4, Sg) of G

102



http://jmr.ccsenet.org Journal of Mathematics Research

\ol. 8, No. 5; 2016

3.2 Remark
1. K, admits ESD
2. K, 3 admits AED, but not ESD. It is shown in the Figure 3.

Kss
by Uy Uy u, U,
vy 0, vy v, v, v, v, v
G, G,
Figure 3. Even Decomposition of K 3
3. ESD (S, S4, Sg,) of Ky is shown in Figure 4.
u, Uy
2 v, v, v, Vs Vs
(V]

V}

, U v,

er

(/2 (Vs

S, S, S¢
Figure 4. ESD (Sz, Sa, Ss,) of sze
4. ESD(S,, S4, S6,Ss) 0f K, 10 is shown in Figure 5.
Uy Uy
!
v, v V3 Uy Vs Vs v Vs Vg Y10
KZH)
Y Y, vy, vy Yy Am Vioov, Vs Vg U, Vg v, Vg
S, S, Se

Ss

Figure 5. ESD (Sz, Sa, 56158) of sz 10
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3.3 Theorem

A complete bipartite graph K, admits Even Star Decomposition (S3, Sy, ..., Sy,t+2_,) if and only if

se= 2k (k 2"* — 1) ,where n = k2"- 1, t, k(#1) € N.

Proof:

Assume K,e .. admits ESD (S, Sy, ..., Syat+2_5), We know that q(K e ;) = 2's,

Therefore , 2's; = n(n+1). This implies s; = 2k(k 2*'~ 1), where n = k2" 1, k # 1

Conversely, assume s; = 2k(k 2" 1), to prove K 2t s, adMits ESD (S, Sy, .., Syat+2_5,), applying induction on “t’ the result is
obvious whent=1.

Suppose the result is true when t = g. That is Ksas, admits ESD (S, Sy, .., Sip9+2_5).

We prove that the result is true for t = g +1, that is to prove Kyg+1  , admits ESD.

We have
A(Kzg+1,5,,,) = 29 sgi = 291 (K2 29°° - 2K) = K2 22" k2*"2,
Also,
A(Kz9,5,) = 2%, = 29 (K? 29*2 — 2k) = k? 2%9*2_ k29",

Therefore,

A(Kpg+15,,,) — O(Kae,,) = 3K* 227 k2o 1)
Now,

q(Sz9+2) + Q(Sip+245) + -+ q(Skaa+2_5).
Equal to

0(Sons2) + A(Sonea) + ... +q(Suns2) = 3n? + 5n + 2, = 3k? 229*2_ 2ot 2)
From (1) and (2) we have proved that
A(S20+155,,) —A(K29,5,) = A(Ska9+2) + q(Skza+242) + -+ q(Si9+2_3) -
Therefore,
Q(Szgﬂ,ng) = Q(Kzg,sg)"' U(Skze+2) + q(Sa9+242) + -+ A(Skpe+2_5).
Therefore, Kag+15504 admits ESD (S, Sy, ., Skpa+3_3) -
Therefore the result is true for t = g+1.
Hence, K¢ ,admits ESD (S, Sy, ..., Syat+2_,), Where n = k2"~ 1, t, k(#1) € N.
3.4 Example
K 26 admits ESD (S, S4, Se, Sg, S10, S12, S14)

Z y Vo OO B W 5 @ St S
vy Vs vz V4 Vs V6 28
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Uy u, U
V/\V: A ﬂmv
g 2 vy 2 S Vi Va4 oy Vg Vg g Vs Vo 10
2
4 6

Vi

v v
Vi Vi3 SM vis Vie Vi7 Vig 19 Voo Va1 V22 v23sv24 Vs Vg Va7 Vg
8 10

uy

v, Vis Vi Vi7 Vie Vio Voo Va1 V22 V23 Vog Vo7 V:
V3 Vg Vs Y6 vy Vg Vo Vig Vil Vip vy Vig 15 V16 V17 Vig Vig V20 V21 V22 Y23 V24 Vo5 Y26 V27 V28

Si» Sia
Figure 6. ESD (Sy, S, Se, Ss, S10, S12, S1a) 0f Ky 28
3.5 Theorem

A complete bipartite graph K,: ; admits Even Star Decomposition(S, Sy, ..., Sy,¢e+2) if and only if s, = 2k(k 2"+ 1),
where n =k2"! t, k e N

Proof:

Assume K,e . admits ESD (S, Sy, ..., Sgpt+2),. We know that q(K e 5,) = 2's;.
Therefore 2's; = n(n+1). Implies s; = 2k(k 2"+ 1), where n = k2",

Conversely, Assume s, = 2k(k 2"**+1), to prove K,t,, admits ESD (52,84, o) Sppt+2).

Applying induction on ‘t’ the result is obvious when t = 1.

Suppose the result is true when t = g. That is Ksas, admits ESD (S5, Sy, .., Spp9+2).

To prove the result is true for t = g +1, That is to prove K2g+1_sg+1 admits ESD.

We have
Ko+, ) = 2915441, = 2971 (K% 2973 + 2Kk) = k? 29"+ k29",
Also,
O(Kza,5, ) = 2%, = 2% (K* 2972 + 2k) = k? 2%9"2+ k20",
Therefore,
A(Kpo+1,5,,,) — A(K20,5,) = 3K* 2972+ k20! )
Now,
U(Ska9+242 ) +A(Skao+24s )+ ... 1Q(Ska0+3).
That is
0(Sons2) + Q(Sansa) + ... +(San) = 3n? + n = 3k? 22924 29+ (4)
From (3) and (4) We have proved that
Q(K29+1,sg+1) —0(K29,5,) = A(Ska9+242 ) 0(Skao+24 )+ oieenn. +q(Syz9+3)-
Therefore,
Q(K29+1,sg+1) = 0(K29,5,) + U(Ska9+242 ) Y0(Skaot24g ) T oo +q(Syzo+3).

Therefore K,g+1, , admits ESD (S2,S4) oo Ska9+3).

Therefore the result is true for t = g+1.
Hence, K38, admits ESD (S,, Sy, ..., Sgpt+2),n = 2"k + 1, t, k € N.
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3.6 Example
K4,13 admits ESD (Sz, S4 ..., SlG)-

Ug

Vi ; .
9 Vio Vi1 Vi3 Vi3 V Vis V v h h
10 12 Vi3 V14 Vis Vig V17 Vig vy Vg Vo V10 Vii Vip Vi3 vy Vis V17 vig

sIO SIZ
uy up
Vs Ve V7 Vg Vo Vig Vi V12 Vi3 Vig VIS Vie vi; Vig 4 8 Yo VigVi Vi Vi3 Vig Vis Vie Vi7 Vis
Sl-’l Slé

Figure 7. ESD (S;, Sa, ..., S16) Of K418
3.7 Remark
Complete bipartite graph Kss, Kgs,.. ., Kysdoes not admit AESD where w is odd or odd multiples.
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