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Abstract

fWi+fw)?

Let f:V(G)—{1,2,.....p+tq} be an injective function .The induced edge labeling f*(e=uv) is defined by ,P“(e):[ﬂu)zJrf(v)2

(or) [; Ezij:; 222] then f is called Super Lehmer-3 mean labeling, if {f (V(G))} U {f(e)/e € E(G)} ={1,2,3,....p+q}, A

graph which admits Super Lehmer-3 Mean labeling is called Super Lehmer-3 Mean graph.

In this paper we prove that Path, Comb, Ladder, Crown are Super Lehmer-3 mean graphs.
Keywords: graph, Lehmer-3 mean graph, Super Lehmer-3 mean graph, Path, Comb, Ladder, Kite, Crown.
1. Introduction

A graph considered here are finite, undirected and simple. The vertex set and the edge set of a graph is denoted by V(G)
and E(G) respectively. Lehmer mean is another type of generalized mean. A path of length n is denoted by P,,. For standard
terminology and notations we follow Harary (1988) and for the detailed survey of graph labeling we follow J.A. Gallian
(2010). S.Somasundaram, S.S Sandhya and R.Ponraj introduced the concept of Harmonic Mean Labeling of Graphs in
(Somasundaram, Ponraj, & Sandhya) and its basic results was proved in (Somasundaram, Ponraj, & Sandhya). We will
provide a brief summary of other in formations which are necessary for our present investigation.

Definition 1.1
A graph G=(V,E) with p vertices and g edges is called Lehmer-3 mean graph. If it is possible to label vertices x € V with

distinct labels f(x) from 1, 2, 3,...... g+1 in such a way that when each edge e=uv is labeled with f(e=uv)= [?EZ;Z:’;Z;ZI (or)
3

%J then the edge labels are distinct. In this case “f ” is called Lehmer-3 mean labeling of G.

Definition 1.2

A Path P, is obtained by joining u; to the consecutive vertices uj.; for 1<i<n

Definition 1.3

A graph obtained by joining a single pendant edge to each vertex of a path is called a comb
Definition 1.4

A product graph PxP, is called a planar grid P,xP, is called a Ladder.

Definition 1.5

Crown is a graph obtained by joining a single pendant edge to each vertex of a cycle.
Definition 1.6

The corona of two graphs G; and G, is the graph G = G,0G, formed from one copy of G; and |V(G,)| copies of G,
where the i vertex of G, is adjacent to every vertex in the i"" copy of G,.
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2. Main Results
Theorem:2.1
A Path P, is a Super Lehmer-3 mean graph.
Proof:
Let P, be a Path vy,v,,....v, with edge set E={v;v;.,/1<i<n-1}
Define a function f:V(P,)—{1,2,.....ptq} by
f(v;)=2i-1; 1<i<n.

Then the induced edge labels are

F*(Vivie1)=2i; 1<i<n-1
Therefore f(V(P,)Uf(e))={1,2,3,.....pHq}
Hence P, is a Super Lehmer-3 mean graph
Example:2.2
A Super Lehmer-3 mean labeling of Pg is given below.

2 4 ] 8 10
- & L L w L |
1 3 5 7 9 11
Figure 1.

Theorem: 2.3
(P,OK}) is a Super Lehmer-3 mean graph.
Proof:

Let G be a Comb obtained from a path P,= vy,v,,....v, by joining the vertex v; to u; where 1<i<n and hence the edge set is

E={ujUi+1/1<i<n-1}U {uvi/1<i<n}
Define a function f:V(G)—{1,2,.....p+q} by
f(u;)=4i-3; 1<i<n
f(vi)=4i-1; 1<i<n
Thus the edges are labeled with
*(uuir)=41; 1<i<n-1
*(ujv)=4i-2; 1<i<n
Therefore £ (V(G)) U {f(e)/e € E(G)} ={1,2,3,.....ptq}
Thus f is a Super Lehmer-3 mean graph
Example: 2.4
12 13 20

17 21

16

10 - 18

11 15 19 23

Figure 2.
A Super Lehmer-3 mean labeling of P¢O K; is drawn above
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Theorem: 2.5
A Ladder is a Super Lehmer-3 mean graph.
Proof:
Let G be a ladder L, obtained from a path P,=vy,v,,...... vy and ug,Us,...... Un joining u; to v;and u; to Ui,V tO Visg.
Define a function f:V(G)—{1,2,.....p+q} by
f(u;)=2i-1; 1<i<n
(V)= un+2;
here u, denote the last vertex label of path u;
f(vi)=v1+(3i-3); 2<i<n,
where v, denote the first vertex label of path v;
Thus we get distinct edge labels.
Therefore £ (V(G) U {f(e)/e € E(GQ)) ={1,2,3,.....p1q}
Hence f is a Super Lehmer-3 mean graph.
Example: 2.6
Ls is a Super Lehmer-3 mean graph

1 2 3 4 5 6 7 8 9
» 19 16 13 10
2
” a0 s . 15 14 2 n
Figure 3.

Theorem: 2.7

Let G be a graph obtained by identifying a pendant vertex P, and an end vertex C;. Then G admits a Super Lehmer-3 mean
labeling.

Proof:
Let P, be a path ug,u,,....u,and uvw be a cycle Cs. Identify u with uy,. Then the resultant graph is G.
Define a function f: V(G)—{1,2,.....p+q} by
f(u)=2i-1; 1<i<n
f(v)=2n+1
f(w)=2n+4
Thus the edges are labeled with
F*(ujui1)=2i; 1<i<n-1
*(u,v)=2n
f*(u,w)=2n+2
*(vw)=2n+3
hence by the above labeling pattern { f V(G) U f(e)/e € E(G)} ={1,2,3,.....p+q}
Thus G admits a Super Lehmer-3 mean labeling.
Example: 2.8
A Super Lehmer-3 mean labeling of G when n=6 is given below
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10

12

13

Theorem: 2.9

C.OK is a Super Lehmer-3 mean graph
Proof:

Figure 4.

11

14

16

Let uy,U,, Us,.....upU; be a cycle of n vertices . Add a new vertices v; such that v; is adjacent to uj, 1<i<n. Then define a

function f: V(C,0K,)—{1,2,.....p+q} by

Then the edges are labeled with

Thus vertices and edges together get distinct labels from {1,2,3,.....p+q}

Hence C,0OK; is a Super Lehmer-3 mean graph
Example: 2.10
The labeling pattern of COK, is

f(u,)=3
f(u;)=4i-3; 2<i<n-1
f(un)=4n-2
f(vy)=1
f(vi)=4i-1; 2<i<n-1
f(vn)=4n

f*(uili)=4i; 1<i<n-1
f*(usun)=4n-3

*(uvi)=4i-2; 1<i<n-1
f*(uyvn)=4n-1

Figure 5.
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Theorem: 2.11

NP, is a Super Lehmer-3 mean graph

Proof:

Let vjj, 1<i<n, 1<j<m be the vertices of nP,

Then the edge set is E={v;v;,j:1/1<i<n, 1<j<m-1 }
Define a function f:V(nP)—{1,2,.....p+q} by

f*(vij)=(2m-1)(i-1)+(2j-1); 1<i<n, 1<5j<m
Thus the induced edge labels are

f(Vi; Vijje1)=(2m-1)(i-1)+(2j); 1<i<n, 1<j<m-1
Thus f provides a Super Lehmer-3 mean labeling of nP,,
Example: 2.12

A Super Lehmer-3 mean labeling of 5Pg is given below

6 8 10
w L J - L _J - L]
1 3 5 7 9 11
13 15 17 19 21
L L J - L] - w
12 14 16 18 20 22
24 26 28 30 32
- - - w - w
23 25 27 20 31 33
35 37 39 41 43
L J L J L J W - L J
34 36 38 40 12 a4
a6 43 50 52 54
L J - - w - w
45 a7 49 51 53 55

Figure 6.
Theorem: 2.13

(P,OK )P, is a Super Lehmer-3 mean graph.

Proof:-

Let G be a graph obtained by the union of (P,OK;) and P,
Let (P,OK,) be a graph with n vertices uy, u,,
Let the vertices of P, be wy, Wo,...W,

Define a function f: V(G)—{1,2,.....p+tq} by

..... upand vy, Vs,....v, respectively.

f(u)=4i-3; 1<i<n

f(v))=4n-1; 1<i<n
f(w))=va+(2j-1); ISj<m
Then the induced edge labels are

*(UjUir); 1<i<n
f*(ujvy)=4i-2; 1<i<n
F*(Wj W) =f(Uavn)+(2j+1); 1<j <m-1

Thus the vertices and edges together get distinct labels from {1, 2,.....p+q}.
This provides a Super Lehmer-3 mean labeling for (P,OK;)UPr,
Example: 2.14

The Super Lehmer-3 mean labeling of (PsOK})UPs is
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1 4 5 8 9 12 1B 16 17 20 2
25 27 29 31
- - & & -
2 26 22 32
2 6 10 14 18 2
3 7 1 15 19 23
Figure 7.

Theorem: 2.15
(Kite)u P, is a Super Lehmer-3 mean graph.
Proof:-
Let G be a graph obtained from the union of kite and path
The vertices of kite be uy, uo, ....... upand uvw. Identify u with u,, uvw be a cycle
Let Pr, be a graph with m vertices. Then the resultant graph is G
Define a function f: V(G)—{1,2,.....p+q} by
f(u;)=2i-1; 1<i<n
f(v)=2n+1
f(w)=2n+4
f(x;)=f(w)+(2j-1); 1<j<m
Thus the edges are labeled with
F*(uili1)=2i; 1<i<n-1
*(u,v)=2n
f*(u,w)=2n+2
f*(vw)=2n+3
*(XXj) =F(vw)+(2j-1); 1<j<n
By the above labeling pattern {f V(G) U f(e)/e € E(G)}={1,2,3,.....p+q}
Hence G admits a Super Lehmer-3 mean labeling.
Example: 2.16
The Super Lehmer-3 mean labeling pattern is given below

7 9 1 14 16 17 19 21 23 25

=y
w

Figure 8.
Theorem: 2.17
(C,OK )u P, is a Super Lehmer-3 mean graph
Proof:
Let ug,U»,Us,.....un,U; be the vertices of a cycle C,.. Add a new vertices v; such that v; is adjacent to u;, 1<i<n.
Let P, be a path with m vertices
Define a function f : V((C,OK;)UPr)—{1,2,.....p+q} by

f(u)=3

f(u;)=4i-3; 2<i<n-1
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f(u,)=4n-2
f(vy)=1
f(vi)=4i-1; 2<i<n-1
f(vn)=4n
f(w;)=f(vn)+(2)-1); 1<5j<m

Thus vertices and edges together get distinct labels from {1, 2, 3..... p+q}
Hence (C,OKj)u Py, is a Super Lehmer-3 mean graph
Example: 2.18
A Super Lehmer-3 mean labeling of (C¢OKy)u Psis

a5 27
11

Figure 9.
Theorem: 2.19

(C,OK U (POK,) is a Super Lehmer-3 mean graph
Proof:

26 28

32
31 33

Let uy,Up, Us,.....upU; be a cycle C,. Add a new vertices v; such that v; is adjacent to u;, 1<i<n.

Let (P,OKy,) is a comb of m vertices Wy, Ws....Wn; X1, Xo,. ... Xy respectively
The graph G is defined by a function f : V(G)—{1,2,.....ptq} by
f(uy)=3
f(u;)=4i-3; 2<i<n-1
f(u,)=4n-2
f(vy)=1
f(vi)=4i-1; 2<i<n-1
f(vn)=4n
f(w;)=f(vn)+(4)-3); 1<j<m
f(x))=f(vn)*+(4j-1); 1<5j<m
Then the vertices and edges together get distinct labels from {1, 2, 3..... p+q}
Hence (C,0K;)u (PnOK;) forms a Super Lehmer-3 mean graph
Example: 2.20
A Super Lehmer-3 mean labeling of (C¢OKy)u Psis
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Figure 10.
3. Conclusion
Hence the union of two Super Lehmer-3 mean graph is again a Super Lehmer-3 mean graph.
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