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Abstract

In this paper, we study the risk averse investor’s equilibrium equity premium in a semi martingale market with arbitrary
jumps. We realize that, if we normalize the market, the equilibrium equity premium is consistent to taking the risk free
rate p = 0 in martingale markets. We also observe that the value process affects both the diffusive and rare-event premia
except for the CARA negative exponential utility function. The bond price always affect the diffusive risk premium for
this risk averse investor.
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1. Introduction

Much work in finance has been based on martingale markets whose future is deemed fair and unpredictable by normalizing
prices. This gives investors a fair chance to either gain or lose out on their investments. In our case, we make the market
partly predicable in order to give certainty of some degree on a fair compensation an investor receives for having taken up
some risk. In this case, we allow X, to be a semimartingale with a decomposition

X, =Xo+M+A,

such that M = (M,)o<<r is a square-integrable martingale with My = 0 and A = (A,)o<s<r 1s a predictable process of finite
variation |A| with Ay = 0. In this paper, we use the semi martingale approach to determine equilibrium equity premium in a
production economy with jumps as opposed to option pricing. The problem of deriving ordering results for option prices
has been adressed in several papers [(Karoui & Shreve, 1998), (Hobson, 1998), (Bellamy, 2000), (Henderson, 2002),
(Hendersonn & Hobson, 2003), (Hendersonnn & Kluge, 2003), (Moller, 2003), (Eberlein & Jacod, 1997), (Frey & Sin,
1999), (Jakubenas, 2002), (Gushchin & Mordecki, 2002)]. The results for models with nontrivial pricing intervals and the
corresponding comparison results are less complete. Comparison results for diffusion processes are discussed in (Karoui
& Shreve, 1998) and nontrivial bounds for stochastic volatility models are given in (Frey & Sin, 1999). (Bellamy, 2000)
(see also (Henderson & Hobson, 2003)) prove that the price of a European call for a diffusion with jumps is bounded
below by the corresponding Black-Scholes price and above by the trivial upper price [see also (Bergman & Wiener, 1996)
and (Hobson, 1998) for alternative proofs]. An important generalization of the technique introduced in (Karoui & Shreve,
1998) and (Bellamy, 2000) has been established by (Gushchin & Mordecki, 2002) who derive a general comparison result
for one-dimensional semimartingales to some Markov process w.r.t convex ordering of terminal values.

This paper is comparable to (Zhang & Chang, 2012) and also further elaboration by (Mukupa & Offen, 2015) and (George
& Offen, 2016) who considered the martingale case of equilibrium equity premium.

2. Method

Our price process evolves according to the stochastic differential equation;

dX, = pdt + 6dB, + (¢* — 1)dN, — AE(e" — 1)dt.

which is a semi martingale with discontinuities because of the presence of jumps.
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We take u, 6 and A as constants and x as a vector of arbitrary distributed jump sizes. The processes B, and N, are
independent since Brownian motion is a continuous process while the Poisson process is discrete. The parameter A
denotes the frequency of the Poisson process. In this model, we have set the coefficient (¢* — 1) in the jump process such
that ¢* — 1 = 0 if there is no jump, that is, for x = 0. E denotes the expectation which makes the process E(e* — 1)
deterministic. dN; models the sudden changes as a result of rare events happening and dB, models small continuous
changes generated by the noise whose volatility is a constant d.

Note that the compensated compound Poisson process (e* — 1)dN; — AE(e® — 1)dt has the mean of zero since
E[(e* — 1)dN, — AE(e* — 1)dt] = E(¢® — 1)E(dN;) — E(¢* — 1)E(Adt) =0

and E(dN;) = Adt.

To solve
dX; = udt + 6dB; + (¢* — 1)dN; — AE(e* — 1)dt,

we do not need to apply Itd Lemma with Jumps because the diffusion part is a continuous semi martingale whose procedure
for solution does not require the integrating factor. We solve for the price process at the terminal time 7 as follows;

dX, = [u— AE(e* — 1)1dt + 6dB; + (¢* — 1)dN, (1)

Integrating (1), we obtain

N;

Xr =X, +[u—AE(" = DIt + 6B, + Z(e"" -1,

i=1
where 7 = T — ¢ is the investment period.
Suppose that an investor holds two assets, the risk-free asset, Xy(#), and the risky asset, X;(f) = X, given by equation (1).
The risk-free asset is assumed to evolve according to the equation

dXo(r) = p()Xo(1)dt

where p is a constant risk-free rate. Denote Y; = (Xo(#), X;(?)) and the corresponding portfolio by ¢ = (1 —w, w) consisting
of 1 — w non risky assets and w risky assets.

We have, by the self financing strategy, that
dV, = ¢ e dY;
so that the total wealth at any time 7 is
Vi=Vo(0) + Vi(0)

where Vj(¢) is the value of the money market account and V() is the value of the investment in the stock market at time

t. Now
th

dVo(®) + dVi (1)

(1 = w)dXo(®) + wdX(?)

(1 — w)(pXo(H)dt) + wlu — AE(e* — 1)]dt + w3dB, + w(e* — 1)dN,.

Since the equity premium ¢ = u — p, we have that u = ¢ + p, hence

dV, = [pXo(t) — wpXo(t) + we + wp — AWE(e* — 1)]dt + wddB, + w(e* — 1)dN;.

The investor’s optimal control problem then is to maximize his expected utility function

T
max Etf y(@&)U(ry)drt,
t

subject to

dV, = [pXo(t) — wpXo(t) + wd + wp — AWE(e* — 1) — r,]dt + wddB, + w(e® — 1)dN;,

The wealth ratio w and consumption rate r, are control variable. The general equilibrium occur when w = 1.
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3. Results
Proposition 1 Equilibrium Equity Premium For CRRA Power Utility Function.

=<

In a semi martingale market, an investor’s equilibrium equity premium with CRRA power utility function U(r;) = +,0 <

B < 1, in the production economy with jump diffusion is given by
¢ =pXo(t) —p = (B= DV '6* + AE[(" = 1)(1 = Vi(e")'™)].

where ¢s = pXo(t) — p — (B8 — 1)V, 16 is the diffusive risk premium and ¢y = AE[(e* — 1)(1 — V,(e*)’~)] is the rare-event
premium.

Proof. We optimize the investor’s utility based on the Hamilton-Jacobi-Bellman (HJB) equation

E,[dJ +yU(r)dt] = 0. )

Now, Equation (2) can be written as

dV, =d'V, + w(e* — 1)dN, 3)

where
d*V; = [pXo(t) — wpXo(t) + we + wp — WAE(e* — 1) — r;]dt + w6dB,

is the diffusion part. Define
g =J@td'Vy,

then Ito’s formula gives

1
d*'J = Jdt+ Jyd'V, + EJV,V,(d*V,)Z.

The generalized process of equation (3) gives

dl = d'J+[JV,(1+w(e -1),1)—-JV,1)]dN,

1 :
Jdt + Jy,d*V, + EJV,V,(d*V,)2 + [J(V.(1 + w(e* = 1)),t) — J(V,, 1)]dN,
1
= Jdt + Jy,[[pXo(t) — wpXo(t) + wp + wp — WAE(e* — 1) — r,]dt + wodB,] + EJV’V’ [w?S%dr] + [J(Vi(1 + w(e® = 1)),1) — J(V;, 1)]dN;

1
= Jidi + Iy pXo(t) ~ wpXo(t) + w + wp — WAE(" ~ 1) = rdt + Jy,wddB, + 3 Juy, [w?8%d] + [J(Vi(1 + w(e® = 1)), 1) — J(V,, D)]dN,.

Equation (2) can now be written as
Jidt + Jy,[pXo(t) — wpXo(t) + wo + wp — wAE(e™ — 1) — ry]dt + %Jvrv,wzézdt
+ E[J(V(1+w(e* = 1),t)—J(V,,0)]Adt + yU(r)dt =0
Ji+ Iy lpXot) — wpXo(t) + wd + wp — wAE(e* = 1) —r] + %JVrerZ(SZ

Dividing through by dt, we obtain
+ AE[J(V,(1 + w(e* —1)),t) = J(V,, )] + yU(r;) =0

To find the optimal values, we solve
{E%{J, + Jy,[pXo(t) — wpXo(t) + wd + wp — WAE(e* — 1) — r/] + %Jv,v,wzaz
+AE[J(Vi(1 + w(e* = 1)),0) = J(V;, )] + yU(r;) = 0},
by taking partial derivatives with respect to r; and w to obtain the first order conditions

=Jv, +yU(@r) =0
—pXo(D) + ¢ + p — AE(e* = D]y, + Jyy.w6® + AE[Jy, (Vi1 + w(e* = 1)), HV,(e* = )] =0
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Solving for ¢ from the second equation and taking the equilibrium condition w = 1 yields the general equilibrium equity
premium

R . Jvv, » 4 x x
&= pXo(t) = p+ A" = 1) = S8 = ZE[Jy(Vie' . )Vi(e* = D]
v, 12
Substituting this ¢ into the Bellman equation
Ji+ JupXo®) = JupXo)+ Jy,lpXo(t) = p + AE(e" = 1) = 5262 = L E[Jy,(Vie*, Vi(e* = 1))

+ Jyp-—JyAE@E* —-1) - Jyr + %JVZV,(SZ + AE[J(Vie¥),t) = J(V,, )] + yU(r) =0

which simplifies to the integro p.d.e

Jo+ JyvpXo®) = Jyri = 5Jvy,6% = AELy,(Vie', DV (e* = D] + AE[J(Vie"), 1) = J(V;, )]
+ yU@r)=0

Consider now the power utility function

A

Ur)=—, 0<B<1,

B

we solve for J(V,, f) based on the indirect utility
Ve
J(Vi,1) = Q(I)F’ 3)

The optimal consumption will be solved from the first order condition (1) as:

yU'(r) = Jy,
which implies
LA IOV
(Q(t)Vtﬁ_l ]ﬁ
ry =
y
and therefore
ro= (%)ﬁ v, o))

is the optimal consumption we require.

B
Substituting the functions J(V,, 1) = Q(t)%’, Jy, = Q(t)V;B ~!and Jvy, =B - 1)Q(t)Vf 2 into the integro p.d.e gives

s #
% + pXo(HQVF ' — (%)ﬁ V.oV - %52@; ~ DOV = AE[Q()(V,e* PV (e* = 1)]
o[ 2] a0y )
B BI\ vy !

differentiating with respect to V; and dividing through by Vf - gives the terminal conditions

0(1) + aQ(1) +y[<$)%] - 0.

I
L

o(T)
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where

1

o 70 B = 1B =2V, = ABE[P V(e - 1]

a = pXoa)(ﬁ—l)V;‘—ﬁ(T)ﬁ—

+ AE[e® - 1]

B
Substituting J(V;, 1) = Q(t)‘;—’, Jy, = Q(t)Vfg ! and Jyy, = (B - I)Q(I)Vtﬁ 2 into the general equilibrium equity premium
gives us the equity premium for the power utility function as;

¢ = pXo() —p = (B=DV;'8 + AE[(e" = (1 = ViV D],
Notice here that, if we normalize the market by X (¢) = 1, the equilibrium equity premium will be given by
¢=—(B- DV '6* + AE[(e" — 1)(1 = V(eI

This is consistent to taking p = 0 as in martingale markets. We also observe that the value process affects both the diffusive
and rare-event premia. If the value process V; = 0, the investor’s equilibrium equity premium becomes undefined. We
therefore urge investors under this utility function to increase on the value process as this reduces the diffusive risk
significantly.

Proposition 2 Equilibrium Equity Premium For Negative Exponential Utility Function

Under the CARA negative exponential utility function U(r;) = —e™ ", @ > 0, the investor’s equilibrium equity premium
in the production economy with jump diffusion is given by
V. —aVe*
-1 (1 L )]

¢ = pXo(t) — p + @6* + AE —
e~V

Proof. Suppose that the investor’s utility function is given by
Ulr)=-e,a>0,
which is the exponential utility function. We observe that,
U'(ry)) = ae™ ™ >0,

U"(r,) = —a?e™ ™ < 0,
which implies the utility function is concave.

We solve for J(V,, t) by conjecturing that
J(Vi1) = =Qre™ ",

and use the first order condition (1) as follows
y Uy =1J Vv,

which implies
Wae™) = aQe™™.

Solving for r, the optimal consumption for this investor is given by:

-1 [Qteavr
=—1In
44 y

], a > 0.

Substituting the functions J(V,, 1) = —Q,e™", Jy,(V;, 1) = aQ,e™"" and Jy,y,(V,,1) = —a*>Q,e~*"" into the integro-partial
differential equation gives

—0e™" + pXo(a Qe+ Qe In

QleiaV’ 1 2 —-aV, 2 —aV,e* X
T +§a Qe 6" — AE[a Qe "¢ Vi(e* = 1)]

0=Vt

+ AE[@Qe™ V¢ + Qe —yeT 1 = 0.
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—aV;

Differentiating with respect to V; and dividing through by ae gives the terminal conditions

O +aQ - 2— =0 and Q=0
ae ¥

where

Vil 1 Pl .
a = —apX(®)—1In [Q""T] - §a252 - mE[e‘”V’g (e — (1 - V,ae")]

— E[_aexe—aV,e‘ _ e—arV,]
e 1

Substituting J(V;, 1) = —Q,e™®":, Jy.(V,, 1) = aQ,e™®"" and Jy,y,(V,, 1) = —a*>Q,e”*" into the general equilibrium equity
premium gives

¢ = pXo(t) — p + @6* + AE —
e~V

—aV.e*
€ - 1) (1 et )]

The wealth process affects only the rare event premium. We notice here that, if the wealth process V; = 0, the rare event
premium is also zero. The diffusive risk for this utility is always positive regardless of how volatile the process becomes.
In fact, the more the process becomes volatile, the more the investor is exposed to the diffusive risk.

Proposition 3 Equilibrium Equity Premium For Square Root Utility Function.

In the production economy with jump diffusion, the investor’s equilibrium equity premium with square root utility function
U(r;) = «fr;, 1 > 0, is given by
5 Ly
¢ =pXo() —p+ 5 + AE[(e" — (1 = Vie™>M)]
2V,
where ¢s = pXo(t) —p + 2‘5—‘2,’ is the diffusive risk premium and ¢y = AE[(e* — 1)(1 — V,e’%x)] is the rare-event premium.

Proof. For the square root utility function
U(rt) = \/Ftvrt > O’

the optimal consumption

2
_ (y Vi ) _ Y
1= = 5
O 0;
which we have found by taking J(V,, t) of the form
1
J(Vt9 t) = Qtsz

We note that in this case ]

\%
(=)

1 1
U/("t) = E(’%)j = 3

§I

and

" [P 1 s 1 1
U(r)= =) = =2 () = g X —=
3 3
7 4\/r;

implying that this utility is a concave function. The coefficient of aversion is

RRA = L

UI
4 r? 14

= 1 = Xz\/r_t
PRV
1

= =>0.
2

—
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It is easy to see that the RRA is % by virtue of square root since the CRRA family is of form U(c) = ¢# for some
RRA =8> 0.

Substituting J;, Jy,, Jy,y, and r; into the integro-partial differential equation

1
Ji +pVidy, — 552V,ZJV,V, —  AVE[Jy,(Vie", 0)(e" = 1)] + AE[J(V,e*, )]

- A= Jyr+yU@ry) =0.

This gives
1
} o e oso o O
oV} +pXo(t)— - 0.t T - AV E[ —(e* - 1)]
2V} & gy? 2(e"):?
1
3.1 yzvtz
+ AE[Q,V} (e - D]+ —— =0.
O
Differentiating with respect to V; and dividing through by V, ? yields
Lo - Loxywov - 2 - 2eov2 - Lao e S [k Larroer - 1+ 2 <0
— —_ = B - — _— — e — — = 0.
2 T PR Ty T 16 T Tt | T | T 20,
and thus
1 2
EQf+aQ,+2% = o0,
t
orT) = 0
where )
1 y 3 1 ef—1] 1 -
= ——pXo()V ' - == - — V72— _AE —AE[e?* - 1
a 4p 0() t 4Qt2 ]6 t 4 e%x +2 [@2 ]

are terminal conditions.

Substituting into the general equilibrium equity premium formula gives the equilibrium equity premium for the square
root utility function as

2

9 x L
6 = pXolt) = p+ 50+ AL = 1)1 = Vie™ )]

For this utility function, the value process affects both the diffusive and rare event premia. Again, if the wealth process
Vi = 0, the equilibrium equity premium is undefined. If the wealth process increases, the diffusive risk reduces and
vice-versa. The rare event premium also reduces with the increase in the wealth value.

Proposition 4 Equilibrium Equity Premium For Quadratic Utility Function.

An investor’s equilibrium equity premium with quadratic utility function U(r;) = r,—ar?,a > 0 in the production economy

with jump diffusion is given by

2

245
¢ = pXo(D) —p+ ——=— + AE

1-2aV, 1-2aV,

(e - 1)(1 RAGS 2aV,ex))]

2as?

where ¢s = pXo(t) — p + 5V, is the diffusive risk premium and ¢y = AE[(e* — 1)(1 — %)] is the rare-event

premium.

Proof. Suppose now that this investor consumed quadratically from the investment, that is

Ulr) =r— artz,a >0,
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then
U'(ry) >0,

U'(r) <0
implying U(r,) is a concave utility function by virtue of U”'(r;) being negative.

We solve for J(V,, t) by conjecturing that
J(Vi,1) = QuVi = aV})

=Q,V, - aQ,V?

so that
JV,(VI, 1 =0 —2aQ,V,

and
Jyv,(Vi, t) = =2aQ;.

From the first order conditions, the optimal consumption result as

_Y- O +2aQ,V,

" 2ay

which is affected by both the time preference function y(¢) and V; the total wealth at any time .

We substitute J;, Jy, and Jy,y, into the integro-partial differencial equation to obtain

1
oV - aQtVt2 + pXo(1)Q; — 2apXo(1)Q;V; — %[0’ = Q0 +2aQ,V)(Q; — 2a0,V))]

+ad*Q, — AE[(Q, — 2aQ,Vie" )V (e — )] + AE[Q,Vi(e* — 1) — aQ, V(€™ — 1)]

+(y = 0r +2a0,V)(y + O — 2a0,V,)
4ay

=0.

Differentiating with respect to V;, we have the terminal conditions

1
O: —2a0,V; — 2apXo(1)O; - %[()’ = 01 +2a0,Vi)(-2a0Q;) + (O — 2a0,V)(2a Q)]

—AE[(Q; - 2aQ,V,e")(e" = 1) + Vi(e* = 1)(-2aQ0;€")] + AE[Qi(e" — 1) = 2aQ,Vi(e™* - 1)]

N (y— 0 +2a0,V)(—2aQ) + (y + Or — 2a0,V)(2a0,)
4ay

=0
and

o) =0.
Substituting into the general equity premium gives us the desired result

2

6= pXot)—p+ 29 g
T PA TP T o,

@ - 1) (1 V- 2the"))] _

1 -2aV,

The equity premium is always positive regardless of the wealth value. Even when the wealth process becomes zero, the
diffusive and rare events premia are never zero.

4. Conclusions

In the semi martingale market, the equilibrium equity premium for risk averse investors is affected by the wealth value
except for the CRRA negative exponential utility function. For the power and square root utility, we realised that, if the
value process V; = 0, the investor’s equilibrium equity premium becomes undefined. If the wealth process increases, the
risks reduces and vice-versa.The quadratic utility is the only utility affecting the premium uniquely. The risks for this
premium are always positive regardless of the wealth process.
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