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Abstract

We show some useful properties of these ideals that give various methods how to get ideals from them, and so our main
aim is to study their properties. Here, we introduce these ideals i.e., the natural ideal, normal ideal, former ideal (and its
doublet, latter ideal), proper ideal, normal extension ideal, normal uptake ideal. In particular, we introduce Boolean ideal
and normal Boolean ideal to grasp the diversity of ideal for BCL* algebras. As a means, we can define quotient BCL"
algebras only in terms of ideal, and we discuss its structure.
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1. Introduction

The author (Liu, 2011) first studied that the BCL-algebras, which is a new class of algebra of type (2, 0) and a wider
class than BCK/BCI algebras. The BCL-algebras progress by Al-Kadi and Hosny (2013), and soft BCL-algebras were
treated by Al-Kadi (2014). The author (Liu, 2012) was introduced BCL" algebras. A BCL" algebras can be considered as
a fragment of propositional logic containing only a logical connective implication a binary operation “*” and 1 which is
interpreted as the value “true”. And in recent years, the author (Liu, 2013-15) has launched a series of original research
to improve the general development of BCL" algebras. In algebra we can say that the concept of the ideal is important
such as rings (Isaacs, 1993) and semigroups (Anjaneyulu, 1980); in linear algebras such as Leibniz algebras and Lie
algebras (Geoffrey & Gaywalee, 2013); in logical algebras such as Hilbert algebras (Dudek, 1999; Sergio & Daniela,
2012), BCC-algebras (Dudek et al., 2011), and BCK/BCI algebras (Huang, 2006; Borzooei & Zahiri, 2012). It might be
the best motivation to do something about the notions of ideals in BCL" algebras. To that end, we will introduce the
standard ideals for BCL" algebras in this paper. The key here is to identify ideal, as well as study for their interesting
properties. Certainly, we want to find some ideals that specifically in ideals of poset, serve as some standard ideals to
express all the ideals, for example, from the normal ideal to the normal extension ideal. Because of an ideal is precisely
an object that is both former ideal and latter ideal, and also relationships relevant to the deductive systems.We will work
on the structure of algebra by ideal in the quotient BCL* algebras. All these means have become of the distinctive features
of the ideals in BCL" algebras.

2. Preliminary
In this section, we recall some basic facts about BCL" algebras which will be needed for this paper.

Definition 2.1 (Liu, 2012) ABCL" algebra is a triple (Y; *, 1), where Y is a nonempty set, “*” is a binary operation on
Y,and 1€Y isan element such that the following three axioms hold forany X,y,z €Y :

(BCL'1) Xx=*Xx =1.

(BCL'2) x*y =21and y*X =1 imply X =Y.

@cL*'3)  ((xxy)*z)*((x*z)*y)=(z*y)*x.

Theorem 2.1 (Liu, 2012) Assume that (Y; *, 1) is a BCL" algebra. Then the following hold forany X,y,z €Y :
(i) (x*(x*y))*yzl.

(ii) Xx*1 = X implies X = 1.

iy ((xxy)x(xx2))(z*y)=1.

Definition 2.2 (Liu, 2012) Suppose that (Y; *, 1) is a BCL" algebra, the ordered relation if X <Yy ifand only if
X*y=1 forall X,yeY,then (Y ; S) is partially ordered set and (Y; *, 1) is an algebra of partially ordered
relation.

Definition 2.3 (Liu, 2015) If D be a nonempty subset of a BCL" algebra (Y; *, 1). Then we say that D be a deductive
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system if

(DS1) 1eD.

(DS2) xeD and x*yeD imply yeD.

Lemma 2.1 (Liu, 2015) Let D be a deductive system of a BCL" algebra (Y; *, 1), and suppose a < X whenever
aeD.Then xeD.

Lemma 2.2 (Liu, 2015) LetY be commutative and let for all X, Y,z €Y . Then the following equalities are satisfied:
(Y1) x*(y*z)=y*(x*2).

(Y2)  (xxy)xz=(x*2z)*y.

Theorem 2.2 (Liu, 2015) Suppose that B is subalgebra of Y. Then B is a filtration and X € Bif and only if
lxxeB.

Theorem 2.3 (Liu, 2015) Let H be a nonempty subset of a BCL" algebra (Y; #, 1). Then H is a filtration if and only if
it is a deductive system.

3. Main Results

Definition 3.1 Let | be a nonempty subset of BCL" algebras (Y; *, 1), let acl, XeY . We say that | is a natural
ideal of Y if

(NAI)  x*ael implies Xel.

Example 3.1 LetY = {1, a, b, c} and the binary operation * on Y by the following Cayley Table 1 (Liu, 2015) and
Figure 1 display Hasse diagram.

Table 1. BCL" operation

* 1 a b ¢
1 1 1 1 1
a a 1 1 ¢
b b 1 1 ¢
e ¢ 1 |

b

a

c

1

Figure 1. The Hasse diagram of ({1, a, b, c}).
Then | = {1, b} is a natural ideal.
Solution. Let x=1eY andlet b |, by Definition 3.1, we get 1*b =1 | for instance.
Definition 3.2 Let | be a nonempty subset of BCL" algebras (Y; *, 1), we say that | is a normal ideal of Y if
(NoI1)  1lel,and

(NOI2) Forall X,y,z€Y, y*(z*x)el and zel imply yxxel.

Example 3.2 InExample 3.1, let 1<l .If
b#(c*xa)=b*1=bh,

by Definition 3.2 (NOI2), since b,cel, ag |, we have

bxa=1el.
Then I = {1, b, c} is a normal ideal.
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Theorem 3.1 Let | be a normal ideal of BCL" algebras (Y; *, 1). Then the following hold forall X, y,Z €Y :
xxyel implies (y*x)*((x*y)*xz)el.
Proof. Let (y * X)* Z € | . By Definition 3.2 (NOI2) and Lemma 2.2 (Y2), we have

(yxx)*z=(y*z)*xel.
By Definition 3.1 (NAI), since X*yel,wehave Xel and y*Zel,andso y*Xxel and ze |, we see
that (Xx*y)*zel.Let X<z, then

yEXSy*z<(X*y)*z,
by Definition 2.2 and Definition 3.2 (NOI1). Thus (y * X)* ((X * y)* Z) =lel. o

Definition 3.3 Let E be a nonempty subset of BCL" algebras (Y; *, 1). Assume that for all X, Y,Z €Y . We say that

E is a former ideal (FI) and it is a latter ideal (L1) if
(E) 1lekE,

(F) y=*(zxx)eE and y*xeE imply y*zeE,and

L)  y*(z*x)eE and yxzeE imply y*xxeE.
Theorem 3.2 If (Y; *, 1) is a BCL" algebra, then former ideal (latter ideal) of Y is a normal ideal.

Proof. (i) By Definition 3.2 (NOI2) we have that Y*X e | .If Z =Yy *X, then by Lemma 2.2 (Y1) we can write
yo((y»x)x) = (y*x)s (yox)=1e 1
Let y* (y * X) € |, then by Definition 3.2 (NOI2) we have y € | implies Yy*X e | ,since y*X=2z¢€l,then
y*zel.
(ii) Let yxzel and ze |l .Then y e | .By Definition 3.2 (NOI2) we have
y*((yxz)=x)=(y=z)(y*x)el,

since y*zel, then y*Xel. The complete the proof. o

Definition 3.4 Let E be a nonempty subset of BCL" algebras (Y; *, 1), we say that E is a proper ideal of Y if
(PI11) leE, and

(P12) Forall X,yeY, yxxeE and xeE imply yeE.
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Theorem 3.3  Let E be a proper ideal of BCL" algebras (Y; *,1). If X<y e E,then X E.

Proof. By Definition 2.2, since X<y. We now have X*Yy=1e E . Let E be a proper ideal and let y € E.

Then X € E, and the proof that Definition 3.4 (P12) is satisfied. o
Remark 3.1 Hint that Theorem 3.3, the proper ideal of BCL™ algebras is its ideal of partially ordered set.

Remark 3.2 If S P,wesaythat a< S isamaximal element of S if there is no element be S with b>a.
Similarly, a €S isaminimal if thereisno beS with b <a. If S is nonempty but finite, it necessarily contains
both maximal element and minimal element. In fact, the poset P satisfies the maximal condition if every nonempty
subset has a maximal element, and dually, it satisfies the minimal condition if every nonempty subset has a minimal
element.

Corollary3.1 Let | <Y bea proper ideal. Then I is contained in some maximal ideal.

Corollary 3.2 Let | <Y beaformer (or latter) ideal. Then | is contained in maximal former (or latter) ideal.
Definition 3.5 Let N be a nonempty subset of BCL" algebras (Y; *, 1), we say that N is a normal extension ideal of Y
if

(NE1) 1leN,

(NE2) Forall X,yeY, yxxeN and xe N imply ye N ,and
(NE3) Forall X,y,zeY, (z*(y*x))*xeN.
Theorem 3.4 Let {I v | k e K} is a normal extension ideal variety of BCL" algebras (Y; *, 1). Then

@ If {Ik | k e K} is a normal extension ideal chain (i.e. between any two elements can compare in I, ). Then
U I, isanormal extension ideal of Y.
keK

(i) ﬂ I, isanormal extension ideal of Y.
keK

Proof. For part (i), of course, we have le U I, . Now suppose that y*Xe U I, and Xe U I, , we have
keK keK keK

ki,k, € K. Then y*xel, and Xel, . We may assume that I, <, , then y*Xxel, and xel,

where Ikz is a normal extension ideal of Y. Since y e Ik2 C U I, . We prove Definition 3.5 (NE2). We know that

2 (2 (y 1)+ x)= (22(y £ x)* (%)
> (y *x)# x
>y
and

y.ze|J 1, imply (zx(y*x))xxe(JI,.

keK keK
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In fact, since y*XeUIK,Wehave k., k, € K, and so Z*(y*X)elkl,lkz.Since xel, I .Then
keK

(z*(y*x)xxel, 1, <= J1,.

keK

and the proof that Definition 3.5 (NE3) is satisfied. Thus U I, isanormal extension ideal of Y.
keK

For part (ii), assume ke K and let 1€ l,. Then we can choose 1eﬂ I, . Let y*Xeﬂ I, and
keK keK

Xe ﬂ I. Since for each k € K. Then y*Xel, and Xel,.If I, isa normal extension ideal of Y. Than
keK

y e l,. Thisyields ye ﬂ I, and thus ﬂ I, is a normal extension ideal of Y. We prove Definition 3.5 (NE2), is
keK keK

also. We also use the part (i) method to prove (Z*(y*x))*Xe L, Iy, < ﬂ I, . Thus ﬂ I, is a normal
keK keK

extension ideal of Y. o
Theorem 3.5 A nonempty subset K of a BCL" algebra (Y; *, 1) is a normal extension ideal if and only if it is a
deductive system.

Proof. Let K be a normal extension ideal, we show now that if 1 e K. Then Definition 2.3 (DS1) is satisfied. To
prove Definition 2.3 (DS2) suppose a € K and X*a=a, € K forsome X Y . Then by Definition 3.1 (NAI),
since 1€ K, we have
a, =(x*a)xxeK,
and so
X=1%X
= (((xxa)x)*((x xa)x))*x
=(a, (3, *x))*x e K,
Thus ae€ K and a*xe K imply x e K. We prove Definition 2.3 (DS2). Then K is a deductive system.
Conversely, if K is a deductive system, then 1 e K, we have
ax(a*x)<(axa)x(axx)
—1%(a*x)
=1x(a*a)
=1leK.

This for a € K implies a*X e K for every X € K. Hence Definition 3.1 (NAI) is satisfied. o
Definition 3.6 Let | be a nonempty subset of BCL" algebras (Y; *, 1), we say that | is a normal uptake ideal of Y if
(NU1) 1lel and

(NU2) Forall X,y,zeY, (y*x)*xzel and zel imply y*(x*(xxy))el.

Theorem 3.6 Let (Y; *, 1) is a BCL" algebra and let U and | be any tow proper ideals of Y, where | c U . Iflisa
normal uptake ideal. Then U is also a normal uptake ideal.
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Proof. Let y*Xe U , we have

y*((y*x)*x)=1el.

We know that | is a normal uptake ideal. By Definition 3.6 (NU2), we have

(y# (y = x)) % (xx (xx (y = (y = x)) e U .

By Lemma 2.2 (Y2), we have
(y = (= (= (y = (y = X)) = (y = x) eU .

since y* x €U , and U is a normal uptake ideal. Then

y*(xx(x(y*(y*x))eU,

and since
(y O (o y ) (y = (o (e (y = (y = X)) < O (o (y # (y = x)))) = (x (x =+ y))
<(x*y)*(x (y*(y*X))
<(y*(y=x)*y=1
and so

y o (xox (xox y ) < e (e (xox (y o+ (y % x))).
By Theorem 3.3, we have y*(xx(x*y))eU, and so U satisfies Definition 3.6 (NU2) and hence is a normal

uptake ideal. ]
Definition 3.7 Let | be a nonempty subset of BCL" algebras (Y; =, 1), we say that | is a Boolean ideal of Y if

@B1) Forall x,y,zeY, ((zxy)*x)*xel implies xel .

Example 3.3 InExample 3.1, let a,b,c eY andsupposethat 1< |, by Definition 3.7, we get

(c*b)*a)xa=1el implies ael.

The subset | = {1, a} is a Boolean ideal.
Definition 3.8 If ideal I is both a normal ideal and a Boolean ideal. Then I is a normal Boolean ideal.
Theorem 3.7 Let ideal {1} is a normal Boolean ideal of BCL® algebras. Then any aecY , we have

B(a) = {x eY | a< x} is a normal ideal of Y.
Proof. Let (Y; *, 1) is a BCL" algebra, since any aeVY , we have 1e B(a). Let x*xye B(a) and let

XGB(a),then a<x,andso a<x*y.Let x<a,wehave x*xy<ax*y.Since a<ax=y,wehave

a*(a*xy)=1le{l}.
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Since {1} satisfies Definition 3.8 (a normal Boolean ideal of Y), by Definition 3.2 (NOI2) and Definition 3.7 (BI), we

have axy e {l} (or By Definition 3.3 (LI), since a*a=1e {l}). We see that axy =1 with a <y, and so
y € B(a). We deduce that B(a) isanormal ideal of Y. O
In BCL"algebras (Y; *,1),if | <Y isan ideal, we can define the quotient BCL" algebras Y /| . Tomake Y /| intoa

BCL" algebra, we want Y — Y/I to be a homomorphism of BCL" algebras. Introduce the structure of poset (with
respect to containment), we are forced to define 5 : = {BCL" subalgebras of Y}.
Definition 39 Let | =keru=1{a|aeY,(a)u=0}. Then I is an ideal of Y , and is also a kernel of zero

homomorphism ;.

Remark 3.3 Suppose a+ I,b+1 €Y/l . Show that

(@+1)-(b+1)p=(a-b+1)s

Theorem 3.8 Let Y be a BCL" algebra and J be subalgebra in Y, and suppose »:Y — J. Then there exist a
unique morphism g:Y/l — 3, where | Y is an ideal and define Y /| is the coset | +r (is a kernel I 'in Y)

and r €Y suchthat g =j which means that the following diagram in Figure 2 is commutative.

g %m

W4

Figure 2.

Proof. Let Y/I = {5|aeY} and let éeY/I . Since (5),8=(a);/ for some a Y , we have

(aXaB) = (@) = ()8 = (a)y

Thus B =y, and Figure 2 is commutative.

Conversely, since S is a unigue morphism, suppose E;Y/I — 3, we have Figure 2 is commutative in this case.

Then

(@)5 = (@) = (@)eB)= @)
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Thus B =f. i
Corollary 33 Let z:Y — H be a morphism of BCL" algebras. Then 4 is a unique morphism iff keru = {e},

where e is an identical element.
Theorem 3.9 Let g :Y — H isan epic morphism of BCL"algebras and let | = keru . Then H = Y/I .

Proof. By Corollary 3.3 the g is a unique morphism, and so by Theorem 3.8 the ¢ is an isomorphism, however, we
have H =Y/l . o

Acknowledgments

The author is grateful to the anonymous referees for useful comments and suggestions.

References

Al-Kadi, D. & Hosny, R. (2013). On BCL-algebra, Journal of Advances in Mathematics, 3, 184-190.

Al-Kadi, D. (2014). Soft BCL-algebra, International Journal of Algebra, 8, 57-65.
http://dx.doi.org/10.12988/ija.2014.311122

Anjaneyulu, A. (1980). Primary ideals in semigroups, Semigroup Forum, 20, 129-144,

Borzooei, R. A., & Zahiri, O. (2012). Prime ideals in BCl and BCK-algebras, Annals of the University of Craiova,
Mathematics and Computer Science Series, 39, 266 - 276.

Dudek, W. A. (1999). Congruences and ideals in Hilbert algebras, kyungpook Mathematical Journal, 39, 429-432.

Dudek, W.A., Karamdin, B., and Bhatti, S. A. (2011). Branches and ideals of weak BCC-algebras, Algebra Colloquium,
18, 899-914.

Geoffrey, M., & Gaywalee, Y. (2013). Leibniz algebras and Lie algebras, Symmetry, Integrability and Geometry:
Methods and Applications, 9, 1-10.

Huang, Y. (2006). BCl-algebra. Science Press, Beijing.
Isaacs, I. M. (1993). Algebra: A graduate course (1st ed.). Brooks/Cole Publishing Company.

Liu, Y. H. (2011). A new branch of the pure algebra: BCL-algebras, Advances in Pure Mathematics, 1, 297-299.
http://dx.doi.org/10.4236/apm.2011.15054

Liu, Y. H. (2012). On BCL" -algebras, Advances in Pure Mathematics, 2, 59-61.
http://dx.doi.org/10.4236/apm.2012.21012

Liu, Y. H. (2013). Partial orders in BCL*-algebra, Journal of Advances in Mathematics, 5, 630-634.
Liu, Y. H. (2014). Topological BCL"-algebras, Pure and Applied Mathematics Journal, 3, 11-13.

Liu, Y. H. (2014). Some distributions of BCL™-algebras, International Journal of Algebra, 8, 495-503.
http://dx.doi.org/10.12988/ija.2014.4556

Liu, Y. H. (2015). Filtrations and deductive systems in BCL" algebras, British Journal of Mathematics & Computer
Science, 8, 274-285.

Liu, Y. H. (2015). Funnels in BCL" algebras, International Journal of Mathematical Sciences & Engineering
Applications, 9, 179-185.

Liu, Y. H. (2015). Liu’s laws and p-BCL" algebras, International Journal of Pure & Engineering Mathematics, 3, 51-58.
Sergio, A. C., & Daniela, M. (2012). Hilbert algebras with supremum, Algebra Universalis, 67, 237-255.

Copyrights
Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/3.0/).

44



