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Abstract

In this paper, we consider a generalization of the mean-variance model of Markowitz, including a new limiting
constraint on marginal returns through the PER (price earnings ratio), that we apply to an optimal portfolio selection
in the Regional Stock Exchange of Securities in West africa (BRVM). We study the PER restriction impact through
a dynamic selection of optimal sub-portfolios from an initial portfolio. We trace out dynamically the efficient
frontiers of the sub-portfolios for different integer values of the PER. The main objective is to provide, for every
level of performance (in term of returns) and for a fixed PER, the selection of optimal sub-portfolios that should
lead, for a minimal risk, to the same performance as the original portfolio. We show that based on the PER, we
can know for each level of performance, the securities to turn down to be able to define the best selection that
converge to the optimal portfolio. Moreover, this work is a contribution to the development efforts of our financial
systems and our West African stock market environment. The plots of the efficient frontiers of the sub-portfolios
were carried out throughout data collected from the BRVM (Regional Stock Exchange Securities) in the period
from October 2014 to February 2015.

Keywords: Mean-variance model, Minimal risk, Sub-portfolio, Price earnings ratio, Efficient frontiers conver-
gence

1. Introduction

The main idea in a portfolio selection problem is to find out the very best way (optimal) to invest a defined cap-
ital among many financial stocks. What we name portfolio is given by each one of the multitude of possible
affectations, through a linear combination, of this capital between those stocks. Markowitz (1952) was the first
to introduce an approch (mean-variance model) to solve this kind of portfolio optimization problem of financial
securities by posing the variance of returns as a measure of risk. The efficient frontier gives the set of the portfolios
with a minimum risk for a given level of performance and then provides the optimum for any desired level of
performance. Several critics of this approach were proved including the quadratic nature of the objective function
and the calculation of the variance-covariance matrix. Thus to simplify the difficulties associated with the struc-
ture of Markowitz model, several alternative models have been proposed. Some authors such as Sharpe (1967),
(1971) and Stone (1973) tried to linearize the portfolio choice problem. Rudd & Rosenbeg (1979) showed that
the Markowitz model in its classic formulation may not be able to satisfy a professional investor and propose an
even more realistic portfolio management. More recently, several linear programming models have been devel-
oped for portfolio selection. Konno & Yamazaki (1991), Zenios & Kang (1993) and Speranza (1993) proposed
the calculation of portfolio risk through the use of the mean absolute deviation. They also proposed an approach
including asymmetric risk criterion which eliminates many problems related to this optimization model. With the
development of linear models Yoshimoto (1996) has developed optimization system based on the mean-variance
criterion. Hamza & Janssen (1995) generalized standard models retaining the risk-return couple as a basic idea
and suggesting a new risk measure defined as a convex combination of two semi-variances. They also proposed a
general linear programming model based on separable programming techniques. Recently, a new measure of risk
called Value at Risk (VaR) has been introduced in order to estimate the maximum loss that might occur at a quite
probability during a given period. There are many models to assess the VaR, but its choice depends on the kind
of portfolio and the datas used to estimate the parameters, Beder (1995), Jorion (2000). The different models that
we present in this paper consist either in the maximization of the return for a given risk or in the minimization
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of this risk for a given return. More recently, El Hachloufi & al. (2012) have suggested a method based on the
classification and genetic algorithm in order to optimize a portfolio while acting simultaneously on the risk and the
return. However, none of these imposes any parameter to guide the choice of individual shares that must constitute
the portfolio.

On the other side, Fieldsend & al. (2004) have studied the introduction of cardinal constraints in the portfolio
optimization. Gilli & al. (2000) have elaborated a synthesis of heuristic approachs in the optimal portfolio se-
lection, whereas Schaerf (2002), Jobst & al. (2001) are interested in the simulation as an option, particularly
in face of discrete constraints about assets choice. Despite the outstanding progress in the financial modelling,
as above-mentioned in the literature since the advent of Markowitz model, we are going to use this last model
expectation-variance as well as the hypothesis in a more specific African stock exchange context. In addition,
we are going to insert a constraint linked to the Price Earnings Ratio, by fixing a minimum threshold for each
return of the assets that might constitute the portfolio. This constraint, which we want to study the impact, is very
useful in the practice (Basu, 1977; Penman, 1996). This constraint should lead us, from an initial portfolio, to
elaborate sub-portfolios composed of fewer assets and providing the same level of return as the initial portfolio for
a minimum risk. So the Markowitz model was generalized including this constraint which turns it into a dynamic
selection problem of sub-optimal portfolios, for dynamic values of the price earnings ratio. We focus on digital
simulation appearance through the efficient frontier plotting of sub-portfolios from an initial portfolio of nineteen
shares with the best PER in the first compartment of the Regional Stock Exchange of Securities in West Africa at
the end of last quarter 2014. The results obtained with the sub-portfolios were compared with the efficient frontier
of the initial portfolio to draw up for each performance level, the selection of sub-portfolio that should lead, at a
minimal risk, to the same performance as the original portfolio and implicitly the securities for which no amount
will be invested in for any risk level.

This paper is organized as follows: Section 1 is the introduction, section 2 presents the elements of portfolio
theory and the new introduced notion called convergence of efficient frontiers. The mathematical formulation of
the dynamic selection model of sub-portfolios is described in Section 3. In Section 4 we present some numerical
experiments and finally in Section 5 we describe the experimental results.

2. Portfolio Theory Elements

2.1 Return, PER and Sub-portfolio

The return obtained at the time t through an investment in a share is given by the difference between its course at
the time t plus dividends received over the period [t − 1, t] and its course at the time t − 1 divided by the price at
the time t − 1 :

rt =
(ct + dt) − ct−1

ct−1
(1)

Wherein :

ct: Course of share i at the end of period t.

dt: Dividends received at the end of the period.

The PER (price earnings ratio) of a share measures the number of years it takes to recover the invested amount
in the event that this gain is constant. It evaluates thereby the dearness of a security relative to the prices of the
corporate securities in the same sector (the higher the PER, the lower the action is considered cheap). It can be
interpreted as an inverted yield according to Beaver & al. (1978) and Penman (1996).

pi =
1
rit

(2)

wherein :

pi : PER of the share i

rit : Return of the share i at the time t.

However actual performance may differ from those obtained after the study of the PER for example because of a
company growth policy for which the company in question chooses to reinvest instead of a total distribution of the
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result by way of dividend. In practice, pi is usually adjusted or round up so that we have pi ∈ N∗ to better facilitate
its supervision.

The expected return of a share for the period T is :

ri =
1
T

T∑
t=1

rit (3)

According to (Markowitz, 1952), the expected return Rp of a portfolio composed by n shares having ri as expected
return is:

Rp =

n∑
i=1

ziri (4)

wherein z1,...,zn are the portions of capital that the investor places respectively in the assets i, (i = 1, ..., n).

We will call sub-portfolio a portfolio of k assets constituted from an initial portfolio of n assets (k ≤ n).

2.2 Portfolio Risk

The risk of a financial asset is the uncertainty about the value of this asset at a future date. The variance, the mean
absolute deviation, the semi-variance, the VaR (Value at Risk) and the CVaR (Conditional Value at Risk) are tools
used to measure the risk.

The risk of a portfolio can be measured by one of the above-mentioned elements. It depends on three factors,
namely:

• The risk of each security included in the portfolio,

• The degree of independence of changes in equity,

• The number of shares which compose the portfolio.

Suppose the variance as a measure of risk, Markowitz (1952) establishes the following expression for a portfolio
of n shares.

σ2(Rp) =
n∑

i=1

zi
2σ2(ri) + 2

∑
i, j

ziz jcov(ri, r j) (5)

2.3 Efficient Frontier - Convergence of Efficient Frontiers

2.3.1 Efficient Frontier

In an orthonormal axis system where we represent the risk in abscissa and the return in ordinate, the portfolio
manager’s objective is to maximize his return for a given risk or conversely to minimize risk for a given yield. Any
portfolio is defined by the data of the torque corresponding risk-return and the efficient frontier is the representation
of this set of optimal risk-return pairs (efficient) or efficient portfolios. We introduce the concepts of convergent
efficient frontiers and those equivalent.

2.3.2 Convergence and Equivalence of Efficient Frontiers

Given two sets of portfolios composed from respectively m and n assets of a market (m, n ∈ N, m , n), let fm and
fn be the efficient frontiers respectively associated with each of these compositions. Let Pm (respectively Pn) be a
portfolio made from the m (respectively n) assets.

Definition 1 fm and fn converge to the same value if from a certain level of risk, fm coincides with fn, ie there is
σ0 strictly positive, such as at a same level of higher risk than σ0, the optimum yields corresponding to each of the
two different compositions of portfolio tend toward the same value.

∃σ0 > 0, ∀ (σ(Pm),R(Pm)
) ∈ fm,

(
σ(Pn),R(Pn)

) ∈ fn, σ(Pm) ≥ σ0, σ(Pn) ≥ σ0 (6)
thus σ(Pm) = σ(Pn) ⇐⇒ R(Pm) = R(Pn)

Definition 2 fm is equivalent to fn if fm and fn converge to the same value at any level of risk where efficient
portfolios are defined, ie at the same level of risk, the optimum yields for each of the two different compositions of
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portfolio tend toward the same value.

∀ (σ(Pm),R(Pm)
) ∈ fm,

(
σ(Pn),R(Pn)

) ∈ fn, (7)
σ(Pm) = σ(Pn) ⇐⇒ R(Pm) = R(Pn)

3. Mathematical Formulation of the Problem

We define our sub-portfolio optimization problem as following for k < n (n total number of assets in the market ):

P(R̃) :



minz
1
2 z⊤.σ̃.z

S ub ject to
pi ≤ θ i = 1, ...n, θ ∈ N∗
R.z = R̃
z⊤.1 = 1
z ≥ 0

(8)

with :

• pi is the PER of the asset i

• θ the number of required years

• k is the number of assets which compose the sub-portfolio, ie the number of assets such as pi ≤ θ.

• σ̃ is the covariance matrix of the k assets composing the sub-portfolio,

• z is the column vector of portions of equity invested in the sub-portfolio,

• 1 is the column vector whose components are equal to 1,

• R̃ is the required return,

• R is the row vector of expected returns: R =
[
r1 ... ri ... rk

]
.

Solve this problem would require to work with (k+2) Lagrange multipliers and the Lagrangian function associated
with the problem P(R̃) can be written as following (Cornuejols G. et al. (2007))

£(z, λ, µ;αi, ..., αk) =
1
2

z⊤.σ̃.z − λ(R.z − R) − µ(1⊤.z − 1) −
k∑

i=1

αi(pi − θ) (9)

wherein λ ∈ R, µ ∈ R, αi ∈ R for i = 1, ..., k are the lagrange multipliers associated with the constraints.

Theorem 1 The first order condition is sufficient since we minimize a quadratic function under linear constraints
(the Karush-Kuhn-Tucker conditions). It is given by

∂£(z, λ, µ;αi, ..., αk)
∂z

= σ̃.z − λR⊤ − µ.1 = 0 (10)

Remark 1 The condition (10) is identical to the first order condition of the lagrangian function in the basic
Markowitz problem (1959). With the introduction of a constraint on pi as in the problem (8), it is important
to note that we reduce the number of assets in which we invest through a sub-portfolio with the same level of
optimality that the initial portfolio.

Proposition 1 Considering the condition (10), the following of the resolution of the problem for the sub-portfolio
defined from pi becomes the same as the initial Markowitz problem (1952, 1959) and, consequently the variance
of the optimal portfolio is given by expression:

σ̃2
opt =

CR̃2 − 2AR̃ + B
D

(11)
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wherein

A = Rσ̃−11 = 1⊤σ̃−1R
⊤

B = Rσ̃−1R
⊤

(12)
C = 1⊤σ̃−11

The shape of the optimal sub-portfolios frontier is a parabola branch, whose base is called the minimum variance
sub-portfolio.

4. Numerical Experiments

We show in this part, the choice test of the sub-portfolios optimal composition and the optimal frontier in four
main comparative cases where the sub-portfolios will be dynamically compiled from the constraint on the PER
(pi) of the shares which constitute these sub-portfolios (BASU, 1977). Particularly we suppose that investors don’t
put into their sub-portfolio risk-free asset, they will compose them on the basis of shares in the market composed
at most with n = 19 the titles in the first (except PALM CI belonging to the second one) compartment of the stock
exchange listed in the Top 20 pi officially published on the BRVM’s website in January in connection with the
performance achieved in the fourth quarter 2014. We emphasize that the fact of being part of the first compartment
shows more or less a guarantee in the reliability of published results because of the requirements to be part of this
compartment.

4.1 Data Presentation

We first present the classification of our 19 shares according to their pi officially published on behalf of the fourth
quarter 2014. We emphasize that the ties were classified according to the decimal.

Table 1. Top 19 of the pi in the first compartment of the Regional Stock Exchange of Securities in West Africa on
December 31, 2014

Rank Assets pi

1st SAPH CI 7
2nd BANK OF AFRICA BF 9
3th SOGB CI 12
4th PALM CI 12
5th SONATEL SN 12
6th BERNABE CI 12
7th ONATEL BF 12
8th ECOBANK TRANS. INCORP. TG 12
9th BANK OF AFRICA CI 13
10th TRACTAFRIC MOTORS CI 13
11th BICI CI 14
12th SICABLE CI 15
13th BANK OF AFRICA BN 15
14th AIR LIQUIDE CI 16
15th TOTAL CI 17
16th SITAB CI 18
17th SOLIBRA CI 19
18th BANK OF AFRICA NG 21
19th SGB CI 23

Over the period from January 12 to February 6, 2015, that is to say four weeks of market, we collected datas
about the assets named in table 1 from daily reports of the stock market (BOC). Those datas allowed us to get an
estimation of the covariance matrix σ̃ and the mean return vector R of the 19 risked assets given on the following
page. We specify that we do not take in account serial correlation because of the relatively very short multivariate
time series we use for the estimation of σ̃.
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4.2 Optimal Portfolios Frontier for pi ≤ θ with θ ∈ {23, 21}
For θ = 23 years, the portfolios are composed from k = 19 shares, ie the whole shares of our reduiced market and
for θ = 21 years, k starts to decrease, the number of shares which going to compose the sub-portfolio becomes 18.
We have a first comparison on figure 1.

Figure 1. Optimal portfolios frontier for θ ∈ {23, 21}

4.3 Optimal Portfolios Frontier for pi ≤ θ with θ ∈ {21, 19, 18, 17, 16}
We examine comparatively the cases where θ successively takes the values 21, 19, 18, 17 and 16 years, which
corresponds to a decreasing of k with the respective values of 18, 17, 16, 15 et 14 shares. The result shows an
equivalence of efficient frontiers presented in figure 2.

Figure 2. Optimal portfolios frontier for θ ∈ {21, 19, 18, 17, 16}

4.4 Optimal Portfolios Frontier for pi ≤ θ with θ ∈ {16, 15, 14, 12}
The optimal frontier for θ = 16 becomes the reference curve of our comparison since we have that perfect conver-
gence of optimal frontiers for θ > 16. The plotting of the frontiers for θ ∈ {15, 14, 13, 12} shows convergence with
the frontier for θ = 16 starting each one from a given point (cf Figure 3). We note three points, C0 beginning of
the convergence between θ = 16 and θ = 15, X0 the this between θ = 16 and θ = 13 and Y0 the beginning between
θ = 16 and θ = 12.
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Figure 3. Optimal portfolios frontier for θ ∈ {16, 15, 13, 12}

When frontiers θ = 14 and θ = 13 are equivalent where X0 is the beginning of the convergence with θ = 16 for
both values. Thus it will be better to take θ = 13.

4.5 Optimal Portfolios Frontier for pi ≤ θ, θ < 12

We notice a convergence loss for θ, an integer inferior to 12, as we can see in Figure 4 with the comparison of
θ = 16 and θ = 12.

Figure 4. Optimal portfolios frontier for θ < 12

5. Empirical Results

The first simulations through figures 1 and 2 show us a perfect convergence of the sub-portfolio optimal frontiers
for θ ∈ {23, 21, 19, 18, 17, 16}.
The approach by selected sub-portfolios on the basis of a constraint on the PER pi of 19 shares in the Regional
Stock Market Securities, allows us to deduce as a first conclusion that an investor may restrict pi to 16, and with
this sub-portfolio of k = 14, he can get exactly the same optimal portfolios than in focusing on n = 19 shares or
even all shares of the Regional Stock Market Securities.

Therefore, the equation that we will formulate is:

P(R̃) :


minz

1
2 z⊤.σ̃.z

s/c :
pi ≤ 16 i ≤ n
R.z = R̃
z⊤.1 = 1

(13)

Thus, we consider the optimal frontier for θ = 16 as a reference curve and we decrease again successively to 15,
14 et 12. The point C0 although being the beginning of the convergence between the frontiers of the sub-portfolios
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θ = 16 et θ = 15 do not illustrate clearly the difference of these two frontiers. That is solve the problem (13) almost
amounts to solve it for θ = 15:

P(R̃) :


minz

1
2 z⊤.σ̃.z

s/c :
pi ≤ 15 i ≤ n
R.z = R̃
z⊤.1 = 1

(14)

The results that we are going to emphasize at this level will be lied in the points X0 and Y0 throughout their
respective yields R(X0) ≃ 0, 075 or 7, 5% and R(Y0) ≃ 0, 115 or 11, 5% (cf figure 3).

Then we may express the three following conclusions:

1. The investor who aims an objective return R̃ < R(X0) will solve the problem (14) for k = 13 shares.

2. The investor whose aim is an objective return R̃ ∈ ]R(X0),R(Y0)[, must focus on the optimization of a sub-
portfolio composed by shares which Price Earnings Ratio pi is at most equal to 13 hence the resolution of
an optimization problem for θ = 13 with k = 10 shares.

3. If he sets a target of R̃ > R(Y0), he must solve at the beginning the optimization problem for θ = 12 by
focusing on the research of the composition z for a sub-portfolio of k = 8 shares instead of a bigger portfolio
of n = 19 shares while knowing that the optimal frontier will be the same.

6. Discussion

This paper is a contribution to the development effort of the west african financial market, the Regional Stock
Market Securities and was the opportunity for us to study selected sub-portfolios optimization on the base of Price
Earnings Ratio of shares published at the end of the last quarter of the year 2014. Indeed, we have followed from
January 12 to February 06 the returns of 19 companies of first section that appear in the ranking of the 20 best
Price Earnings Ratio of the last quarter.

The resolution of the optimization problem of Markowitz with a dynamic constraint on the Price Earnings Ratio,
which change this problem to an optimal dynamic sub-portfolio selection, allows us to see that being focused
on a Price Earnings Ratio restriction we can optimize the number of shares which compose the portfolio before
targeting a given global output. In the case of the Regional Stock Market Securities and according to the datas
with which we have worked, we might determine depending on the objective return interval, the number of years
during which it is optimal to restrict the Price Earnings Ratio, as well as the minimal base of shares on which we
have to focus in order to reach this objective return.

We long to continue this work through a multiobjective optimization, which includes the research about the Price
Earnings Ratio impact, and uses real values, without formulating a hypothesis about the outputs distribution. At
the same time, we are going to focus on the risk measure and especially we will try to collect datas for a more long
time. However, this is a real difficulty when we notice the flaws of our stock exchange system in this field.
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