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Abstract

This article is devoted to the study of the Caginalp hyperbolic phase-field system with singular potentials. We
first prove the existence and uniqueness of solutions for Caginalp hyperbolic phase-field system with logarithmic
potential. We then prove the existence of global attractor. One of main difficulties is to prove that the solutions are
strictly separated from singular values of the potential.
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1. Introduction

The global attractor is a compact invariant and smallest set which attracts the bounded sets of phase space. It
presents two major default: it can attract the trajectories slowly and it can be sensitive to perturbations. In this
article, we are interested in the study of the following Caginalp hyperbolic phase-field system in a smooth and
bounded domain Q c R",1 <n < 3,

66?14 +0u—Au+ flu) = o (D)
(9,2a/ -0 Aad—Aa = —0u, )
with homogenous Dirichlet conditions
u=a=0onoQ, (3)
and initial conditions
ul=o = up Oiul=o0 = uy al=0 = @y Oiali=0 = a1, “4)

where € > 0 is a relaxation parameter, # = u(t, x), the order parameter and a = a(t, x) are unknown functions, f is
a given singular potential function.
Consider the following logarithmic potential function

f(s) = —kos + ki In 2, s € (=1,1), 0 < ki <ko.
The function f satisfies the following properties
feC(=11), lim f(s) = xco, lim f'(s) = +co,
—co < F(s) < f(s)s + co where F(s) = f " frydrand co > 0, )
-1 < f'(s), ¢ >0 Vse[0,1). ' (6)

The system (1) — (2) has a sense only if
-1 <u(tx)<1

for almost all (¢, x) € R, x Q. This reason leads us to introduce the following quantity

Dlu(d] = (1 = lu(@)ll=)"
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We introduce also the standard energy norm of the initial and boundary value problem for singularly perturbed
damped hyperbolic equation (1)

WCull2eey = NetllZpeer + €llOpatllzye + 10 2all7yecr
where £“(€) coincides with [H**!(Q) x H*(Q)] N {¢]sa = 0}. This standard energy norm is used in (Fabrie, Galusin-

ski, Miranville & Zelik, 2014), (Grasselli, Miranville, Pata & Zelik, 2007), ( Moukoko 2014, 2015).

The Caginalp parabolic system, with various types of boundary conditions and for a regular or singular potentials
f, has been extensively studied, ( see, e.g.,(Cherfils, Gatti & Miranville, 2008), (Conti, Gatti & Miranville, 2012),
(Cherfils & Miranville, 2009), (Efendiev, Miranville & Zelik, 2003 , 2004), (Fabrie, Galusinski, Miranville &
Zelik, 2014), (Miranville & Quintanilla, 2009). There are few studies concerned the Caginalp parabolic-hyperbolic
system.

Recently, above Caginalp hyperbolic phase-field system endowed with homogenous Dirichlet boundary conditions
with a regular potentials, is studied in (Moukoko 2014, 2015), in order to prove the existence and uniqueness of
solutions, existence of: global attractor, exponential attractors and the robust family of exponential attractors.

Here we are interested in the Caginalp hyperbolic system with homogenous Dirichlet boundary conditions and log-
arithmic potential. We prove the existence and uniqueness of solutions, as well as regularity. The main difficulties
in this article is to prove that the order parameter u is strictly separated from the singular values of the potential.

In this article, we denote by ||.][ and (.,.) (or [|.]|; ) the norm and the scalar product in L*(Q) (in D).
2. Method
In this section we brief on method needed to prove our two main results of the next section.

We first prove the existence of the solution which are separated from the singular values +1 of the singular potential
f. We replace the logarithmic potential by a regular function and prove that the solution of the resulting system
is also the solution of initial system. We define two phase spaces. in order to end, we first prove the existence of
the bounded absorbing set in each phase space, and owing to (Miranville & Zelik, 2008), we prove the existence
of global attractor. Although in our study, we have to use classical methods of functional analysis applied in the
theory of Partial Differential Equations.

3. Results
We first give some estimates which allow us to determine a first phase space.
3.1 A Priory Estimates

We a priory assume ||ug|| =) < 1 and [|ullz~0,r)xq) < 1.
Multiplying (1) by 20,u and (2) by 20,«, integrating over Q and adding the two resulting equations, we have

d
B+ 2/|0.ull® + 2l10;all?, =0,

where
_ 2 2 2 2
Ey = €lloull” + [lully, + 10:all” + el + 2(F (), 1),

which implies, by integrating between 0 and ¢

13 15
el + lu@), + 10 + lladly, + f I8,u(s)lPds + f 8,:(s)II7ds < 4colQ + K, )
0 0

where K is a positive constant.
According to estimate (7), u, @ € L™ (R,; Hy(Q)), du € L™(R,; LA(Q)NL*(0, T; L2(Q)) and d, € L¥(R.; LA(Q)N
L*(0,T; H)(Q)), YT > 0.

We multiply (1) by —2Ad,u and (2) by —2Ad,«, integrate over Q2 and add two resulting equations. We have

A

d
—(€llduuly + Wiz + 10l +llelFa) + 10l + 20,0l < Cllulfy ®)

IA

Cllull2.. ©)
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Estimate (8) implies u,a € L¥(0,T; H*(Q) N H}(Q)), du € L (0,T;Hy(Q)) N L*(0,T; Hy(Q)) and d €
L=(0,T; H)(€)) N L*(0, T; HX(Q) N H)(Q)), YT > 0. Moreover, u is continuous almost for all 7 € [0, T].
Multiplying (1) by 26%u and integrate over Q, we have

d
d—tllatull2 +eldiul? < Clldiall + Callully, + Cllf @I, (10)

Which implies 0;u € L0, T; L2(Q)).
We multiply (2) by —2A8?« and integrate over Q. We have

d
(101l +2(Aa, Ad,) + 1070l < ol + 20,0, (11)

Adding (9) and y;(11) where y; > 0, we obtain

d
B 10l +2(1 =yl +yill07 el < yilldullZ, + Cllull,, (12)
where
Ep = ol + lullZ, + 110l + Nl + 1107, + 2(Aa, Ad,@)).
We know that

Y
el + 1 QWrele + 280, A0,@)) = (1= 2yl + 1.
Choosing y; such that 1 — 2y, > 0, we have E; > 0 and
9,1 + (1 = 2yDllal, + ZHidhal, < Ex. (13)

According to (13), Estimate (12) implies d,x € L¥(0,T; H*(Q) N H}(Q)) and d7a € L*(0,T;H)(Q)). Since
H?(Q) ¢ L™(Q) with continuous injection , then d,a € L¥([0, T] x Q), there exists ¢, > 0 such that [|3,a(?)|| 1o@) <
¢y VYt e[0,T], where c; depends of T and initial conditions.

In our study there are two main results; we prove the existence and uniqueness of solution and the existence of
global attractor.

3.2 Existence and Uniqueness of Solution

Theorem 1. (Existence) We assume (ug, u;, ag, @) € (H*(Q) N H(l)(Q)) X H(l)(Q) x (H*(Q) N H(l)(Q)) x (H*(Q) N
Hé(Q)) such that || uo |li=y< 1. Then, the system (1) — (2) possesses at least one solution (u,a) such that
u,a € L0, T; HH(Q) N H)(Q), O € L=(0,T; H}(Q) N L*(0,T; Hy(Q)), da € L™(0,T; HX() N H) () N
L*0,T; H*(Q) N H(l)(Q)), Btzu € L%0,T; L*(Q)) and 6,2a € L2(O,T;Hé(§2)), YT > 0. Moreover, there exists
0 = 0(T, up) € (0, 1) such that || u(t) |lr=q0,mx< 6, ¥t € [0,T],VT > 0.

Proof. In order to prove this Theorem, we first show that all solution (u, @) of system (1) — (2) is such that u is
separated from the singular points of f, i.e., there exists ¢ € (0, 1) depending of T such that ||u||~«0.rxq) < J. In
the second time, we study the auxiliary problem of the system (1) — (2) . Finally, we show that the solution of
auxiliary problem is also the solution of system (1) — (2).

From previous section, we have d,a € L*([0, T] X Q), then there exists § € (0, 1) such that
llolls@ <6, f'(6) > 0 and [|10,@|l=q0.11x0) < f(6) VYte[0,T].
Weset U = u— 6 and U* = max(U,0), then U satisfies the following equation
€?U + 0,U — AU + f(u) — £(6) = 8, — f(9). (14)

Multiplying (14) par 2y,U* + 2y30,U" and integrating over Q, we have

d
EE3+2yz||U*||z]+2y3||a,U*||2 < 20— f(8),7:U* +y30,U") + Ci(IUFIF + 10, U*IF).  (15)

167



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 7, No. 3; 2015

where
E3 = y22e(@,U*, U") + |U*IP) + y3(ello, U P + |U|I7,0).

We have also

72Q2e@,U*, U + U + 3l UMIP = y3eld, U1 + ya(IlUFIP = 210, U 1P + %||U+||2))
> elys = 2em)ll0, U1 + %nlﬁnz. (16)
Choosing vy, and 3 such that
Y3 —2€y2 >0,
v U@ +v30,U (1) >0 Vrel[0,T], (17)
there exists C > 0 such that
C AU OIF + 118U O + IU* 0)li7) < Es(r) < CAU O + 18,U*OI + 1T 0)lI7,0)- (18)

Thanks to estimates (17) — (18), there exists k > 0 such that estimate (15) implies
d E5(t) < kE5(D)
g1 03\ = kE3l),

which gives, using Gronwall’s lemma
E5(t) < E3(0)eT Vre0,T].
applying estimate (18) to the above estimate, we have V¢ € [0, T']
IU*OIF +18,U* @I + 11U @)l < KAU*O)IF + 18,U* O + 11U O)ll5)e"" (19)

According to the estimate (18), we have u(0) < ¢ for almost all x € Q, that implies U*(0) = 0. Moreover, since
u is continuous for almost all ¢ € [0, T] and u(0) < 8, there exists 7y € [0, T] such that u(t) < 6 V¥t € [0, ty[, this
implies U*(¢) = 0 Vr € [0, [ and 9,U*(0) = 0. Indeed, estimate (19) implies U*(r) = 0 ¥t € [0,T], then
ut)y <6 VYrel0,T].

In order to show —6 < u(t) Vt € [0, T], we set V = u+06 and V- = min(V, 0), then V satisfies the following equation
eéfV+6,V—AV+f(u) + f(6) = 0, + f(9). (20)

Multiplying (20) by ¥4V~ + ys0,V~ where y4 and ys > 0 and integrating over Q, we have

d _ _ _
—Ey4 + 2y5l10, VI + 2y4llV7I2, + 2y4(f(w) + £(6),8,V7)

7 200, + f(6),vaV™ +v50,V7)

2y4€ll6, VI, (21)

+

where
Es = v4Qe@, V", V) + VIR + ys(elld,VIF + IV

We have

yselld, VIR + y4(2€@, V-, V) + IV7IP)

\%

_ PO ,
Ysello V1P +ya = 210, VIE + VIR +[1VIP)

v

PO T
e(ys — 2ey )0,V II* + 51V II*

Choosing y4 and ys such that y5 — 2ey4 > 0 and y4V~ + y59,V~ < 0 for almost ¢ € [0, T], there exists k > 0 such
that (21) implies the following estimate

d
—E, <kE,. 22
T B < KE,4 (22)
Moreover, there exists C > 0 such that
C oV OIF + IIV-OIF + IV @II7,) < Ea(t) < Celld,V-OIF + 1IV-OIF + IV (@)II3,). (23)
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Applying Gronwall’s lemma to (22), we have, owing to estimate(23),
ello.V-OIF + V@I + IV 0l < Ko,V O + IV + [V (0)I2,)e* Ve € [0, T1. 24)

Thanks to assumptions of Theorem, we have —¢ < u(0) for almost all x € Q, which implies V~(0) = 0. Moreover,
since u is continuous for almost all 7 € [0, T] and —6 < u(0), there exists #; > 0 such that —6 < u(t) for almost all
t € [0,1[, then V= () = O for almost all ¢ € [0, [ and d,V~(0) = 0. Indeed, estimate(24) implies V~(f) = O for
almost all # € [0, T'], then =6 < u(¢) for almost all ¢ € [0, T].

It then proven that there exists d € (0, 1) such that [[u(?)||z~(0,7)xq) < 0.
We now have to prove the existence of a solution (u’, @) of the following auxiliary system

Pud o’ o
STt T A + f(u®) = 5 (25)
Pa A ou’
_ ___— A = ——o 2
or? ot @ ot (26)

obtained by replacing logarithmic function f by the C!(R)-regular function f; in (1), f; being defined by

F(=0) + f(=0)(s+6) ,s<—0
J5(s) = f(s) sl <6
f@+ fO)(s-8) ,s>6

where 6 > 0 very near of 1 and such that [-6,6] € (-1, 1), with homogenous Dirichlet conditions and initial
conditions in (3) — (4).

The existence of a solution of system (25) — (26) is based on estimates (27) — (30) below and a standard Galerkin
scheme (see (Moukoko 2015)).

Multiplying (25) by 20,u° and (26) by 2d,« integrating over Q adding the two resulting equations, we have
d
E(EII&M‘SIIZ+ I 1P+ 1 B IP + 1l @ P +2(Fs(u), 1)) + 211 0’ IP +2 1| drc Il = 0. 27

The above estimate implies u°, @ € L™(R; Hy(Q)), 0’ € L™(R; L*(Q)) N L*(R; L*(Q)) and d,a € L™(R; L*(Q)) N
L*(R; Hé(Q)).

Multiplying (25) by —2A0,u’ and (26) by —2Ad,«, integrating over Q and adding the two resulting equations, we
obtain

d
pradl Ol gy #2010z, < Cllul 117, -

where
5112 52 2 2
Es = €0+ 11wl Ml + 1 e Ml + 1l @ Iy -

Therefore u’, & € L™(0, T; H*(Q)NHy(Q)), d,u’ € L¥(0,T; Hy(Q)NL*(0, T; Hy(Q)) and d, € L¥(0, T Hy(Q)N
L*(0,T; H*(Q) N Hj(Q)).

Multiplying (25) by 26?u° and integrating over Q , we obtain

d
il 0l IP +ell 07’ I < Cilll I + Call 5P + C3lldell,

therefore 0?u’ € L*(0, T; L*(Q)).
Multiplying (26) by —2Ad?a and integrate over Q , we have

d
(10,0 I +2(Ae, Ad,) )+ || FFex I Sl Do I +2 1] Dyer I (28)

Adding (29) and y¢(28) where yg > 0, we have

d
(€10 1 + 1 A I + 11 Buer I + 1l @ 1P +y6 1| Buer [ +2y6(Aer, Adj)) + 76 Il T ex Iy

+2(1 = y6) 1 v Il +(1 = y6) 1 9 7 < C 1l 1172 - (29)
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We have

Y6
Il Iz +7s Il drcr I +2y5(A, Ay 2 (1=2y6) @l +57 1| drer I - (30)

We choose yg < %, then (29) implies d,a € L0, T; H*(Q) n H(l)(Q)) N L*0,T; H*(Q) n Hé(Q)) et a,za €
L*0,T; Hé (Q)). Therefore, the auxiliary system possesses a solution (1%, @) such that u®,@ € L*(0,T; H*(Q) N
Hé(Q)), o’ € L*(0,T; Hé(Q)), 0,0 € L0, T; HX(Q) N H(l)(Q)) NL*0,T; H}(Q) N H(l)(Q)), 0*u € L¥0,T; L*(Q)
and 87a € L*(0,T; H}(Q)), VT > 0.

Since

lloll=y < 6, f5(6) > 0 and [|6,@|lr~0.1)x0) < f5(6),

then [|u°]|=0.1yxe < 9, then f5(u°) = f(u’) and (u’, @) is solution of system (1)-(2).

Theorem 2. (uniqueness) Let the assumptions of Theorem 1 hold. Then, system (1)-(2) possesses a unique
solution (u, @) such that u,a € L0, T; H*(Q) N Hé(Q)), ou € L0, T;Hé(Q)), 0 € L0, T; H*(Q) N
H}(Q)) N L*(0,T; HX(Q) N Hy(Q)), 0u € L*(0,T; L*(Q), 87 € L*(0, T; Hy(Q)), VT > 0.

Proof. Letbe T > 0and (u®, @?),-; » two solutions of system (1)-(2) with initial conditions (ug), ag), u(li), oz(l")),':l,z
respectively, such that || u?(0) ||z=@y< 6 < 1 fori=1,2.
We set u = u" —u® and @ = @ — a®. Then, (i, @) satisfies the following system
€u+ou—Au+ltu = da (31)
FPa-0Aa—-Aae = —du (32)

where I(1) = fol [ (sui (@) + (1 — s)uy(t))ds, with homogenous Dirichlet conditions and following initial conditions

u(0,x) = up = uf)l) - u(oz) a0, x) =ay = a(()l) - a/f)z)

Ontl=0 = uy = ”(11) - ”(12) O0ali=o = a1 = CY(II) - a/(IZ)’

Since f € C*(~1,1) and u; are separated from +1, i = 1,2, we have

Nl < e,V 20,

where ¢ depends of ¢;,i = 1,2.
Multiplying (31) by 20,u and (32) by 20,«, integrating over Q and adding two resulting equations, we have

d
(€10 1P +llif+ 1 e 1P el )+ 1l G IP +211 Dy I < Cllly, (33)

where C depends of 6;. Applying Gronwall’s lemma to (33), we have
€ 1l due) IP +lu()F+ 1| ) IP +la @Iz < (€ 11 8ae(0) IP +luCO)II3, + 1| 8,x(0) P +lla(O)II3,)-
We have the continuous dependence with respect to initial conditions, hence the uniqueness of solution.

In order to prove the existence of global attractor we seek the solution with more regularity.

Theorem 3. Assume (ug, u1, @o, @) € (H(Q)N Hé(Q)) x (H*(Q)N H(l)(Q)) x (H3 Q)N Hé Q)< (H*Q)N Hé(Q))
and || up llr~@)< 1. Then (1)-(2) possesses a unique solution (u, @) such that u,a € L*(0,T; H3(Q)OH5(Q)), o €
L=0,T; (HZ(Q)ﬂHé(Q)))ﬁLz(O, T; Hz(Q)ﬁH(l)(Q)), 0, € L*(0,T; H3(Q)OH5(Q))OL2(0, T; H3(Q)OH6(Q)) and
d7a € L*(0,T; H*(Q) N Hy()),YT > 0. Moreover, there exists 5 = 6(T,ug) € (0, 1) such that || u(t) ||.=(0,rxq)<
o,¥t€[0,T],VYT > 0.

Proof. Following Theorem 1, system (1) — (2) has a unique solution (u, @) such that u,a € L*(0, T:H*(Q) N
Hé(Q)), o e L¥0,T; Hé(Q)) and 8« € L*(0,T; L*(Q)), YT > 0.

Multiplying (1) by 2A%3,u and (2) by 2A%d,«, integrating over Q and adding the two resulting equations, we obtain

d
(€Dl + VAP +18,0lfF + IVAalP) + 19,7 +20VAdlf < C. (34)
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Therefore u, @ € L(0,T; H*(Q) N Hy(Q)), du € L=(0,T; HX(Q) N Hy(Q) N L*(0,T; H*(Q) N H)(Q)), da €
L=(0,T; HA(©) N HY(Q) N L*0, T; H3(Q) N HY(Q).

Multiply (2) by —2A20%a and integrate over Q. We have, owing the continuous injections H*(Q) ¢ L*(Q) and
H3(Q) c L¥(Q),

d
d—tIIVAataIIZJrIIB,ZaII?,z < C

which implies 8, € L*(0,T; H*(€) N Hy(Q) N L*(0, T; H*(Q) N Hy(Q)) and 87 € L*(0,T; H*(Q) N Hj(Q)).
This finishes the proof of the Theorem.

3.3 Existence of Global Attractor
The phase-field spaces are @, = {(u, v, @, 8) € (H*(Q) N H}(Q)) x (H'(Q) N H} (€)X (H(Q) N Hy(Q)) X (HX () N
H(IJ(Q)) 2 lull=0,r)xq) < 1} for k = 2,3, with energy norm
G, Byut, v, i)l = 1ullZeey + lallzye + sl

Thanks to theorems 1 and 3, we define the semigroup of operators S;(¢€) resolving the system (1) — (2) by

SI(E) : (DK i (I)K (u07 up, @o, a’l) — (M(t), 6fu(t)7 Cl(t), a[(}f(t)),
where (u(t), 0,u(t), a(t), 0;a(t)) is such that (u, @) is uniqueness solution of phase-field system (1) — (2) for initial
conditions (ug, 1y, @y, ay) € O.

The following lemma gives the uniform estimates of || u(?) ||z, || @(?) ||z2 and || 0;a(?) |52 independent of €, which
allow to prove dissipativity of semigroup S,(€) in @,.

Lemma 1. Let the assumptions of Theorem 1 hold, € < 1 and (u, @) the solution of system (1) — (2) such that
(u(0), 0;u(0), a(0), 0;a(0)) € ©y,. Then, the solution (u, @) verifies the following estimate

DLu(t)]+ 1| u(@) I +€ Il du0) 17, + 1l (@) 3 + 1| D) I3,
+ fo P Dau( 7+ 1| Fals) 17, )ds < QDIu(O)], (Ol Ol 19,a(O)llg)e ™ + C. (35)

where the positive constants C, 3 and the monotonic function Q are independent of €.

Proof. Multiply (1) by —2Au and (2) by —2A« and integrate over 2. We obtain, thanks to continuous injection
H*(Q) c L¥(Q)

d

= (2e(VO V) + ) + < 2060y + C. (36)
d
Zllallly + Nl < Calldu, + Calldfall. (37)

Adding y7(9), ys(11), ¥9(36) et y10(37) where 7, ¥s, ¥9 and y;o > 0 are such that

Y7 =8 — 2y9 — Cay10 > 0,

2’)/7 - 2’)18 > 0,
¥s — C3710 > 0,
Y9 —Cy7 >0,
we have
i F) 2 2 2 2 o 2 62 2
—Eo + Cllldllfy + Callllz: + 2ysllallz: + Colldialffy + Callgfely < C, (38)
where
Es = yi(eldul + iy + 10l + llal) + vs(10:lfn +2(Aa, Ad,))

+y9(26(Vau, Vu) + lull}y. ) + yiollell..
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There exists 8 > 0 such that
Ci 2 2 2 2
BEs < TIIGMIIHI + Callully + 2yollally, + Cllowally,.
Thanks to above estimate, estimate (38) can be written on form

d C
—Eg +BEg + 7‘||atu||§,l + Cylld?al, < C,

dt

which implies, thanks to Gronwall’s lemma,

2
H!

!
Eq(t) + f P10 + 1167 ()7 )ds < Eg(0)e™ + C. (39)
0

Moreover, for very small values of yg and o, there exists C > 0 independent of € such that
C™ (elldu®IF, + @iz, + el + 10:O)F) < Es(t) < Clia(o), du(t), a(2), a5,
Thanks to above estimate, (39) implies
D[u(®)] + elldu@llz, + @iz + @l + 10,207,
+ fo t F10u(s)I7, + 107a(s)]3 )ds < QDO I(O)llse), A O)llz2, 10, (Ol 2)e ™ + C,

this achieves the proof.

Theorem 4. Let the assumptions of Theorem 1 hold, € < 1 and (u, @) the solution of system (1) — (2) such that
(u(0), 9;u(0), a(0), 3,a(0)) € ®,. Then, the following estimate is valid

| (Zu(0), a(t), Bra()) I3, + fo e PN Byu(s) I + 11 das) 1P + | Bra(s) 17,0l
< QD[] 1 (O)ls2¢e)» [l (O)ll2, 118,20 |2 e + C, (40)

where positive constants C, 5 and monotonic function Q are independent of e.

Proof. 'We first determine standard energy of the initial and boundary value problem for singularly perturbed
damped hyperbolic equation (1) . This equation can be written in the following form

€07u + By — Au = —f(u(®) + ,a() = hyo(1), u®lae = ()laq = 0. (41)

Applying corollary 5.2 of appendix of (Grasselli, Miranville, Pata & Zelik 2007) to equation (41) where k = 2, we
have

i3
I @) 12, + f PN Qu(s) I7p ds < Ce (1 £u0) % + Il ua(0) 113
0

!
+ C f eI\ huals) g + 1| Bihuals) IP)ds, (42)
0

where positive constants C and 3 are independent of €.
To determine estimate of the last term of second member of (42), we begin by finding an estimate of || /4, o(s) ||12L,z

+ || 8,0 (s) |I*. We have, indeed,

| o (5) 12 + 1| b () 1P < 211 fu(s)) 7, +2 1 Ba(s) 7 +2 11 £/ (u(s)Bpu(s) II*
+ 2 67a(s) I (43)

We now determine estimates of || f(u) |52 and || f'(u)0;u ||. We have
I £@) = 11f” @)(Vu)* + f @Aull < C(lull7, + ullge) < C,
where C is independent of €. We have also

I f ol < 1If @l 10l < Clidull,
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where C is independent of €. We have, allow for estimate (7),
I Bua($) 132 + 1| Brhua(s) IP< CL +118,u(s) |7, + 1| 7 a(s) [170)- (44)

Inserting (44) into (42), we obtain, thanks to estimate (35),
!
160 I+ [ €0 1 au(s) P ds <
0

!
Ce (1 20 1y + 11 Frua(0) 117:) + Cf eI + 10, 3 + 1| 87a(s) II3)ds
0

< Ce™P' (1 4u0) 1520y + 1l hua0) I7) + Q(D[u](0), 1(£(0), @(0), Bx(0))lo, Je ™

< Q@[u(O)], IOl 2O, 11,0l 2)e P + C,
where positives constants C and g are independent of e. Combining above estimate and estimate (35), we obtain
the result. This achieves the proof.

Corollary 1. The semigroup S ;(€) associated with system (1) — (2) is dissipative in @, i.e., it possesses a bounded
absorbing set in ©,.

This corollary is the straightforward consequence of above Theorem.

In the sequence, we note B}eo(e) = {(u,v,a,v) € Oy l(u,v, @, wllo, < Ro} where Ry is enough great, a bounded
absorbing set in @,.

Theorem 5. Let the assumptions of Theorem 3 hold, € < 1 and (u, @) the solution of system (1) — (2) such that
(u(0), 0,u(0), a(0), 0,a(0)) € B}QO(E) N @3. Then, following estimate is verified
!
Dul(t)+ || (u(t), Bu(t), 1), Bra(t)) Iy, + f PN Byu(s) 17, +e Il 07uls) 17, + 1| 7e(s) [17,)ds
0
< QMD[u(0)], 124 (Ols3(e)» 1Ol 18,(O) |z )e P + C, (45)

where the positive constants C, 5 and the monotonic function Q are independent of €.

Proof. Multiplying (1) by 2A%9,u and (2) by 2A%d,a, integrating over Q and adding the resulting equations, we
have

d
E(E”atu”i]z +IVAul? + 10,3, + IIVAaIIZ) +10ull, + 2IVAG P < C. (40)

Multiply (1) by 2A%u and (2) by 2A%a, and integrate over Q. We obtain

%(ZG(Aa,u, Auy + [l ) + IVAul? < C (47)
%(Z(Aa,a, Aa) + lall}:) + IVAIP < (10l + C. 48)
Multiply (2) by 2A%24?a and integrate over Q. We find
%(II@,@II?P +2(VAa, VAG)) + [167ellf, < 2IVAGelf + C. 49)
Multiplying (1) by —2Ad?u, integrating over Q, we have
G ey 42y < Colloully + 1ol + C, (50)

where
E; = ||c')tu||§11 + 2(Au, Adu) — 2(f(u), Adu) + 2(0,a, Adut).

Add (38), (46), (47), y11(48), ¥12(49) and y3(50) where 11, y12 and 13 > 0 are such that
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Ci—vy11 —Csyiz > 0;

Cy—y13>0;
1- Yi2 > 0;
we obtain
d
< Es + Callduullz + Collduly + sl + Call VAUl + Csllally, + Coll VAP
+Colld,ell?, + CslIVAd,al? + Collofally, + Crolldiell?. + Croelldfull, < C. (51)
where
Ey = Eg+(elldull, + IVAul? + 10,0l + IVA?) + (26(Ad,u, Au) + |lull?,.)
+ (280, Aa) + IVAQ?) + yia(IIVAd,al + 2(VAa, VAG,@))
+ v (182 + 2(Au, Adyu) + 2(f (), Adyu) - 2(dscr, Adyu)).

There exists 8 > 0 independent of € such that
BEs < Cilldully, + Calldully, + Callullys + Cellallys + Cslid,allys. (52)
Choosing y11, ¥12, Y13 and yy4 very small, there exists C > 0 independent of € such that

CTH GO ) + 18 Dll7s + lla@ll) < Es(®) < CUL DI, + 10:lizs + lla@lle). (53)

Inserting estimate (52) into (51), we obtain

d
< B+ BEs + 0:ul2s + €lldully, + ll07ellz, < C.

Applying Gronwall’s lemma to above estimate, thanks to estimate (53), we obtain the result.

Corollary 2. Assume assumptions of Theorem 3 hold and 0 < € < 1. Then, the semigroup S ;(€) associated with
system (1) — (2) is dissipative in @3, i.e., it possesses a bounded absorbing set in ©s.

This corollary is the straightforward consequence of above Theorem.

Theorem 6. Assume assumptions of Theorem 3 hold and 0 < € < 1. Then, the semigroup S (€) associated with
system (1) — (2) possesses a global attractor A which is compact in ®,, bounded in ®3 and connected.

Proof. we already proved existence of bounded absorbed set B}eo(e) in @,; it remains to split the solution (u, @) €
B}eo(e) as following

(@) = (v, 1) + (w, )

such that semigroup S,(€) can be written as S;(¢) = S }(e) +S lz(e) with

S 1 (€)(u(0), 8,u(0), @(0), d;a(0)) = (V(1), (1), (1), (1)),
§7(€)(0,0,0,0) = (w(1), d,w(1), £(1), (1)),

where S (e) is resolving operator of following linear hyperbolic system

66,21/ +0v—Av = 0m (54)
&n—0,An - An —0,v (55)
v=n = 0 over 0Q,

S2(e) is resolving operator of following nonlinear hyperbolic system

e@?w +0w—-Aw+ flu) = 0;¢ (56)
PE-NE - N = —dw (57)
w=¢ = 0 over 0Q
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and to show that S ! (¢) uniformly converges to 0 over all bounded set of ®, and S ?(e) is regularizing in ®3, when ¢
tends to +oco.

We first prove that the semigroup of operator S (¢) uniformly converges to 0 in @, when ¢ tends +oo.
Multiplying (54) by —2Ad,v and (55) by —2Ad;n, integrating over Q and adding resulting equations, we have

%(e 10 B + 11y 1 + 1 0m 1 + U 3 ) + 211 0w I3 +2 1l 97 3= 0. (58)

Multiply (54) by —2Av and (55) by —2An and integrate over 2. We obtain
d%( I 13, +2e(Vv, Vo))+ 1 v I < Cillom 2. +21 9, I3, (59)
dit( 715, +2(V0. Vom)+ I n i < Calldv I, +Cs 1 0m I, - (60)

Multiply (54) by 287y and (55) by —2Ad%7, and integrate over Q. We have
%(ua,vnz +2(V, Vo)) + elopvIP < Calldmily, + 2110011, 61)
%(uamui,z +2(An, Ad)) + 107l < 1O, + 210mi7. (62)

Adding (58), 714(59), ¥15(60), y16(61) and 17(62) where 14,15, ¥16 and y17 > 0 such that

1 =2ey14 — Cayis — 2y16 — v17 > 05
I = Ciyia — C3y15 — Cayi6 — 2y17 > 0,

we have
d
EEng vz, +Cill v 1B, + I m 1, + 1 0m 12, + 11 87v I3, + 11 67 117, < 0, (63)

where C; > 0 and

Ey = el 0wl +1v I + 1 0m G + I n 1B, +yis( 11V 15, +26(Vv, Vo))
+ yis( 17 13 +2(9n, Vam) + yis(IlIF +2(Vv, V6,v))
+ yir(I9iml, +2(An, Adm)).

Moreover, for s, y16 and ;7 sufficiently small, there exists 8 and C > 0 such that

BEo(t) <l v(®) 5, +C1 11 v 17, + | n®) 113, + 11 (D) 1132 (64)
CHI0AD), 8:v(0), n(0), Bin()llg,, < Eo(2) < ClI(v(8), (@), (@), S, (65)

Thanks to (64), estimate (63) can be written of the following form

d
<o+ BEo+ || avIP+ 1, <o0.

Applying Gronwall’s lemma to above estimate, thanks to estimate (65), we find

D{ul(®)+ | (1), (@), n(2), (1)) g, + fo (1167v(s) I + 11 87n(s) I e P Vds
< OMD[ul(0), [Iw(O)llg3, 18:u(O) 12, (Ol s, 13, (Ol e "

where positive constants C and 8 are independent of €. Therefore the semigroup of operators S/ (€) uniformly
converges to 0 when 7 tends to +oo. To end, we prove that the semigroup S >(¢) is regularizing in ®s.

Thanks to assumptions of function f and the fact that u is continuous on [0, 7] such that —1 < u(t,x) <1 V(t,x) €
[0, T] x Q, we have f"(u)Vu, f(u)(Vu)* and f’(u)Au € L*(0,T; L*(Q)),VT > 0.
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Multiplying (56) by 2(—Ad,w + A?0,w) and (57) by 2(~Ad;& + A*3,£), integrating over Q and adding two resulting
equations, we have

d 4 4
Z B0t 1l 9w 20 4211 0:£ 2, + 11 8w 12, +211 VAGE IR < If @Vull® + 2 1| £ @) (Vu)* |
+  20f wAull, (66)

where
2 2 2 2 2 2 2 2
10 = t H! t H? H? t H! t H? H? H3 -
Ep=€lldwlly +ell Ol + lw iy + 11 VAW 17 + 110 Nl + 11 0:& Ml + 1€ 1l + 1l VAS ||

Multiplying (57) by 2A%4?¢ and integrating over Q, we have, owing to continuous injections H*(Q) C L*(Q) and
H3(Q) c L®(Q)

d

E(IIVM@-‘IIZ +2(VAE VAGE)) + 10787, < C. (67)
Summing (66) and y;3(67) where yg > 0, we obtain
d / 4 74
SEn=cf @Vul*+ || £ @V IF +21 £ @Aul® + 1), (68)

where
Eiy = Ero +15(IVAGEI” + 2(VAE, VAD,E)),

which implies, by integration between 0 and ¢

Ep(0) < C(T? + DQluoll 2, 18:uoll, ol Nl lz2)-

For sufficiently small y;3 > 0, there exists C > 0 such that

Cli(w(®), 8w (1), £(1), 8,ED)lg, < Ena().

Thanks to above estimate, estimate (69) implies
ll((2), B,00(1), £(1), BED)NI, < C(T* + DHOMDLu)(O), oIz luer [l llevoll - vl 2,

then, the semigroup S ?(e) is regularizing on ®s. This finishes the proof of the Theorem.
4. Discussion

In this article we have proven as in (Moukoko, 2014, 2015) that the Caginalp hyperbolic phase-field system with
singular potential, has a unique solution and the global attractor. It remains to study the existence of exponential
attractors and the robust family of exponential attractors for Caginalp hyperbolic phase-field system with singular
potential.

We can also complete this work by studying Caginalp hyperbolic phase-field system with other types of boundary
conditions and regular or singular potential.
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