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Abstract

This paper is in continuation of earlier work of Denis et. al. associated with Ramanujan’s Seventh Entry of Chapter XVII
of Second Notebook.
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1. Introduction and preliminaries

The Pochhammer’s symbol or Appell’s symbol or shifted factorial or rising factorial or generalized factorial function is
defined by

bh+ )(b+2)--(b+k—1); if k=123,
I'(b+k .
(b, &) = (b = (F(b)): . i k=0
k! c i b=1, k=123,

where b is neither zero nor negative integer and the notation I" stands for Gamma function.
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1.1 Generalized gaussian hypergeometric function

Generalized ordinary hypergeometric function of one variable is defined by

AF G _ o (ak(@)k - (aakk
B —
bi,by - by 3 e (b1)(b2)i -+ (bp)ik!
or
(ar) 3 @y, = (@
AFp = 4Fp Z|= W (1.1)
bs) 3 CHUIE = (bo)ik!
where denominator parameters by, b,, - - - , bg are neither zero nor negative integers and A, B are non-negative integers.

1.2 Kampé de fériet’s general double hypergeometric function

In 1921, Appell’s four double hypergeometric functions Fy, F», F3, F4 and their confluent forms @, ®,, @3, ¥, V>, E1, Z,
were unified and generalized by Kampé de Fériet.

We recall the definition of general double hypergeometric function of Kampé de Fériet in slightly modified notation of
H.M.Srivastava and R.Panda:

:(bp)s(d H 0 m
punn | VOIS (@0 @y (o, 02
E:GH (er):(g6); (hy) 3 (e mn (86, ((hr)), m! n!
where for convergence
()A+B<E+G+1,A+D<E+H+1 jjx| <oo, [y| <oo, or
i) A+B=E+G+1,A+D=E+H+1, and
1 1
[x[@B + [y|&B <1 if E<A
max {|x],[yl} <1 Jf E> A
1.3 Srivastava’s general triple hypergeometric function
In 1967, H. M. Srivastava defined a general triple hypergeometric function F® in the following form
(aa) 22 (bp); (dp); (ek) : (86)5 (hm)s (IL);
F® X )2
(my) 22 (ny); (pp)s (qo) = (rR); (85)3 (17)3
O (@i jik (8))ivj ((p))jix ((ep)isi ((86))i ((hm)); () X'y 2
_ (1.3)
(M) jar ()i (PP je (@D ((rR));i ((s5)); (7)) 1! j! K! '
i,j,k=0
1.4 Wright’s generalized hypergeometric function
” (@1, 40, @y Ap) 5 Z T(a; + mADT (a2 + mAy) - T(a, + mA,)x" -,
rrq B (Ao By) 3 LA + mB)I (A2 + mBy) - - - T'(A4 + mAy)m! .
v (@A), (@, 4p) 3 S @0 @y @, s
bra (/11, Bl)? e (/lq’ Bq) ; 0 (Al)mBl(AZ)mBz e (/lq)mqu! ’

2. Some integrals of ramanujan and erdélyi

Entry 7 (ix). If |x| < 1, then

f fz cos ™! (x sin? cos”! (xsin” ¢)d¢ f f dode @1
V@ +xsm¢ / — 2 sin? ) (1 +xsinesin2¢) '
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Entry 7 (x). If |x| < 1, then

J

Entry 7 (xi). If [x| < 1, then

[r xsin pdods [ dsds
0o Jo \/(1 . . . 0o Jo \/(]_ . 2

— x2sin? ¢)(1 — x2 sin” G sin” p) x2 sin® ¢ — sin” 6 cos? ¢)

(S
(=) )}
[

iy ([ = o
\/(1 — xsin? 6)(1 — x sin? O sin® ¢) 0] - xsin* ¢)

(2.3)

R e R
2\Jo (1 - B sin? ) 2\Jo (1 - B sin? )

K2 cosysiny /(1 — k2 sin ¢) sin® ¢
(¢, 9. k) = ( ﬁ dt) (2.4)
O (1 —K2sin® g sin® ) /(1 — k2 sin® 7)

f§ fﬁ [k2 cos? 0 + (1 — k) cos? ¢] dode 2.5)
0 o \/(1 — k2 sin® 6) \/(1 — (1 - k2)sin® ¢)

Erdélyi et. al.[p.315(7)]

Kyrala [p.287(Q.27)]

Above integral was considered to prove Legendre relation E(k)K' (k) + E’'(k)K(k) — K'(k)K (k) = %

3. Evaluation of integrals

, 103 35y
d RN OV ERE
’_Tf ¥ T R 2 |-T*.F, e 3.1)
2 Jo A/(1 + xsin¢) 4 1 : 4 %, % :
z 1 d 2 g L3
z _ 402 N ) s )
f cos” (xsin’ $)d¢ _ Tk 2 ]— %T3F2 2 \ (3.2)
\J(1 = x2sin* ¢) ; %, % ;
. ) 13 T
2 2 dod 4° 4 ’ > 4 4 5
f f — 5 ¢. > = ﬂ—zFl 2 |- ﬁst x? 3.3)
o Jo (1+xsin@sin’¢) 4 1 4 3,3 .
z z 5 1.1 .11
Pt dod ] 22
f f 4 =R X, x ] (3.4)
0 Jo \/(1 — xsin? 6)(1 — x sin® O sin® ¢) l:—; 1 H
13 .
47 4 9
f 2F1 X } (35)
¢! — xsin* ¢) 5
T T 1 l l l .
n e . bR b
fz fz xs1n¢d9d¢ _ %x Fll(;:]z 2 %2°2 xz’ x2 ‘ (36)
0 v \/(1 — x2sin? ¢)(1 — x2 sin” G sin” p) %: — 1 5
z sin”! x - -1 14 ’l’l 5
fz f d6d¢ _ 7rsn; x Fr2 2720202 2.1 }_
0 Jo \/(1 — x2 sin’ ¢ — sin® 6 cos? ¢) It —1 ;
3 33 1
TP I NP PO
N 2% 35,95 s L L 5
_ %6)6) F® 2,1, 22 (3.7)
2032, 25 —1—3—33
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d¢

Iy

11

2 > 2

Fis
8

5

I\J

{2F1

1

bl

2 cosysiny /(1 — k2 sin? ) sin’ ¢

1-x) - 2
%sm ®)

(1+x)

2 (3.8)

|

)

K2 sin(2y) sin(2¢) /(1 — k2 sin? )
- X

I

3.

b b

x F®

(1 — k2 sin? ¥ sin 1) 4/ (1 — k2 sin? 1)

1

8

s L1
k2 sin® y, k2, k2 sin® y sin” ¢

k* sin(2y) sin(2¢) /(1 — k2 sin” )
X

(19}
.o

x F®

3

32

k2 sin” y sin® ¢, k2, k2 sin® ¢ \ +

[\S1[S8}
.o

515
(3.9)

+
4

¢ k* sin(2y) \/mFm;l

1:050

K2 sin® g, k2 ]

.

— k?) cos? ¢] dOd¢

.
b

(k2 cos? 6 + (1

[

4. Derivation

(1 — k2 sin® 6) \/(1 — (1 —k2)sin® ¢)

L 1-R)

K> |2F)

k)

Rl— -
ST

(1-k% ‘ (3.10)

k]

4.1 Evaluation of integrals involved in entry 7(ix)

f \/(1+xsm¢
(3. 1,(5,3)

(1,4

—

n s
2

os~ ' (xsin’ cos'(xsin’ ¢)dgp _

($)m(Fm/2(=x)"
m'(l)m/z

Z()m( x)" f7 sin ¢d¢_4z

m()
_x]

sin™! (xx sin? ¢))d¢

(5 1.3, 3)

b} >

/4
=,
421

) )

A.1)

Again

f \J(1 = x2sin* ¢)

f
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\J(1 = x2sin* ¢)

f (1 — x*sin* o) 2d¢ - f (xsm @) 2 F

A(1 = x2sin* ¢)

(ST

sin~! (x sin’ sin”! (xsin” ¢)dg

\J(1 = x2sin* ¢)

’

(e

LE

5

x2sin* ¢ ] de

)
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E . z 1,1
5 2 ) 2 9 9
= Ef Fo x2sin* ¢ }d(ﬁ—xf sin® ¢ »F; x?sin* ¢ \d(ﬁ
2Jo 0 3 )
9 2 9
0o 1 2m ® 2m Z
_ Vs j . Am (l)m(l)mx 4m+2
= EZ f sin™" ¢d¢p — xz —(3) o | sin ¢do
1=0 m=0 2/m
x i (%),,,xz"lr(mfl)r(%‘) i i (D (D" TEEDIE ’
2 m! 2 [(4mt0:2) 0 (Bwm! 2T(4H)
_ 71'_2 i 2m( )m( )m _ _7T > ])mx2m( )m( )m
4 L mim! 44 OHm,
5 13 . .35 .
44 5 > 40 4 B
= ﬂ— 2F1 xz - E 3F2 )C2 (42)
4 L 4 33 .
22 ’

Also f2 f2 dodé
0o Jo (1+xsm951n )

fif (1+xsin 0 sin® ¢)"'dode

m 2m m : s 2m
f f Z( 1™ x™ sin™ 0 sin“" ¢pdfd¢ = Z( 1) x”’ f sin Odé’)(‘f0 sin ¢d¢)

m=0

0

m=0

00 z

_ S 2m i s 2m % s 4dm _ 2m+1 z . 2m+1 ,21 s dm+2
—Zx ( f sin Hde)( f(; sin ¢d¢) Zx ( f sin Gde)( f sin ¢d¢)

o 0 0

0
_ i x2m(r(%)r(%))(r(‘""7“>r(°g‘> i o r(%“)F(%))(r(%)r(%))

gt e arc) N\ arcs)
> It +m)yvr T +2m) > Dy ' +2m)n
-, P ) - e ey
o] 2 m! 4 m! 2T +m)” 2 (Dame
Z (Dm(m)" _an i (DD ()™
4 m!(1)m 4 =0 m'(%)m(%)m
2 %’% 9 1’ %, % ;
=R 2 |- R 2 4.3)
4 1 4 303 .
9 2’ 2 b
4.2 Evaluation of integrals involved in entry 7(x)
3 dode

L.H.S.=fzf
0 0

\/(1 — xsin? §)(1 — xsin® sin® ¢)

53 1 1
=f (1 — xsin?6)"2(1 — xsin® 6 sin® ¢)"2d6d¢
0 0

i zw

5 (1), x2 sin® g Ly x"sin® @ sin®"
ffz() Z(z) ¢d9d¢
0 Jo n!

n=0
($ImX"(3)ux"

m'—rj( f ' sin”"*" 6dg))( f : sin” ¢dg)

0 0

(D" (3" LRI | TSI
( 2F(2m+2£t+0+2) )( 2r(2n+20+2) )

m!n!

o Z i (%)mxm(%),,x”(l"(% +m+ n))(l"(% + n))
ALL min (Dt (1),
2 &S DD D)y 2 #3557
2/m 2/n 2/m+na/n 1:1;2
= — =—F 4.4
z ZSZ; (DD gy @9
m=0 n= HE o
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%Z"’:( 3 )mx" sin* ¢

R.H.S.—f fi 1—xsm ¢ d¢ f
NIe! — xsin* ¢)

m r4m+]r0+l o m
_Z()X ( (= ) 22()() 7_T2F1

2l—~(4rnz+2) m'mv 2

13
4’ 4 9
x } 4.5)

m=0

4.3 Evaluation of integrals involved in entry 7(xi)

f’z‘ f§ x sin ¢d6de
Let
0 Jo \/(1 — x2 sin? ¢)(1 — x2 sin® @ sin” p)
=x f2 f2 sin (1 — x*sin’ ¢)~ %(1 — x? sin’ ¢ sin )~ %dé)dg{)
0 Jo

ol 1 m 1 R x2m+2n x x
Z Z (2) (2) (fz Sin2m+2n+l ¢d¢)( fz Sin2n 0(19)
o m! n! 0 0

0 n=0
1 .11
e S W D@y 22 e B 5
jlid = F s 4.6
T 25T Dt A o
Agan [rre anis
0o \/(l—xzsin2¢—sin2000s2¢)
= fi fsm x(l — x*sin® ¢ — sin® O cos? ¢)~ %d9d¢
f f““ oo (4 ),,(x sin’ ¢ + sin” @ cos? ¢)? )d6d¢
p!
f f = <z>m+n(x2 sin’ ¢)"(sin” 6cos” ¢)" ’
g m! n!
( )m+n~x 3 . om n sin x .
= Z Tl (f sin®" ¢ cos? ¢d¢)(f0 sin? 9d0)
_ i Z( D" TEEHIEED [ (Dax V(1 =2 'S (1), 2 , @ sin"x}
A4 il op(dmidm2) n! (3, ()
- iz( )m+nx2m 1"(2m+1)1—*(2n+l) ( )n-x [(l )Zl (1)r x2
m=0 n=0 m! n! ZF(M) n! r=0 (%)"
nsin_lx O (%)m+n(%)m(%)n(%)n x2
T2 ZOZO ! (D Do
_mxy —x%ii" Y D333, x 2’”+2r+
2 AL aD),(De)
msin”! x o © (%)mﬂz(%)m(%)n(%)n x*
2 Zgzo m! (D (Do
ﬂX\/(l—Xz)iii(%)m+n+r+l( )m( )n+r+l( )n+r+1(1)r-x x2r
m=0 n=0 r= m!(l)n+r+1(1)m+n+r+l(1)n+r+1(§)r
Jrsin” xS i (Dmen(3m(Dn(3)n 2
2 A m (DD
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(%)m+n+r(%)nw(%)nw(%)m(l)r(l)r(l)n x2my2r

(2)n+r(2)m+n+r(2)n+r( % )rm‘n Ir!

+7Tsin_1x — i (Pimen( P33 8
2 4z mlnl(D(Den
3 33 1
2 _._’_._ 1 1.1’1
B ﬂx\/(116— x2) FO 2% T ’ e |s
2 > 27 2 ;__9_9% s
| 11,11
in~ 2°2 °2°2
== 21 4.7)
=1
Similarly we can prove
[ ) ==
2o Ja-Gmgingy/ o 2o g 2 00 g2
5 11 . 2 ) 11, 2
P 222 . P 202 .
1 ; 1 ;

4.4 Evaluation of integral given by Erdélyi et. al.

K2 iny /(1 — k2 sin? ) sin’ 1
Gt ) = (ﬁ cos i sinys sin” y) sin dt) — K2 siny cos /(1 — K2 sin? Y)x
0 (1 — k2sin ysin® 1) /(1 — k2 sin? )

|
Xﬁ 1Fo
0 b
S S (DR sin® )" (3), (k2
:kZ Sinl//COSlﬁ (1 ) Slnzl//)zz( ) ( m:;lb/l)' (2) ( ) fsin2m+2n+2tdt

.
2 9

K?sin®ysin’r | F, k? sin® t } sin® £ dt

)

m=0 n=0
S 1mk2~2 mlnkzn
:kZSinl//COS'J’mZZ()( su;ﬂ;i)! (3 ))<

m=0 n=0

x[ - ((%>m+n+1 sin ¢ cos ¢ T (1), sin2’¢) + ("5(%)"”"+l )]
(l)m+n+1 =0 (%)r (1)m+n+l

k2 sin(2y) sin(2¢) /1 — k2 sin® ¥
X

B 8
oooom+n1mk2-2 mlnk2n§m+n1r~2r
XZZ (Dm( s1nz,0)(2)()(2)g (1), sin ¢+

o v o DD msn(35)r
. ¢ K2 sin(2y) \J1 — K2 sin” g i i (K> sin® YY" (k> (3 mn
4 o oy D (D)n(msn
k2 sin(2y) sin(2¢) /1 — k2 sin>
= — X
8

(K sin® )™ (3)u (k)" (D (Dy sin” ¢(Din(D)y

* 2202, hrrner(2), mintr!
k2 sin(2y) sin(2¢) /1 — k2 sin? ¢
- X

8
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( 1 )m (k2 Sinz ly[/)m(%)n-*—r+l (k2)n+r+l (%)m+n+r+1 ( 1 )r+m+1 SinZ(m+r+ D¢

+

m=0 n=0 r=0

¢ K2 sinQy) /1 — K2 sin’y &

(1)m(1)n+r+l (2)m+n+r+1 (%)m+r+l

oo
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- 4

2,
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k? sin(2y) sin(2¢) 4/ (1 — k2 sin? )

X

(19}
.o

x F®

¢ k? sin(2y) \/mqu

32

4.9)

+
4

4.5 Evaluation of (3.10)

[STE)

1:050
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I 5:1 3553
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