Journal of Mathematics Research; Vol. 7, No. 1; 2015
ISSN 1916-9795  E-ISSN 1916-9809
Published by Canadian Center of Science and Education

Quantum Moment Equations for a One-Band and a Two-Band kp
Pauli-type Hamiltonian

Tiziano Granucci'

! Istituto Gobetti-Volta, Via Roma 77, Bagno a Ripoli, Firenze, Italy

Correspondence: Tiziano Granucci, Istituto Gobetti-Volta, Via Roma 77, Bagno a Ripoli, Firenze, Italy. E-mail:
tizianogranucci@libero.it

Received: December 28, 2014  Accepted: January 10, 2015  Online Published: January 19, 2015
doi:10.5539/jmr.v7n1p54 URL.: http://dx.doi.org/10.5539/jmr.v7n1p54

Abstract

The hydrodynamic moment equations for a quantum system described by a One-Band Pauli type Hamiltonian and
a Two-Band kp Pauli type Hamiltonian are derived.
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1. Introduction

In (Wigner, 1932) E. Wigner introduced the quasi-distribution
1 & &\ e
w(r,p)z}?fp(r+§,r—§)e nodé (1)
R4

for a quantum system with d degrees of freedom in the mixed state described by the density matrix
p(x,y) = (xlS|y) 2

corresponding to the statistical operator S. As usual /2 denotes the Planck constant and / = %

In (Barletti, 2005), L. Barletti, studied the Quantum Moment Equations for the Two-Band K p Hamiltonian of this
type

hZ B2
“Eavy, -Egv
H = 2m m 3
o\ Egy A4V, )
m m

where m is the electron mass, K = (u;| V |u;) is the matrix element of the gradient operator between the real Blooch
fuction u; and u, which is assumed to be constant and the functions Vi, V, are the potentials of the electron in the
conduction and in the valence band rispectively. The Hamiltonian (3) describes an electron that ”sees” two energy
bands avaible and a Zener tunneling between the two-band is possible. This is the case of Interband Resonant
Tunneling Diode where a conductio electron may becomes a valence electron after tunneling through a double
barrier (Borgioli, Frosali, Zweifel, 2003). If we work with the (3) Hamiltonian we don’t consider the electro as a
1/2 spin particle.

We will consider the following One-Band Pauli Hamiltonian

1 (h ? ho
Hp=|—(2v-CA) +ep|oy - 2B, @)
2m\ i c 2mc
where
(10 [0 1 (0 —i (1 0
O-O_ 0 1 ’0-]_ 1 O ,0-2_ i O ,0—3_ 0 _1 b
with

A=(A'"(),.A(x),A° (), B=(B' (1), B> (), B’ ()
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and B = curl (A); we well derive the equations of quantum hydrodynamic moments for this type of Hamiltonian.
Moreover we study the Two-band case, too. These types of Hamiltonian operators consider the electron as a 1/2
spin particle.

We well derive the equations of quantum hydrodynamic moments for this type of Hamiltonians and we prove for
a pure state the system of order-0 and order-1 equations is closed.

2. Moment Equations for the Pauli Hamiltonian

We start to consider the Pauli Hamiltonian

eh .
09— —B'o;

2m 2mc
let us take A
HPZHiO'i=ZHiO'i (5)
i=0
with H = [Lm (hV - —A + e¢] and H! = cBi, for i = 1,2, 3; then for the density matrix we get

ihdo =Hiop- H;,,QO'i
= sHioi0 + 3Hio0
+iHiig - $Hioic-
L o0, L oo+
+1H’Q0', IH;QO'i
=1 (H’ +H’> oo+

1 (6)
+§(Hx Hl Ti0—

% (Hjc + H’ oo+
+%(H; H’)QO’,

%(H’ + H’)[o-,, o]+
+1 (H: - H!) [0, 0],
where [a, b], = ab + ba.
From (6) we obtain
oo = |(2V.- LA @) - (49, - £A ) | o+
+e (¢ (xX) - (e~ 7

e L (B (x) - B') [l -

— (B (x) + B' (7)) [o1.0]
with ¢ = ( g; g; ) and 012 (x,y;1) = 05 | (v, X3 1).
Let us take P = T’L?V — £A, then by (7) we get

ihdo = 5= (P2=P}o+e(@(x)-p()o- ®)
— & [(B' ()~ B ) [0l + (B @)+ B ) [ov.0]_]
and P,—P,\ (P.+P i
de =5 |(557) (5 )le - 5 @™ - e 0ner ©)
+25L (B () - B ) [onel, +(B 0+ B )]0l
By Wigner transform we have
aw ﬁF w—4O_ () w+ (10)

+o2 [@) (B’)[a',,w]+ +0, (B) (o, wl_]
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where w = Wy and

= _ P¥+P_v —1
P =W( 7 V)w
- w (5w
+EWAX) +AQ) W
= r+P,%®+ (A)
Py =W( -é”»vv)fw—1
= b (2 ) w s
+EW (A Q) —AQ) W
=P, + £0_(A)
with _
vV, = (Vx)w_]
s i
_ T2 tgp
v, = 4Vw(vy) w-!
D h7 N _VIZWv -1
P =W ()W
_ VetV _ _y
. i ih _" r
P, =lw(I5n)w!
_ I‘Lﬁrfﬁy —
=i T2 <P
and

0. (A/>() = (2n)" 3 f[A (r+2é)xas (r—g )] () e~ PP dp dé
R®
= 3 h i(_ I ) p—i(p=p1)é
0. (B/)() = @n) Rfé[B/(r+ be) B (r— 1 )]()e P=PV dp dé
for j = 1,2, 3; moreover
P, = W(LV, - A)W!
= %AVJX - %gx
I &
Py = bW (Y, - A () W
= %% - sz —
= ’Ti% P =A
Let us take
W11
— w12
= wa 1
w22

by equality (2.6), if . .
—%@- @) w+ —— O (B) [o7. w], + O, (B) [os.w]_| = 0

dmc
we get
ow = —#Z)PW
where
D=-P1
and
P=P,1

(11

12)

13)

(14)

15)

(16)
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1 0 0 O

L= 0O 1 0 O
with 1 = 00 1 o
0 0 0 1

Moreover, by (10), (15) and (16), we obtain

ow =-1DPw+0Ow (17)

where ®w is a potential pseudo-differential operator that we well see. We will consider the “local average” of any
phase-space quantity f defin by

Py = f F(r.p) dp:

R

then for us (w) = (W) (r) = fW(r, p) dp.
RY

For for the Pauli Hamiltonian with ®w = 0 we have the Wigner equation (17) and since the operator 9 does not
involve the momentum variable p, then (D-) = D () and we get the order-0 moment equation

— 1 _
0 (W) + n_qﬂ (Pw)=0 (18)
moreover, since D and £ commute, we have the order-1 moment equation
_ 1 _
0 {PwW) + n—li)(SD@)SDw) =0 (19)
and more in general the order-m moment equation
- 1 .
3, (PE"%) + —D (P D) = 0 (20)
m

m-time

—_——
where P" = PR --- @ P.

Remark 1. For the free Pauli Hamiltonian, from (17), with ¢ = 0 and A = B = 0, we have

1
ow=-—V,-pw 2n
m

that it is the usual Wigner equation for free 1/2 spin particle.

Let us introduce the following notations:

n={w) (22)
and
J = (Pw) (23)
then by (18), (22) and (23) we get
omn + %Z)J =0. (24)

As in (L. Barletti, 2003) we use the following convetion: every operation between colum-vectors has to be under-
stood component-wise. For example we have

a) bl a) bl
as by | | axby
az by | | asbs 5)
ay b4 a4b4
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and
a b a/by
as / by |_| ax/bs
az b3 az/by |’
as by a4/bs

moreover, if a;, b; are vectors (such as the for components of (Pw))

ai by ai - b
a by | | ax-by
az || b5 || a3-b3
ay b4 ay - b4
and
ay by a; ® by
as ® b, _ a, @b,
az b3 az ® by
ay by as ® by

we obtain

—_
=l
kl
|~
[
S

per . P2 P, @ P,
P2+ P%2 + 2P, ® Py
— —®2  ~ —
P.+P,) -P,®P,

-P,®P,

Bl B

—

5.5 \®2
2 [ Py+Py Y Y
:J%(»m») ~P.®P,

~Ep®2 P .@P,

where the component-wise commutativity between P, and Fy was used. Moreover we get

- n?
(Pow) =-7

and

((P)” + () - 2(Pw) o ()]
(P.+P,w)” - (P.w) @ (P,W)

=~ (0D — (Paw) & (Pyw)

5 @)* ~(Pw)e(Pw)

= -5 (D) ® (D (W) - (P.w) ® (P,w)

then
JeJ

n

(P® Pw) =

+ Q) —nT

where

Qn) = hﬁD®Dm—

3 _2 (Dn) ® (Dn) )
4 n

and

nT = (P, ®P,) - M.

n
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(30)
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(34)
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400 +
Proposition 1. Let w = ‘W be the Wigner transform of the mixed state o = y, A,0°, where 1;, >0, Y, A, =1 and
s=1 s=1
each o° is a pure-state; then

*

e ((P) ()| () (P)
r= ; ;z o on ® ) (n) 36)
where W* = Wg*, n* = (w*) and * denotes adjunction:
a\' a
b | | b
c | 7] ¢
d d
Proof. Let us define _
q = (P.W) = (Px0) (37)
and _
q' = (P.w") (38)
then
+00
q=(P.0)= ) Aqs. (39)
s=1
Since (P,0) = <Pyg>*, for a pure state, we have
p.o7w)- o0
From (35) and (40) we get
- er e
_ : o (P@f@") B (ﬂw)}i(p‘w) @
— oy bsq_9 ® (@) _ <¢XW>®<¢‘W>
o] ns n’ n?
where \
ps = B (42)
n
Since
+00 s * + 5 s\ * *
Sr(E-2o(-%) - Sr(E-De(E) - (%))
_ s (e ¢\ _4 g \*
=20 (Fe(r) -Fe(ar) )+
+00 s\ *
S h(-to() + Lo (k) @
+oo s so\k +0oo s *
= szlb“Z— ®(ar) - Flb‘f; ®(a) -
+o0 5 % %
~to(Z0 (%) )+ 2o (5)
and
ShL=t
2 (44)

P
1l
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we get
too s s * +0o s S\ * % %
2, (%~ 1) o (df o) =z,b5%®(%>—ﬂ®(%> o4 +1o(l)
s= §=

sr _ <wa>®<7’vw>

n?

I
.
Mg
<
1=,
®
=

3

1]
S

Corollary 1. If w = W is the Wigner transform of a pure-state density matrix, then T = 0.

From (37) we get

<
Il

[p 7») (P+7>) =
- ( )A>+@<(’l‘%2")W>

= <Pw) + 2 (Z)w}
=J+ ’?Dn
and ¢* = J* + LDn’, with J* = (PWw*), then
5y ¢ _q q’ q \*
— sS4 _ 9 = _ 1
o=zt (5 - el - o)
1o T+ Dps J+Lpp I+ pps J+Zon\*
— s 2 _ 2 2 _ 2
N
+00

2 Ev(F-e (B -3
o 30 (B - ) o (g~ ) +

where

< (I T JS J\
fe= b(5_2)®(<n3)*_<n>*)

S (an @)@(@m_@rz)*
- (n*y ()"

is an ”gauge-osmotic temperature”.

From (20), (24) and (33) we obtain

1

0,J + —@(J J + Q(n) +nT) =0.
m

Moreover, for T = 0, the system

m

dn+1iDJ=0
o+ 1D(2 + Q) =

60

(45)

(46)

(47)

(48)

(49)

(50)

61V

(52)
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it is a closed system of Madelung-like QHD equations for a free Pauli Hamiltonian.
2.1 Moments of the Potential Terms

In the following we will using a multi-index notation: a multi-index @ = (ai, ..., @y) is a -uple of non negative
integer and |a| = @) + -+ + ay, a! = a;!---ay!; moreover @ < Bif and only if @; < B; fori =1, ..., N.

Let us consider

ow = %F,F,,w+ Vw (53)
where
Vw :—%’G, () w+ (54)
+12:[0- (B) [0 Wl + 0. (B) [0 )|
since
+0 1 — —
[al,w]f( ) ! o )szlw, (55)
_ +0) —il — e~
[oa, W], = ( i oy )w =W;w (56)
and
(o3, Wl = Wiw (57)
with
2 0 0 0
0 0 0 O
Yi=lo 0 0 o (58)
0 0 0 -2
and
00 0 0
_ 0 2 0 0
Ws=10 0 2 o >9)
00 0 0
from (55), (56), (57), (58) and (59) we get
oW =-LDPw+ 0w (60)
where
OW = -40_(¢) w+
+72 [0- (B") Wy + @, (B') Wy |+ o
+34 |0 (B?) Wy + 0, (B) W |w+ D
+7 |0 (B}) Wy + 0, (B) Wy |w.
We define
O_ ()
; O_(¢)
L= - +
! R O_(¢)
0-(¢)
e_(B) o 0 0 (62)
1o 0.(B) 0 0
* Fme _ 3
0 0 0.(B) 0
0 0 0 -0_(B’)
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and

(
E e )+ (63)

Let us consider the expansion of the pseudo-differential operator in a formal Taylor series with respec to iAV ,:

{r=5m)- 5] T o

k=0 |al=k !

let us consider

1 0 0 0 1 0 0 0
p-|0 1 oo p_| 0 000
1 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 (65)
p_| 0 000 g_|0 1 00
2 0 0 1 0 2 0 0 0 0
0 0 0 1 0 0 0 1
then we get
N . 400 . k
R\ ve
-Zo-@)1=-7 (%) ? O ke 66)
k=0 |al=k j=1,2 @
where
H: =T, - (-D'I; (67)
for j=1,2andk=0,1,....
Let us consider
1 0 0 0 1 0 0 0
I = 01 0 0 P 0 0 0 0
1Yo 0 0 0 1=l o 0 -1 0
0 0 0 0 0 0 0 0
00 0 0 00 0 0 (68)
It = 0 0 0 0 e 01 0 0
270 0 -1 0 2= 0o 0 0 0
0 0 0 -1 0 0 0 -1
then
0. (33) 0 0 0
a0 0.(B) 0 0
2me 3 =
0 0 -0, (B ) 0 69)
0 0 0 -0_(BY)
ih V"Bz(r) k @
ih YiV
2mc k O|(Y| ko 2( 2 ) Tl jp
where
=] - (-D'I} (70)

forj=1,2andk=0,1,....
From (66) and (69) we get
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. too Nk e
P S D i) V()
( ) "0 0k j=l,2( 2 ) at

¥ 5y (4) moe
!
K=0 ook jo12 N @

2mc

Let us consider

N,

N; =

— O OO oo — O
O = OO O OO~
O OO O o O

SO, O~ OOO
S oo~ O~ OO

(= =R e N el i)

then
— k e
(P L) - 3 (-2 vae
0 la|=k
lﬁ)k V"Bz(r)

+ 2

k=

(-
+22(%"V§1(’)

(‘

+§Z

where

for j=1,2,3,4and k=0, 1,....

(1) vy +
(1) hvyim).

(71)

(72)

(1) vy +
()" wg3)
(1) wew3)
()" i)

(73)

(74)

If we consider a single component (p)lN)/3 of the tensor product (pi)m, where S is a multi-index with |8| = n,

integration by parts yields

<(PA) HEVew > [ coH (1) Em) ifasp
0 ifoa £ 8
. (—1)k< ) ka> if o <
(1) viwy) = { . (1) L ;‘; 75)
5o m> [ <(pT)B N N’;W> ifo<p
<(ﬁ) i { 0 ifa ¢ 8
for j=1,2,5=1,23,4andk = 0,1,. ...
From (71), (73) and (75) we get
= i o in\k vee(r n—C =
P == IZ‘O lof=k j=1,2 (_7h) w <P®l YHI{W) + 6)
.on k v, n—a ke
+2€_nick§0lal=k]=12( zh) ; 5’( : <P® Yk >
and )
(P Lw) = _% kgo lalzz*‘k(ih) v B VB () <P®n aNk">
i 341 e
rit § 3 (1) 2 (i)

»
i
[=}
X
I
[

[N
w
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3. One-band Madelung Equations

Proposition (1) and corollary (1) imply that the n» = 0 and n = 1 moment equations for a pure state are closed and

yield a analogue of QHD Madelung equations.

For n = 0 we get:

(ew) = ¢(r) P (H°A> B3 (1) P <Y0">
—3a:B' (r) NOA + 5L B2 (r) NOW +
5B () {FI) + B ) (N0
= s B! () M (W) . S B () M, ()
where
0 -1 0 1 0 —i 0 —i
-1 0 1 0 i 0 -i 0
M=o 1 0o -1 Moo=ty 7 o =i
1 0 -1 0 i 0 i 0

Forn =1 we get:

ifk=0
h/zllz(ﬁ(r)(PHO > - hj%]2¢(r)H0<SDw)
s z B (n(PY%W) = 5L z B () YO (PW)
= Bl (r) (PN,w) = 52 Bl (r)Nl (Pw)
2’ p 32 (r) <7)N2W> = 32 (r) N2 <PW>
ZZCBI (r) (PN3w) = 2f;;CB1 (r) N3 (Pw)
S B (r) (PN = 2 B (r) Ny (PW)
and
GJ = [—— Y ¢(H)+ ch z B} (Y9~
—>% B! (r)Nl + 5 B? (r) Nz + 3B (1) N3 + 52 B (r) Ny | (PW);
if k =1 we get
g zz (-2)vep () (HIW) = -4 PR (r) HL (W)
25 (0T <3 3 vRon®
a|=1 j=1, a|=1
_% lal=1 (%) LY(B;'(V) <N1 > = 4mc |az_ VQBI (r) Nl <W>
%l > (%) V"B2(r) <N1W> _4m¢ Z V(IBZ (r) NZ <W>
e 2 (3) S0 (i) =i 2 VB! (1) Ns ()
e 2, (%) e (N;m) = z VB Ny
and

En = [—g DD vw¢(r)H1.+;,—Z > VB (n)Y)-
lal=1 j=1,2 la|=1 j=1,2
— z VeB' (N + £ z VeB? (r) No+

3 VB! ()N; + {2 2 VB ()N,

lal=1 lal=

(w).

4mc

Then we can write the moment equations for n = 0 and n = 1 inthe following form:

dn+ LDJ = 5L [B' ()M, + B> () My | n
0]+ LD(L2L + Q(n) + nT) = GJ + En

64

(78)

(79)

(80)

81)

(82)

(83)

(84)
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By Corollary (1) for a pure state we have T = 0, then

{ dn+ DT = 5 [B' ()M + B2 (") My | n s5)
o + ljlz)(m +Q(n) =GJ +En
is a closed Madelung-like system for a pure state.
4. A Two-band K p Pauli Hamiltonian
Now we consider the following Hamiltonian:
H]l:;uli _ ﬁ (%V - EA)Z oo+ V{O'J‘ % (?V - fA) 0 ' ] (86)
~E(Lv-<A) 0y ~(2v- ;A) oo+ Vio;

where K = (uy| (?V - fA) |uz). The Hamiltonoan (86) it is the equivalent of the Hamiltonian (3) considering the
electron as a particle. The Hamiltonian (86) describes an 1/2 spin electron that “sees” two energy bands avaible
and a Zener tunneling between the two-band is possible. Let us take

(EV - ¢ )0’0 KO'()
P= ! ¢ 5 8&7)
—-Koy (TV - fA) oo
then 5
h e h e
P2: (7V—z ) (o)) 2K TV_ZzA>O-O _[(2( [ 0 ) (88)
2K (LV - A) oy (LY - <A) oy 0 oo
and 5 .
1 K o9 O Vie, 0
gPuli L p2 0 + 197 ‘ ) &9
kp 2m 2m( 0 oo 0 Vio; (89)
We put p = (?V - fA) and we consider
) 1 Kp . .
Pauli 2 1 2
H = 5P 1- ?W +ViZ; + V,Z; (90)
where
— 0 —00 1_| Oy 0 2 0 O
W_(o-o 0 )’ZJ'_(O 0 Zj = 0 o S
then

. =Py k(px+py
e - [ glo= S . - oL+
Vi()-V{(» VI(0)-Vi()
NSO o]+ )

V) (72
. (V{(x);—V{(,V)) [Z} ; Q]_ N (v§<x>2v{<>~>) {Zf; Q]_'

If Vlj = Vg =0, we get
. k(px—py k(pxtpy
ihdo = [sp? - pt|o— o) o], - Meemd [y (93)

since _
[W;ol, = Wio %94)

where 0 = (01,1,...014,---,04.1,.-.,044) and

()

95)

S H O |
=
H O |
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then equation (93) is equivalent to

W_o

2 — p? k x T FPy)—~ k X ) ) ~
iho,g = (pxzmpy)ﬁ— (pzm py)W@— —(pz; »)

and

—_ —_ —_ — 2 —_— —~
102 = 5= (p<~ ) T= KW |[(ps + py) T~ KV, |5~ 3.5

2m

with T = ( (1) (1) ); since W_W+ =T, we get

1 = Py\—~ k—~ kK> _
&Q=—{U7 %)1——WJ !
m

2mh

et P\~ ik
(‘D,‘Dy)ul—w+
ih

BoleT

Now we write the equation of evolution of the time-dipendent Wigner matrix

- 1 ik
ow =—-—PDw + =5
m 2m
where o
Px_ v\ kA
P = 1-=-W_
(757757
and - -
X + )\~ lkA
D=- T+ W, |,
( ih ) h J
with _ _ _
(PofT-d=iyer-iL
Py =V, = A = b3 —p— A,
and o
ELop-fot)
pxihpy = _Vr - i®+ (A)
moreover
D=|vi+ Lo, )T+ 5w
T 2T hot
and

— e — k-
P = [pl = 50T~ 5W_].

From (100) and (101) we get

P = 2|7 7) " - 2k (P~ BT W+ Ko |

4
and ,
=~ —~ \® g2 = —~ )
9 Pxt+ Dy ik Px+ DPy\—~ = k* —~ —
D—« m)'”f - 1®M—EM®M
then R
2 (PatDy ® -~ -~ ~ —\7T 7 2 55 17
e :_%(3%5) _px®py_§Ok_P»1®VVn+%Wﬂ@“ﬁ

=B _BpeW, -kPeW.-p,op,+ 5 [W? - W

and, since [VVE - VVE] =0,

K2 itk

(Po2%) = ~ 5 D%~ 7W+Dn —kW_J - (P @ ByW).

66

(96)

o7

(98)

99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)
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By (106), (107) and (108) we get

€ (.7 + (110

and
(DWY* = <(%)W>®2 + %‘ <(p";;p”)w> ® (W.w) - Z—z (W)™ (111)
moreover by (108), (109) and (110) it follows that
EW? = -5 O + Gy e (W) +
2 (D)@ (o) — ki @ (W) + & | (Won) ™ - (W.0)" (12
then Jol
(P& PW)="—=+Q(m) +V(m)-nT (113)
where )
Q) = ~ I (D=0~ B
nT = (P, ®P,w) - M (114)
Vi = k [J@(‘j/n) ~ ITV_J} _ [(Z)n)@i(ﬁ’m) . VTA,Z)n} ~ % [@ B (W:)M}

+00 +

Proposition 2. Let w = W be the Wigner transform of the mixed state 0 = ), A,0°, where 1;, 20, >, A, =1 and
s=1 s=1

each @° is a pure-state; then

+o00 —_— —_—~ —_— —_——~ *®
A (W) (Paw) (Pw*)  (p.w)
T = —_— - - 115
2.5 ( P A T (1)
where w* = Wp*, n® = (w*) and * denotes adjunction:
a\ a
b | | b
c | 7] ¢
d d
Corollary 2. If w = Wo is the Wigner transform of a pure-state density matrix, then T = 0.
From (99) and (113) we obtain
1_(JeJ ik?
6,J+—Z)( ® +Q(n)+nT—V(n))—l—J=0 (116)
m n 2mh
and for7 =0 .
1 — kg,
e T =B =0 (117)
0+ L1D(LL+ Q) - Vm) - £T =0

is a closed system of Madelung-like QHD equations for a "free” two-band-gauge K p Pauli Hamiltonian.
4.1 Moments of the Potential Terms

In the following we will using a multi-index notation: a multi-index @ = (ajy, ..., @y) is a -uple of non negative
integer and || = a1 + -+ + ay, @! = a;!---ay!; moreover @ < B if and only if @; < B; fori = 1,..., N. For the
potential we get

|Z):0], = 1.0 (118)
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where
h h h
H;, = 75, + Z,
forh=1,2ej=1,2,3.
By (118) and (119) we have
(ViO-ViO) T . (VI@-V]0) 1oy —~
N [Z?’QL = ——Hj 0

(Vi@+Vi0) [ . (Vi@+V)0) 1y —~
i > i [Zj’Q], i y i Hj’_Q

and by Wigner transform

forh=1,2and j=1,2,3.
From (120) and (121) it follows

Lo (vi)mt,w+e, (v))H: |

o k vevi(r —
-3 3 (-2) Tz v
=0 |af=k >
iy k vevia) —
ih I h ga
+ ( 2 ) oL,V

By (122) we can write

PV = z‘” (-2 T (ponzh voig) +

a!

+ oy,
+ Zo:o (ih kvev, <P®I1Z?2ng>

2 a!

n

where P& = (pT— %W_) .

(119)

(120)

(121)

(122)

(123)

If we consider a single component (pT— %W_ )ﬁ of the tensor product P*", integration by parts yelds

— KoV o\ [ D (pT- KW 2 W) ife<p
<(p1_EW_) Z?,VVPW>_{ . <( 2 ) ). > o 48

then
(Ponzl Vo) = (-l (PEIZh ).

Jv P

Let 7 = (pT— %W_)y, with |y| = n — k, be any component of P®"~®; then we can write

(=47 = 2 (0 )

o<y

= 2O (4 ()
and <p1 ~ %W_) Z?,V _ z (g)p(s (_ ;% )7—5 (W_)'y—él Z?,v
= 2 () (@)

= SO e )

~9)
N
=

(124)

(125)

(126)

127)
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since PW_ = WJD, we obtain

(T4 2 = Q) )

= 5 QO )2 ()

n<o<y

<)

(128)

This shows that each component of <P®("‘”)Z?VW> is a linear combination of terms (P*W), with |y| < n — k. In
conclusion we get

Z (lh) h P@(n (Y)Hh "> (129)
=0 lal=

k
where ]I-]I’;k = Z;l +(=DF Zﬁz and <P®(”“’)H’J’.’k§v\> is a linear combination of components of (P*W), with |y| < n—|al.
5. Two-band Madelung Equations

Proposition (2) and corollary (2) imply that the » = 0 and » = 1 moment equations for a pure state are closed and
yield a analogue of QHD Madelung equations.

For n = 0, we get

(Vwy = V] () H, () (130)
where H?’O = Zﬁ?’l + Z?z.
Forn =1 and k = 0, we have
Vi (r) (PHE W) = V] (r) H, (PW) + Vi (r) [ W HE [ () (131)
Forn=1and k = 1, we get
AN o (B _
(5) vV () (H), %) = (E)VVZ (r)H | (W) (132)
where H" | = Zh —Z",; then
Js J»
. . - ih .
(PVW) = V] (N HT + V] () [W_s H g n + (IE) AGY: A (133)

Using (92), (130) and (5.4) we can write the moment equations for n = 0 and n = 1 in the following form
omn + Z)J 2 hn = Vj (r) Hhon

{ 0+ LD(LL+ 0(m)- V() - MJ Vi () H T + [vf ) [WosHE |+ 2VV] () HE | (139

5.1 The Ziv Matrices

—

z, =

J
2y, = 1,2

1,1

S OO O OO g
[eNeoNoNoNoloNeoNel
S oo Oo g OO0
[e=NoNeNoNoloNeNel
S oo g oooo
eNeololoNeoBoNeoh=]
S g oo ocooo
eNeloleoNeoBoNeohal
SO OO O OO
SO OO OOO
SO OO OO M
SO OO OO O
eNeoNoNoNeoBoNeoNel
eNeloleoNeoBoNeohal
[eNoNeoNoNeoloNeNel
eNelolNoNeoloNeohal

—_

2 _ 2
Z1,1 - ZI,Z -

[eleoNeBoNoNoNe)

eNeololoNeloNehel
S oo ococog o
eNeloloNeoBoNeolel
S oo g oo o
ecNeloNoNeoBoNelal
S o g oocooo
ecNeoloNoNoBoNeNel
[=NeoNeloNoNoNeNe]
S o oo o oo
[=NeoNeloNoNoNoNe]
[=NeNelaoloNoNeNe]
O = OO0
_-o OO O OO0
SO O = OO OO
=Nl SeololoRoNe]
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o, 0 0 0 0 0 0 0 0O 0 -1 0 0O 0 0 O
0 0 O 0 0 0 0 0 0O 0 O -1 0 0 0 O
0 0 oo 0 O 0 0 0 i1 0 O 0 0O 0 0 O
gl 0 0 O 0 0 0 0 0 7l = 0O i1 0 0 0 0 0 O
21 0 0 O 0 oo 0 O 0 22 0o 0 O 0 0 0 0 O
0 0 O 0 0 0 0 0 0O 0 O 0 0O 0 0 O
0 0 0 0 0 0 o, O 0O 0 O 0 0O 0 0 O
0 0 0 0 0 0 0 0 0O 0 o0 0 0 0 0 O
0 0 0 0 0 0 0 0 0O 0 0O 0o 0 0 O 0
0 oo 0 O 0 0 0 O 0O 0 00 0 0 O 0
0 0 0 0 0 O 0 0 0O 0 0O OO 0 O 0
72 - 0 0 0 oo 0 O 0 0 72 - 0O 0 0O 0O 0O 0 O 0
21 0 O 0 O 0 O 0 O 22 O 0 0O0O0O 0 -1 o0
0 O 0 O 0 oo 0 O 0O 0 0O 0o 0 0 O -il
0 O 0 O 0 0 0 0 0O 0 0 0 a1 0 O 0
0 0 0 0 0 O 0 o 0O 0 0O OO a1 o 0
az 0 0 0 O 0 0 0 0O 0 0 O 0 0 0 O
0O 0 0 0 O 0 0 0 0O 1 0 O 0 0 0 O
0 0 b3 0 O 0 0 0 0 0 0 O 0O 0 0 O
7l - 0O 0 0 0 O 0 0 0 g1 = O 0 0O -1 0 0 0 O
31710 0 0 0 o3 0 O 0 32710 0 0 O 0 0 0 O
0O 0 0 0 O 0 0 0 0O 0 0 O 0 0 0 O
0O 0 0 0 O 0 o3 O 0O 0 0 O 0 0 0 O
0O 0 0 0 O 0 0 0 0O 0 0 O 0 0 0 O
0 0 0 0 0O 0 0 O 0O 0 0O 0O0O 0 O 0
0 o5 0 O 0O 0 0 O 0O 0 0O OO0 0 O 0
0 O 0 0 0O 0 0 O 0O 0 OO0 0 O 0
72 = 0 O 0 o5 0 0 0 O 72 = 0O 0 000 0 O 0
L1 0 O 0 O 0O 0 0 O 32 0O 0 001 0 O 0
0 O 0 0 0 a3 0 O O 0 000 0 O 0
0 0 0 0 0O 0 0 O O 0 OO0 0 -1 0
0 O 0 0 0 0 0 b 0O 0 0O OO0 0 O 0
with
2 0 0 0
o=(5 o} »=(5 %)
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