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Abstract 

In this work, we introduce the results of some geometric transformation of the manifold on the homology group. 
Some types of folding and unfolding on a wedge sum of manifolds which are determined by their homology 
group are obtained. Also, the homology group of the limit of folding and unfolding on a wedge sum of 2- 
manifolds is deduced.  
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1. Introduction 

The notion of folding on manifolds has been introduced by (Robertson, 1977). The conditional folding of 
manifold and a graph folding have been defined by (El-Kholy, 1981-2005). Also, the unfolding of a manifold has 
been defined and discussed by (M.El-Ghoul, 1988). Many authors have studied the folding of many types of 
manifolds. The homology groups of some types of a manifold are discussed by (M.El-Ghoul, 1990; 
M.Abu-Saleem, 2010). (Abu-Saleem, 2007) introduced the results of some geometric transformation of the 
manifold on the fundamental group. In this paper, we introduce the folding and unfolding of some types of 
manifolds which are determined by their homology group and we study and discuss the homology group of the 
limit of folding and unfolding on a wedge sum of 2-manifolds.  

2. Preliminaries 

In this section, we introduce some necessary definitions which are needed especially in this paper. 

Definition 2.1 The n -dimension manifold is a Hausdorff space such that each point has an open neighborhood 
homeomorphic to the open n-dimensional disc }1:{  xRxU n

n , where n  is positive integer (W. S. Massey, 
1976). 

Definition 2.2 An abstract simplicial complex is a pair ),( SVX   where V is a finite set whose elements are 
called the vertices of X and S is a set of non-empty subsets of V . Each element Ss  has precisely 1n  
elements )0( n , s is called an n -simplex. (Thus an abstract simplex is merely the set of its vertices). The 
simplexes of X satisfy the following conditions; 

(1)   SvVv  ; 

(2) SttstSs  ,, . 

The dimension of S  is n and the dimension of X  is the largest of the dimensions of its simplexes (P.J. Giblin, 
1977). 

Definition 2.3 Let ],...,[ 0 nvvs  be an oriented n -simplex of S for some 0n . The boundary homomorphism 

n  of s is )1( n -chain  

],...,,,...,[)1(],...,[ 110

0

0 n
n

i

in
n vvvvvv jj 



  i.e. 
1:  nnn CC  and for 0n ,

0 is the null function (P.J. Giblin, 

1977). 
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Definition2.4 The sequence  )()()()( 011
1212 SCSCSCSC nnn

nn       


    is called the chain 
complex of S . For any n , 01  nn  . In the sequence, 

nker  is denoted by )(SZn , and elements of )(SZn
 are 

called n -cycles . Also, 1Im n  is denoted by )(SBn , and elements of )(SBn are called n -boundaries. And 
since nn ZB   there is a quotient group nBnZnH /  , called the n -th homology group of S (P.J. Giblin, 1977). 

Notation: )(SHn
 is measure the number of independent n -dimensions of holes in S , where Sn dim0  . 

Definition 2.5 Let M and N be two manifolds of dimensions m and n  respectively. A map NMf :  is said 

to be an isometric folding of M into N if, for every piecewise geodesic path )]1,0[(,: RIMI  , the 

induced path NIf : is piecewise geodesic and of the same length as  . If f  does not preserve length, it is 

called a topological folding (E.El-Kholy, 1981; S.A.Robertson, 1977). 

Definition 2.6 Let M and N be two manifolds of the same dimensions. A map NMg :  is said to be 

unfolding of M into N if, for every piecewise geodesic path MI : , the induced path NIg : is piecewise 

geodesic with length greater than ( M.El-Ghoul, 1988). 

Definition 2.7 Let M and N be two manifolds of the same dimensions and MMunf : be any unfolding of M 

into M  . Then, a map )()(: MHMHunf nn  is said to be an induced unfolding of )(MHn
into )(MHn  if 

))(())(( MunfHMHunf nn   (M.Abu-Saleem, 2010). 

Definition 2.8 Let X and Y be spaces, and choose points Xx 0
, Yy 0

in each space. The wedge sum YX   

is the quotient of the disjoint union YX   obtained by identifying 0x and 0y  to a single point 

00
~

~/)(
00

yxYXYXYX
yx

   (A.Hatcher, 2001, http://www.math.coronell.edu/hatcher). 

3. The Main Results  

In this section, we will introduce the following:  

Lemma 3.1 The homology group )( 2SHn
of any folding of 2S is either isomorphic to   or identity group. 

Proof. First, for folding with singularity of 2S  as in Figure 1(a) then  

))(( 2
0 SFH and for 0n , 0))(( 2 SFHn

. Also, folding without singularity of 2S  is a manifold 

homeomorphic to 2S  as in Figure 1(b) and so ,))(( 2
0 SFH  ,0))(( 2

1 SFH  ))(( 2
2 SFH  and for 2n , 

0))(( 2 SFHn
. 
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Figure 1 

Corollary 3.2 The homology group of the limit of folding and unfolding of a manifold which is homeomorphic 

to 2,2 nS  is the identity group. 

Theorem 3.3 The homology group )(THn
of any folding of T is either isomorphic to   ,   or identity 

group. 

Proof. First, for folding with singularity of T  as in figure 2(a) then  

,))((0 TFH ))((1 TFH and for 2n , 0))(( TFHn
. Also, folding without singularity of T  is a manifold 

homeomorphic to T  as in figure 2(b) and so ,))((0 TFH  ,))((1 TFH  ,))((2 TFH and 

2for,0))((  nTFHn
. 

Therefore any folding of T is either isomorphic to   ,   or identity group. 

 

Figure 2 

Corollary 3.4 The homology group of the limit of folding and unfolding of a manifold which is homeomorphic 

to 2, nT  is the identity group. 

Theorem 3.5 If 2,1,: 2
2

2
1

2
2

2
1  iSSSSFi

 are two types of folding such that   

2,1,)( 22  jSSF iji
. Then, ))(lim( 2

2
2

1 SSFH
n

in n




 is isomorphic to   or identity group. 

Proof. If 2,1,: 2
2

2
1

2
2

2
1  iSSSSFi

 are two types of foldings such that 2,1,)( 22  jSSF iji
, then 

22
2

2
1 )(lim i

n
i SSSF
n




 as in Figure (3). Thus, )())(lim( 22
2

2
1 in

n
in SHSSFH
n




. Therefore, ))(lim( 2
2

2
1 SSFH

n
in n




 is 

isomorphic to   or identity group. 

 
Figure 3 

 

Theorem 3.6 If 2,1,: 2121  iTTTTFi  are two types of foldings such that 2,1,)(  jTTF iji
. Then 

))(lim( 21 TTFH
n

in n




 is isomorphic to ,   or identity group, for all n . 
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Proof.  If 2,1,: 2121  iTTTTFi
 are two types of foldings such that 2,1,)(  jTTF iji

, then 

i
n

i TTTF
n




))(lim 21
 as in Figure 4, thus )())(lim( 21 in

n
in THTTFH
n




, since 

,)(,)(,)( 210  iii THTHTH  and if 2k , 0)( in TH  therefore,  ))(lim( 21 TTFH
n

in n




 is isomorphic to 

 ,   or identity group. 

 

Figure 4 

Theorem 3.7 If 2
2

2
1

2
2

2
1: SSSSF   is a folding by cut such that 22 )( ii SSF  , for 2,1i . Then 

))(lim( 2
2

2
1 SSFH

n
nn 



 is isomorphic to identity group, for all 0n . 

Proof.  Consider 2,1,)( 22  iforSSF ii
, then we have the following:  

If )(lim 2
2

2
1 SSF

n
n 



 as in Figure 5, then 0,0))(lim( 2
2

2
1 


nforallSSFH

n
nn

, therefore ))(lim( 2
2

2
1 SSFH

n
nn 



 is 

isomorphic to identity group, for all 0n . 

 

Theorem 3.8 If 2,1,: 2
2

2
1

2
2

2
1  iSSSSFi

 are two types of foldings such that   

jijSSFSSF iijiii  ,2,1,)(,)( 2222 . Then ))(lim( 2
2

2
1 SSFH

n
in n




 is isomorphic to   or identity group, for all n . 

Proof.  Since jijSSFSSF iijiii  ,2,1,)(,)( 2222  , we have the following: 
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If 22
2

2
1 )(lim i

n
i SSSF
n




 as in Figure 6. Thus, )())(lim( 22
2

2
1 in

n
in SHSSFH
n




, therefore ))(lim( 2
2

2
1 SSFH

n
in n




 is 

isomorphic to   or identity group, for all n . 

 
Figure 6 

Theorem 3.9 If 
2121: TTTTF   is a folding by cut such that  2,1,)(  iforTTF ii . Then 

))(lim( 21 TTFH
n

nn 


 is isomorphic to ,   or identity group, for all 0n . 

Proof.  Consider 2,1,)(  iforTTF ii
, then we have the following:  

If 1
2

1
121 )(lim SSTTF

n
n 



 as in Figure 7(a), then )()())(lim( 2
2

2
121 SHSHTTFH nn

n
nn 



, so 




))(lim( 21 TTFH
n

nn
, or 0  for all 0n . 

Also, if )(lim 21 TTF
n

n 


 as in Figure 7(b), then 0))(lim( 21 


TTFH
n

nn
, for all 0n . Moreover, if 

)(lim 21 TTF
n

n 


 as in Figure 7(c), then 


))(lim( 21 TTFH
n

nn
, or 0  for all 0n . Therefore, ))(lim( 21 TTFH

n
nn 



 

is isomorphic to ,   or identity group, for all 0n . 
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Theorem 3.10 If 2,1,: 2121  iTTTTFi  are two types of foldings such that   

jijTTFTTF iijiii  ,2,1,)(,)( . Then ))(lim( 21 TTFH
n

in n




 is isomorphic to   )( , 

  or identity group, for all 0n . 

 
Proof. If 2,1,: 2121  iTTTTFi

 are two types of foldings such that 

jijTTFTTF iijiii  ,2,1,)(,)(  , we have the following: 

If  1
21 )(lim ii

n
i STTTF
n




 as in Figure 8(a). Then, 


)()())(lim( 1
21 iin

n
in STHTTFH
n

 

or 0 , for all 0n . 

Also, if )()())(lim( 21 


in
n

in THTTFH
n

 or 0 , for all 0n  as in Figure 8(b). Therefore, 

))(lim( 21 TTFH
n

in n




 is isomorphic to  )( ,   or identity group, for all 0n . 
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Lemma 3.11 Let 21, MM be two disjoint spheres in 3R . Then there is unfolding 

2121: MMMMunf   which induces unfolding )()(: 2121 MMHMMHunf nn    such 

that  

(1) ))(( 210 MMHunf  , 

(2) 0))(( 211 MMHunf  , 

(3) ))(( 212 MMHunf  ,  

(4) ,0))(( 21 MMHunf n  for 2n . 

Proof. Let 
2121: MMMMunf    be unfolding such that )()()( 2121 MunfMunfMMunf   as in 

figure 9, thus we get the induced unfolding )()(: 2121 MMHMMHunf nn    such that 

))()(())(( 2121 MunfMunfHMMunfH nn  . Now, for ,0n   ))(())(( 210210 MMunfHMMHunf  . 

And if ,1n  0))(())(( 211211  MMunfHMMHunf  . Also, if ,2n  

))(())(())(())(( 2212212212 MunfHMunfHMMunfHMMHunf   . Since  2,1,)((2  iMunfH i
 it 

follows that ))(( 212 MMHunf  . 

Moreover, if 3n , it follows that 2,1,0)((  iMunfH in . Thus ,0))(( 21 MMHunf n  for 2n . 
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Figure 9 

Theorem 3.12 Let kD  be the disjoint union of k -discs on the sphere 2S . Then there is unfolding 

22 )(: SDSunf k   such that 


)))((lim( 2
2 km

m
DSunfH .  

Proof: Let kD  be the disjoint union of k -discs on the sphere 2S . Then, we can define a sequence of 

unfolding 

 

2
1211

2
21212

2
1

2
1

2
1

...,:

,:

,:

SMMMMMMunf

SMMMMunf

SMDSMDSunf

mmmmm

kk










 

Such that 22 )(lim SDSunf km
m




 as in figure 10 for 2k . Hence 




)()))((lim( 2
2

2
2 SHDSunfH km

m
 . 

 

4. Conclusion.  

Folding and unfolding problems have been implicit for long time, but have not been studied extensively in the 
mathematical literature until recently .Over the past few years; there has been a surge of interest in these 
problems in discrete and computational geometry. This paper gives the folding and unfolding of some types of 
manifolds, which are determined by their homology group and we discussed the homology group of the limit of 
folding and unfolding on a wedge sum of 2-manifolds.  

The main results can be similarly extended to some other some geometric shapes such as polyhedra .The 
problems lies: Can all convex polyhedra be edge-unfolded, and can all polyhedra be generally unfolded? 
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