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Abstract

Agraph G = (V,E) with p vertices and g edges is called a Root Square Mean graph if it is possible to label
the vertices x € V' with distinct elements f(x) from 1,2,...,q + 1 insuch a way that when each edge e = uv

2 2 2 2
fwl or l /w] , then the resulting edge labels are distinct. In

this case f is called a Root Square Mean labeling of G. The concept of Root Square Mean labeling was
introduced by (S. S. Sandhya, S. Somasundaram and S. Anusa). We investigated the Root Square Mean labeling

is labeled with f(e = uv) =

of several standard graphs such as Path, Cycle, Comb, Ladder, Triangular snake, Quadrilateral snake etc., In this
paper, we investigate the Root Square Mean labeling for Double Triangular snake, Alternate Double Triangular
snake, Double Quadrilateral snake, Alternate Double Quadrilateral snake, and Polygonal chain.

Keywords: Mean graph, Root Square Mean graph, Cycle, Triangular snake, Double Triangular snake,
Quadrilateral snake, Double Quadrilateral snake, Polygonal chain.

1. Introduction

The graph considered here will be finite, undirected and simple. The vertex set is denoted by V(G) and the edge
set is denoted by E(G).For all detailed survey of graph labeling we refer to Gallian (2010). For all other
standard terminology and notations we follow Harary (1988). A Triangular snake T, is obtained from a path
U UyUs -+ Uy, by joining w; and u;,, to a new vertex v; for 1 <i<n-—1. A Double Triangular Snake
D(T,) consists of two Triangular snakes that have a common path. An Alternate Triangular snake A(T,) is
obtained from a path w;u, ..u, by joiningu; and u;,; (Alternatively) to new vertex v; .An Alternate
Double Triangular Snake A(D(T,)) consists of two Alternate Triangular snakes that have a common path. A
Quadrilateral snake Q,, is obtained from a path wu,u, ...u, by joiningu; and wu;,, to new vertices v; and
w; respectively and then joining v; and w;. A Double Quadrilateral snake D(Q,,) consists of two Quadrilateral
snakes that have a common path. An Alternate Quadrilateral snake A(Q,) is obtained from a path u,u, ...u,
by joining u; and u;,; (Alternatively) to new vertices v; and w; respectively and then joining v; and w;.An
Alternate Double Quadrilateral snake A(D(Q,)) consists of two Alternate Quadrilateral snakes that have a
common path.A Polygonal chain G, , is a connected graph all of whose m blocks are polygons on n sides.

S. Somasundaram and R. Ponraj introduced the concept of mean labeling of graphs and investigated the mean
labeling of some standard graphs. S. Somasundaram and S. S. Sandhya introduced the concept of Harmonic
mean labeling of graphs. S. Somasundaram and P. Vidhya Rani introduced the concept of Geometric mean
labeling of graphs. In this paper we prove that Double Triangular snake, Alternate Double Triangular snake,
Double Quadrilateral snake, Alternate Double Quadrilateral snake and Polygonal Chains are Root Square mean
graphs.

We make frequent reference to the following results.
Theorem 1.1: (S. Somasundaram & R. Ponraj) Triangular snakes and Quadrilateral snakes are mean graphs.

72



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 7, No. 1; 2015

Theorem 1.2: (S. S. Sandhya, S. Somasundaram & S. Anusa) Double Triangular and Double Quadrilateral
snakes are mean graphs.

Theorem 1.3: (S. S. Sandhya & S. Somasundaram) Triangular snakes and Quadrilateral snakes are Harmonic
mean graphs.

Theorem 1.4: (C. Jaya Sekaran, S. S. Sandhya & C. David Raj) Double Triangular snakes and Alternate Double
Triangular snakes are Harmonic mean graphs.

Theorem 1.5: (C. David Raj, C. Jaya Sekaran & S. S. Sandhya) Double Quadrilateral and Alternate Double
Quadrilateral snakes are Harmonic mean graphs.

Theorem 1.6: (S. S. Sandhya & S. Somasundaram) Double Triangular snakes are Geometric mean graphs.
Theorem 1.7: (S. S. Sandhya & S. Somasundaram) Double Quadrilateral snakes are Geometric mean graphs.

2. Root Square Mean Labeling

Definition 2.1: A graph G = (V,E) with p vertices and q edges is called a mean graph if it is possible to
label the vertices x € V with distinct elements f(x) from 0,1,2,...,q in such a way that when each edge

W if f(w)+ f(v)iseven

e = uv is labeled with f(e = uv) =
[T i f(u) + £(v) is odd

, then the edge labels are distinct.
Inthis case f is called Mean labeling of G.

Definition 2.2: A graph with p vertices and g edges is called as Harmonic mean graph if it is possible to label
the vertices x € V' with distinct elements f(x) from 1,2,3,..,q + 1 in such a way that when each edge

2fWf ) 2fWf ) .. .
————|then th labels are distinct. In thi
FEf ™) r lf(u)+f(v)J , then the edge labels are distinct. In this case f

e = uv is labeled with f(e = uv) = [
is called Harmonic mean labeling of G.
Definition 2.3: A graph with p vertices and q edges is called as Geometric mean graph if it is possible to label
the vertices x € V' with distinct elements f(x) from 1,2,3,...,q + 1 in such a way that when each edge
e = uv is labeled with f(e = uv) = [{/fWf (@) |or |/f(w)f (@) | , then the edge labels are distinct. In this
case f is called Geometric mean labeling of G.

Definition 2.4: A graph with p vertices and g edges is called a Root Square mean graph if it is possible to

label the vertices x € V with distinct elements f(x) from 1,2,3,...,q + 1 in such a way that when each edge

2 2 2 2
’Ml or l fwj , then the edge labels are distinct. In

this case f is called Root Square mean labeling of G.

Theorem 2.5: Double Triangular snakes D(T,) are Root square mean graphs.

Proof: Consider a path w,u,us---u, .Join u; and wu;,; ,1<i<n-—1 to two new vertices v; , w;,
1 <i < n— 1.Define a function f:V(D(T,)) - {1,2,...q + 1} by

fw) =1, flup) =5, flw)=5-43<i<n,

fw)=5i—-3,1<i<n-1,

fw)=5i—-2,1<i<n-1.

The edges are labeled as

fluguy) = 4, fuuip) =5i—2,2<i<n-1

fluv)=5i—4 1<i<n-1

fluyvy) =3, fujyv) =5i—-1,2<i<n-1

fluw;) =5i—3,1<i<n-1

fujpaw) =5,1<i<n-1

Then the edge labels are distinct. Hence Double Triangular snakes are Root Square mean graphs.

e = uv is labeled with f(e = uv) =

73



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 7, No. 1; 2015

Example 2.6: Root Square mean labeling of D(Ts) is given below.

3 7 12 17

Figure 1
Theorem 2.7: Alternate Double Triangular snakes A(D(T,,)) is a Root Square mean graph.

Proof: Let G be the graph A(D(T,)). Consider a path wu,u,us---u, .To construct G, join u; and wu;,,
(Alternatively) with two new vertices v; and w;, 1 <i < n — 1.There are two different cases to be considered.

Case 1: If the Double Triangle starts from wu,, then we consider two sub cases.
Sub Case 1(a): If n iseven, then

Define a function f:V(G) - {1,2,...q + 1} by

fwu)=1, flu)) =3i—-1,2<i<n,

fw) =2 fw)=6(Gi-1),2<i<

NS

]

fwy) =3, fw) = 6i -2, ZSiSE.

The edges are labeled as

fuugy) = 3i, 1<i<n-1

fug_qv) =6i—5, 1<1i Sg

n

fluyvy) =4, fluyv) =6i—4,2<i< 5
n
f(ulwl) = 2, f(uzi_1Wi) =6i — 2, 2 < i < E

n
f(uzL-Wi) =6i—1,1<i< E

Then the edge labels are distinct. Hence in this case f is a Root Square mean labeling of G.
The labeling pattern is shown below.

2 il 12
1 5 8 11 14 17
10 16
Figure 2

Sub Case 1(b): If n is odd then
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Define a function f:V(G) - {1,2,...q + 1} by
fu)=1, fu)=3i—-1,2<i<n—-1,f(u,) =3n—-2,

fod=2 fe)=6G-D2<is

flwy) =3, f(w) =6i—2, 251’5"7‘1.

The edges are labeled as
fwuig,) =31, 1<i<n-1

fQupi—qv) =6i—5, 1< SnT_l

n—1
f(uzv1) =4, f(u2ivi) =6i—4,2<i ST

n
f(ulwl) =2, f(uZi—IWi) =6i—2,2<i< T

fluyw) =6i—1,1<i< —

Then the edge labels are distinct. Hence in this case f is a Root Square mean labeling of G.
The labeling pattern is shown below.

2 & 12
O <>11 1@? 19
3 10 16

Figure 3

Case 2: If the triangle starts from wu, , then we have to consider two sub cases.
Sub case 2(a): If n iseven, then

Define a function f:V(G) — {1,2,...q + 1} by

fwu)=1, fluy) =2, fu)=3i—3,3<i<n-1,f(u,) =3n—4,

_2
f) =3  fw)=6i—-52<i< nT

Fw) =6i—1, 13is”7‘2.

The edges are labeled as
fuui,) =3i -2, 1<i<n-1
fluyv) =6i—4, 1 SiSnT_Z

n
fuzvy) =5, fupipv) =6i—3,2<i< —5

n—2
f(u2W1) =3, f(uzl'Wi) =6i—1,2<i ST
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n—
f@nuW0=6L1§iS—?—

Then the edge labels are distinct. Hence in this case f is a Root Square mean labeling of G .
The labeling pattern is shown below.

7
3 13
. .
1 2 6 9 12 15 18 20
5 11 17

Figure 4

Sub Case 2(b): If n is odd

Define a function f:V(G) — {1,2,...q + 1} by
fw) =1, fur) =2, flu)=3i-3,3<i<n,
f) =3, f@g:a—aZSisE%i

fw) =6i—-11<i<™=.

The edges are labeled as
fuuy) =30 -2, 1<i<n-1

fluzv) =6i—4, 1<i<™=2

n

f(u31.71) = 5, f(u2i+1vi) =6i — 3,2 < i < T
n—1

fluwy) =3, flugw;)) =6i—1,2<i< —

n—1
f(u2i+1wi) =6;,1<i< T

Then the edge labels are distinct. Hence in this case f is a Root Square mean labeling of G.
The labeling pattern is shown below.

7
3 13
L
1 2 6 9 12 15 18
5 11 17

Figure 5

From all the above cases, we conclude that Alternate Double Triangular Snakes A(D(T,)) are Root Square
mean graphs.
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Theorem 2.8: Double Quadrilateral snake graph D(Q,,) is a Root Square mean graphs.
Proof: Let P, be the path wu,u,u; -+~ u, .To construct D(Q,), join u; and u,,, to four new vertices v;, w;, v;
and w; by the edges w;v;, Uiz w;, v;W;, wv;, ujew; and vw; for 1<i<n-—1.
Define a function f:V(D(Q,)) - {1,2,..q + 1} by

fup=1, flw)=7(—-1),2<i<n,

flv) =2, flo)=7i—2,2<i< n-1,

fw) =5 fw)=7i—-1,2<i<n-1,

fw) =3 f(v)=7i-52<i<n-1,

fw) =4, f(w)=7i-32<i<n-1

The edges are labeled as

f(uuy) =5, fuuip) =7i—3,2<i<n-1

fluv) =1, fuv)=7i—-5 2<i<n-1

fujpw) =71 <i<n-1,

flvwy) =4, flow)=7i—-2,2<i<n-1

fluv) =2,  fluv)=7i-6,2<i<n-1

flugw))=7i—1,1<i<n-1,

floiw)=7i—-41<i<n-1.

Then the edge labels are distinct. Hence in this case f is a Root Square mean labeling of G.
Example 2.9: The Root Square mean labeling of D(Qs) is given below.

2 5 12 13 19 20 26 27

Figure 6

Theorem 2.10: Alternate Double Quadrilateral snake graphs A(D(Q,,)) are Root Square mean graphs.
Proof: Let G be the Alternate Double Quadrilateral snake A(D(Q,)) .Consider a path u,u,us - u, .Join u;
and u;,., (Alternatively) with to four new vertices v;, v;,,,w; and w;,,.Here we consider two different
cases.
Case 1: If the Double Quadrilateral starts from u, , then we consider two sub cases.
Sub Case 1(a): If n iseven then
Define a function f:V(G) — {1,2,...q + 1} by
fu)=1, f(u)=4i—-2,2<i<n,
f(v) =2, fv)=4i-3,2<i<n-1,
fw) =3, fw)=4i—-12<i<n-1.
The edges are labeled as
fluuyq) = 4i, 1<i<n
fluv))=4i—-3, i=135,...,n—1
fluv)) =4i—-2, i=246,..,n
fluw;)) =4i—-2,i=135,..,.n—1
fluw;)) =4i—1,i=246,..,n
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n—1
f(vivi+1)=8i—5,1SiST

n
f(WiWi+1)=8i—3,1SiST

Then the edge labels are distinct. Hence in this case f is a Root Square mean labeling of G.
The labeling pattern is shown below.

2 ] 9 13 17 21
1 6 10 14 18 22
3 7 11 15 19 23
Figure 7

Sub Case 1(b): If n is odd then

Define a function f:V(G) — {1,2,...q + 1} by
fu)=1, fu)=4i-22<i<n-1,f(u,)=4n—-3 ,
fv)=2  f(v)=4i-32<i<n-1,
fw) =3, fw)=4i—-12<i<n-1.
The edges are labeled as

fluu) =4i, 1<i<n

fluv;)) =4i—-3, i=135,..,n

fuv) =4i—2, i=246,..,n—1

fluw;)) =4i—2,i=13,5,..,n

fuw,) =4i—1,i =2,4,6,..,n—1

n
f(vivi+1)=8i—5,1SiST

n
fwiwiyy) =8i—3,1<i<——

Then the edge labels are distinct. Hence in this case f is a Root Square mean labeling of G.
The labeling pattern is shown below.

2 5 13 17 21
1 6 10 14 18 22 25
3 7 11 15 19 23
Figure 8

Case 2: If the Double Quadrilateral starts from w, , then we have to consider two sub cases.
Sub case 2(a): If n iseven, then

Define a function f:V(G) —» {1,2,...q + 1} by

fu)=1, fluy) =2, flu)=4i—-53<i<n-1,f(u,) =4n—-6,

f(v) =3, fv)=4i—-2,2<i< n-2,

fw) =4i,1<i<n-2.
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The edges are labeled as

fluuipq) = 4i =3, 1<i<n
flujpv) =4i—2,i=135,..,n—1
flujpv) =4i—1,i=246,..,n
flugaw) =4i—1, i=135..,n—1
flujpawy) = 4i,i = 2,4,6,...,n

n
f(vivi+1)=8i—4,1SiST

n—2
f(WlWH_l):Sl—Z,lSlST

Then the edge labels are distinct. Hence in this case f isa Root Square mean labeling of G.
The labeling pattern is shown below.

Ll ]

SN SN
. I S

Figure 9
Sub Case 2(b): If n isodd, then
Define a function f:V(G) - {1,2,...q + 1} by
fu) =1, fw)=2  f(u)=4i-53<i<n,
f(v) =3, flv)=4i—-2,2<i<n-1,
fw) =4i,1<i<n-1.
The edges are labeled as
fujuipq) = 4i -3, 1<is<sn
f(uipv) =4i—2, i=135,..,n
f(Uipvy) = 4i—1,i =2,4,6,..,n—1
flugawy) =4i—1, i=135,..,n
fujpawy) = 4i,i=246,..,n—1

n
f(vivi+1)=8i—4,1SiST

n
f(WlWH_l):gl—z,lSlST

Then the edge labels are distinct. Hence in this case f is a Root Square mean labeling of G.
The labeling pattern is shown below.

3 6 10 14 18 22
L &
1 2 7 11 15 19 23
a 8 12 16 20 24
Figure 10

Theorem 2.11: Polygonal chain G,,, are Root Square mean graphs for all m and n.
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Proof: In Gp,, , let wju,u e+ Uy gUp_gUn_pUni1Un—1Up_3Upn_s - UgU,UsUzUy De the first cycle. The
second cycle is connected to the first cycle at the vertex u,., .

Let UpiqUnsaUnss = UpnsaUzno1Uzn-z = UnsrUnssUnizUnss DE the second cycle.n general the '™ cycle is
connected to the (r-1)" cycle at the vertex u,.,,,,.Let the '™ cycle be

Urn+1Urn+2Urn+allnte =  Ur+D)n-4Ur+)n—2Ur+D)n+1Ur+D)n-1UEF+1)n-3
Utrs1)n—s *** Urn+srmsallrns- The figure of the 1 cycle is given below.

rn+1 rn+2
— rn+4
n45 rn+6
m+7 m+8
- [ ]
. .
(r+l)n-7 (r+l)n-6
(r+1}n-5 (r+1l)n-4
(r+1)n-2 (r+1)}n-2
(r+1)n-1 (r+1)n+1
Figure 11

Let the graph has m cycles . Define a function f:V(G) - {1,2,...q + 1} by
fw)=i,1<i<mn-1, f(v,) =mn+ 1. Then the label of the edges is given below.f (U,nt1Umniz) =
mn+1, f(umn+iumn+i+2) =mn+i+1, f(u(m+1)n—2u(m+1)n+1) = (m + l)n -1,

f(u(M+1)n+1u(m+1)n—1) =(m+ Dn.
Hence the graph G,,,,, has distinct edge labels, hence G,,, isa Root Square mean graph.

Example 2.12: Root Square mean labeling of G, ¢ chain is given below.

1 2
5 i1
3
g 10
7
14
. 13
1
17 18
15
21 22
19
23 25
Figure 12
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