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Abstract

The aim of this research paper is to find the explicit expressions of

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b + i + 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
for i = 0,±1, . . . ,±9.

For i = 0, we have the well known, interesting and useful formula due to Kummer which was independently

discovered by Ramanujan. The results are derived with the help of generalizations of Gauss’s second summation

theorem obtained recently by Rakha et al..

As applications, we also obtained a large number of interesting results closely related to other results of Ramanu-

jan. In the end, using Beta integral method, a large number of new and interesting hypergeometric identities are

established. Known results earlier obtained by Choi et al. follow special cases of our main findings.

Keywords: hypergeometric series, Ramanujan’s identities

1. Introduction

In 1812, C. F. Gauss (1813) systematically discussed the series

∞∑
n=0

(a)n(b)n

(c)n

zn

n!
, (1)

where (a)n = a(a+1) . . . (a+n−1); (a)0 = 1, which is of fundamental importance in the theory of special functions.

The series is known as the Gauss series and it is represented by the symbol 2F1[a, b; c; x] or 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

x
c;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦.
A natural generalization of 2F1 is the generalized hypergeometric function, the so-called pFq, which is defined in

the following manner (Rainville, 1971)

pFq

[
(a)p; (b)q; z

]
≡ pFq

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
(a)p;

z
(b)q;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ ≡ pFq

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a1, . . . , aq;

z
b1, . . . , bq;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
∞∑

n=0

p∏
j=1

(
a j

)
n

q∏
j=1

(
b j

)
n

zn

n!
. (2)
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The series on the right-hand side of (2) is absolutely convergent for all values of z, real or complex, when p ≤ q.

Further, when p = q + 1, the series is convergent if |z| < 1. It converges when z = 1 if

Re

⎡⎢⎢⎢⎢⎢⎢⎣
q∑

j=1

b j −
p∑

j=1

a j

⎤⎥⎥⎥⎥⎥⎥⎦ > 0

and when |z| < 1, z � 1, if

Re

⎡⎢⎢⎢⎢⎢⎢⎣
q∑

j=1

b j −
p∑

j=1

a j

⎤⎥⎥⎥⎥⎥⎥⎦ > −1.

If p > q + 1, the series never converges except that z = 0, and the function is only defined when the series

terminates.

Whenever hypergeometric or generalized hypergeometric functions reduce to Gamma functions, the results are

very important from the applications point of view. Thus, the classical summation theorems such as those of

Gauss, Gauss second, Kummer, and Bailey for the series 2F1; Watson, Dixon, Whipple and Saalschütz for the

series 3F2 and others play an important role in the theory of generalized hypergeometric series. Applications of

the above mentioned classical summation theorems are well known now.

Recently good deal of progress has been done in the direction of generalizing and extending the above mentioned

classical summation theorems. For this, we refer the papers by Kim et al. (2010) and Rakha and Rathie (2011).

In our present investigation, we are interested in mentioning the following Gauss’s second summation theorem

(Bailey, 1964) viz.

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1
2

1
2
(a + b + 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2

)
Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) (3)

and the Euler’s first transformation formula (Bailey, 1964) viz.

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

z
c;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = (1 − z)−a
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, c − b;

z
z−1

c;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (4)

Also, we mention here a transformation formula due to Kummer (1836) viz.

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b + 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2

)
Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
2x Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2

)
Γ
(

1
2
a
)
Γ
(

1
2
b
) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (5)

It is not out of place to mention here that the formula (5) was also independently rediscovered by Ramanujan

(Berndt, 1989, Entry 21, p. 64).

Further in (5), if we take a = b = 1
2
, we get the following another result due to Ramanujan (Berndt, 1989, p. 96)

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 1

2
;

1+x
2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = μ 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 1

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + ηx 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 3

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (6)

where μ and η are defined by

μ =
Γ
(

1
2

)
{
Γ
(

3
4

)}2 and η =

{
Γ
(

3
4

)}2
{
Γ
(

1
2

)}3 . (7)

The result (6) was derived by Berndt (1989) by utilizing Gauss’s second summation Theorem (3). Further, in (6),

if we replace x by 2x
1+x2 and using the following result due to Gauss (Berndt, 1989, p. 2) (which is also obtained
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independently by Ramanujan (Berndt, 1989, Entry 3, p. 50) viz.

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
r, m;

4x
(1+x)2

2m;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = (1 + x)2r
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
r, r − m + 1

2
;

x2

m + 1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (8)

twice (for (i) r = m = 1
4

and (ii) r = m = 3
4
), we get the following corrected result due to Ramanujan (Rakha et

al., 2013) viz:

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 1

2
;

1
2
+ x

1+x2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = μ
√

1 + x2
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 1

2
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 2ηx
√

1 + x2
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 1

2
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (9)

Finally, applying Euler’s transformation formula (4) in the right-hand side of (9), we get the following another

result due to Ramanujan (Berndt, 1989) viz.

√
1 − x2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 1

2
;

1
2
+ x

1+x2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = μ 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 1

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 2ηx 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 1

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (10)

Remark 1 For Ramanujan results (9) and (10) see a note by Rakha et al. (2013).

It is interesting to mention here that, in 2001, Rathie and Kim (2001) have obtained two very interesting results

closely related to the result (8) due to Gauss. Here we will mention one of their results which we will be using in

our present investigation:

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
r, m;

4x
(1+x)2

2m − 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= (1 + x)2r

⎧⎪⎪⎪⎨⎪⎪⎪⎩ 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
r, r − m + 3

2
;

x2

m − 1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
2rx

2m − 1
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
r + 1, r − m + 3

2
;

x2

m + 1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎪⎬⎪⎪⎪⎭ . (11)

Very recently, in a research paper (Krattenthaler et al., 2003), Krattenthaler and Rao developed a technique from

which, by using beta integral method, new hypergeometric identities involving one or two variables can be obtained

by employing known hypergeometric identities. Using that method, by employing Kummer’s formula (5), (by first

changing x to −x) Krattenthaler and Roa (2003) have obtained the following interesting identity viz.

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b, e − d;

1
2

1
2
(a + b + 1), e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2

)
Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b, 1

2
+ 1

2
d 1

2
d;

1
1
2
, 1

2
+ 1

2
e, 1

2
e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

−
2dΓ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2

)
eΓ
(

1
2
a
)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
, 1

2
+ 1

2
d 1 + 1

2
d;

2 1
3
2
, 1

2
+ 1

2
e, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (12)

Further, in (12), if we take a = b = 1
2
, we get

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 1

2
, e − d;

1
2

1, e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= μ 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 1

4
, 1

2
d 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ − η
d
e 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 3

4
, 1

2
d + 1

2
1
2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (13)
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which can also be obtained directly from (6) by employing beta integral method.

On the other hand, in 1996, Lavoie et al. (1996) have generalized the Gauss’s second summation theorem (3) and

obtained explicit expressions of

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1
2

1
2
(a + b + i + 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (14)

for i = 0,±1, . . . ,±5.

Very recently, Rakha et al. (2014), extended the result (14) for i = 0,±1, . . . ,±9, and obtained nineteen results

closely related to Gauss’s second summation Theorem (3) in the form of a single result which is given here

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1
2

1
2
(a + b + i + 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b − 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b + 1

2
+ 1

2
|i|
)

×
⎡⎢⎢⎢⎢⎢⎢⎣ Ai

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2
i + 1

2
−
[

1
2
(1 + i)

]) + Bi

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2
i −
[

1
2
i
])
⎤⎥⎥⎥⎥⎥⎥⎦ (15)

for i = 0,±1, . . . ,±9. Here [x] denotes the greatest integer less than or equal to x and |x| its absolute value. The

coefficients Ai and Bi are given in Table 1.

Remark 2 For generalizations of other classical summation theorems, see Lavoie et al. (1992, 1994).

The remainder of the paper will be organized as follows. In Section 2, we shall give the generalization of the

Kummer and Ramanujan result in the form

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b + i + 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
for i = 0,±1, . . . ,±9.

As special cases, we mentions, five results including the result (5). In Section 3, we shall mention four results

closely related to Ramanujan’s result (6). In Section 4, we provide four interesting results closely related to the

result (8) due to Ramanujan and in Section 5, we shall mention 4 results closely related to Ramanujan’s result (9).

In Section 6, we shall mention the natural generalization of the Krattenthaler and Rao’s result (12) (and also of

(13)) in the form

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b, e − d;

1
2
(1 + x)

1
2
(a + b + i + 1), e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
for i = 0,±1, . . . ,±9. A few very interesting known as well as new results have also been given.

The results established in this paper are simple, interesting, easily established and may be useful.

We conclude this section with the remain that the results presented in this paper have been verified numerically

through the computer algebra system MATHEMATICA, a general system of doing mathematics by computer.
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Table 1. Table for the coefficients Ai and Bi, i = 0 ± 1, · · · ± 9

i Ai Bi

9 −16b4 + 36b3(b − a + 10) − 27b2(b − a + 10)2 +
15
2

b(b−a+10)3+ 23
16

(b−a+10)4−328b3+486b2(b−
a + 10) − 198b(b − a + 10)2 + 75

4
(b − a + 10)3 −

2240b2 + 1806b(b − a + 10) − 999
4

(b − a + 10)2 −
5696b + 1581(b − a + 10) − 3984

16b4−28b3(b−a+10)+15b2(b−a+10)2− 5
2
b(b−

a+10)3+ 1
16

(b−a+10)4+248b3−258b2(b−a+10)+

60b(b−a+10)2− 5
4
(b−a+10)3+1160b2−514b(b−

a+10)+ 35
4

(b−a+10)2+1576b−25(b−a+10)+24

8 8b4 − 16b3(b − a + 9) + 10b2(b − a + 9)2 − 2b(b −
a+9)3+ 1

16
(b−a+9)4+128b3−156b2(b−a+9)+

44b(b− a+ 9)2 − 5
4
(b− a+ 9)3 + 624b2 − 336b(b−

a+ 9)+ 35
4

(b− a+ 9)2 + 896b− 25(b− a+ 9)+ 24

(b − a + 9)3 − 10b(b − a + 9)2 + 24b2(b − a + 9) −
16b3 − 192b2 + 156b(b− a+ 9)− 22(b− a+ 9)2 −
640b + 176(b − a + 9) − 512

7 7
8
(b − a + 8)3 − 7b(b − a + 8)2 + 14b2(b − a + 8) −

8b3 − 100b2 + 98b(b − a + 8) − 35
2

(b − a + 8)2 −
352b + 245

2
(b − a + 8) − 302

8b3 − 10b2(b− a+ 8)+ 3b(b− a+ 8)2 − 1
8
(b− a+

8)3+68b2−38b(b−a+8)+ 3
2
(b−a+8)2+128b−

11
2

(b − a + 8) + 6

6 4b3 − 6b2(b − a + 7) + 9
4
b(b − a + 7)2 − 1

8
(b − a +

7)3 + 36b2 − 51
2

b(b− a+ 7)+ 3
2
(b− a+ 7)2 + 74b−

11
2

(b − a + 7) + 6

25b − 17a − 18ab − 3
2
(b − a + 7)2 + 67

5 1
4
(−8 + 10a − 5a2 + 6b − 10ab − b2) 1

4
(8 − 6a + a2 − 10b + 10ab + 5b2)

4 1
4
(3 − 4a + a2 − 4b + 6ab + b2) 2(1 − a − b)

3 1
2
(2 − 3a − b) 1

2
(a + 3b − 2)

2 1
2
(a + b − 1) −2

1 −1 1

0 1 0

-1 1 1

-2 1
2
(a + b − 1) 2

-3 1
2
(3a + b − 2) 1

2
(a + 3b − 2)

-4 1
4
(3 − 4a + a2 − 4b + 6ab + b2) 2(a + b − 1)

-5 1
4
(8 − 10a + 5a2 − 6b + 10ab + b2) 1

4
(8 − 6a + a2 − 10b + 10ab + 5b2)

-6 4b3 − 6b2(b − a − 5) + 9
4
b(b − a − 5)2 − 1

8
(b − a −

5)3 − 36b2 + 57
2

b(b− a− 5)− 3(b− a− 5)2 + 92b−
47
2

(b − a − 5) − 60

8ab + 11b − 19a − 31 + 3
2
(b − a − 5)2

-7 8b3 − 14b2(b− a− 6)+ 7b(b− a− 6)2 − 7
8
(b− a−

6)3−96b2+98b(b−a−6)− 77
4

(b−a−6)2+352b−
147(b − a − 6) − 384

8b3 − 10b2(b− a− 6)+ 3b(b− a− 6)2 − 1
8
(b− a−

6)3−72b2+46b(b−a−6)− 15
4

(b−a−6)2+184b−
37(b − a − 6) − 120

-8 8b4 − 16b3(b − a − 7) + 10b2(b − a − 7)2 − 2b(b −
a−7)3+ 1

16
(b−a−7)4−128b3+164b2(b−a−7)−

52b(b−a−7)2+ 11
4

(b−a−7)3+688b2−464b(b−
a−7)+ 179

4
(b−a−7)2−1408b+319(b−a−7)+840

16b3 − 24b2(b− a− 7)+ 10b(b− a− 7)2 − (b− a−
7)3 − 192b2 + 164b(b − a − 7) − 26(b − a − 7)2 +

704b − 240(b − a − 7) − 768

-9 16b4 −36b3(b−a−8)+27b2(b−a−8)2 − 15
2

b(b−
a − 8)3 + 9

16
(b − a − 8)4 − 320b3 + 486b2(b − a −

8) − 207b(b − a − 8)2 + 87
4

(b − a − 8)3 + 2240b2 −
1968b(b−a−8)+ 1323

4
(b−a−8)2−6400b+2307(b−

a − 8) + 6144

16b4 − 28b3(b− a− 8)+ 15b2(b− a− 8)2 − 5
2
b(b−

a−8)3+ 1
16

(b−a−8)4−256b3+282b2(b−a−8)−
75b(b−a−8)2+ 13

4
(b−a−8)3+1376b2−784b(b−

a−8)+ 251
4

(b−a−8)2−2816b+533(b−a−8)+1680

2. Generalization of Kummer and Ramanujan Result (5)

The generalization of Kummer and Ramanujan result (5) containing 19 results in the form of a single result to be
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established is given by

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b + i + 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b − 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b + 1

2
+ 1

2
|i|
)

×
⎧⎪⎪⎪⎨⎪⎪⎪⎩
∞∑
j=0

(
1
2
a
)

j

(
1
2
a + 1

2

)
j

(
1
2
b
)

j

(
1
2
b + 1

2

)
j(

1
2

)
j

j!
x2 j

·
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ci

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2
i + 1

2
−
[

i+1
2

]) (
1
2
a + 1

2

)
j

(
1
2
b + 1

2
i + 1

2
−
[

i+1
2

])
j

+
Di

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2
i −
[

i
2

]) (
1
2
a
)

j

(
1
2
b + 1

2
i −
[

i
2

])
j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
abx
2

∞∑
j=0

(
1
2
a + 1

2

)
j

(
1
2
a + 1

)
j

(
1
2
b + 1

2

)
j

(
1
2
b + 1

)
j(

3
2

)
j

j!
x2 j

·
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ei

Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1 + 1

2
i −
[

i+1
2

]) (
1
2
a + 1

)
j

(
1
2
b + 1 + 1

2
i −
[

i+1
2

])
j

+
Fi

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2
+ 1

2
i −
[

i
2

]) (
1
2
a + 1

2

)
j

(
1
2
b + 1

2
+ 1

2
i −
[

i
2

])
j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎪⎬⎪⎪⎪⎭ (16)

for i = 0,±1, . . . ,±9.

The coefficients Ci and Di can be obtained from the Table 1 by changing a to a + 2 j and b to b + 2 j and the

coefficients Ei and Fi can be obtained from the Table 1 by changing a to a+ 2 j+ 1 and b to b+ 2 j+ 1 respectively.

Proof. In order to derive the result (16), we proceed as follows. Denoting the left-hand side of (16) by S , expressing

2F1 as an infinite series with the help of its definition, we have

S =
∞∑

k=0

(a)k(b)k(
1
2
(a + b + i + 1)

)
k

2kk!
(1 + x)k

using Binomial theorem and after some simplification

S =
∞∑

k=0

k∑
j=0

(a)k(b)k(
1
2
(a + b + i + 1)

)
k

2k

x j

j!(k − j)!
.

Now, if we use the known result (Srivastava et al., 1985)

∞∑
k=0

k∑
j=0

Aj,k
x j

j!
yk

(x − j)!
=

∞∑
j=0

x j

j!

∞∑
k= j

A j,k
yk

(x − j)!

we get after some little algebra

S =
∞∑
j=0

x j

j!

∞∑
k= j

(a)k(b)k(
1
2
(a + b + i + 1)

)
k

2k(k − j)!
.

Now, changing k to j + k and using the well known identity

(a) j+k = (a) j(a + j)k

we get after some simplification

S =
∞∑
j=0

(a) j(b) j(
1
2
(a + b + i + 1)

)
k

2 j

x j

j!

∞∑
k= j

(a + j)k(b + j)k(
1
2
(a + b + i + 1) + j

)
k

2kk!
.
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Now, summing up the inner series with the help of the definition of 2F1, we have

S =
∞∑
j=0

(a) j(b) j(
1
2
(a + b + i + 1)

)
k

2 j

x j

j! 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a + j, b + j;

1
2

1
2
(a + b + i + 1 + 2 j);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .

Now, separating the series into even and odd powers of x and then using the result (15) and using the identity

(a)2n = 22n
(

1

2
a
)

n

(
1

2
a +

1

2

)
n
, (n ∈ N0)

we get, after much simplification , the right-hand side of (16). This completes the proof of (16). �
3. Special Cases

Here we shall mention some of the interesting special cases of our main result (16). It is easy to see that, if in (16),

we take i = 0,±1,±2, we get, after some simplification, the following interesting results:

1) For i = 0

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b + 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2

)
Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
2x Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2

)
Γ
(

1
2
a
)
Γ
(

1
2
b
) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (17)

for x ∈ U.

2) For i = 1

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b + 2);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
2

(a − b)
Γ

(
1

2

)
Γ

(
1

2
a +

1

2
b + 1

)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 1

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b
) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− abx

2Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
abx

2Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1

2
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (18)

for x ∈ U.

3) For i = −1

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = Γ
(

1

2

)
Γ

(
1

2
a +

1

2
b
)
×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b
) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b + 1

2
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
1

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
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+
abx

2Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
abx

2Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1

2
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (19)

for x ∈ U.

4) For i = 2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b + 3);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 3

2

)
Γ
(

1
2
a − 1

2
b − 1

2

)
Γ
(

1
2
a − 1

2
b + 3

2

)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

(b + a − 1)

2Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 2

Γ
(

1
2
a
)
Γ
(

1
2
b
) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
ab(a + b + 1)x

4Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− abx

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
abx2

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
ab(a + 1)(b + 1)x3

6Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 3

2
, 1

2
b + 3

2
;

x2

5
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (20)

for x ∈ U.

5) For i = −2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b;

1+x
2

1
2
(a + b − 1);

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = Γ
(

1

2

)
Γ

(
1

2
a +

1

2
b − 1

2

)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

(a + b − 1)

2Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
2

Γ
(

1
2
a
)
Γ
(

1
2
b
) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
abx

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
ab(a + b + 1)x

4Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

69



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 6, No. 3; 2014

+
abx2

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
ab(a + 1)(b + 1)x3

6Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 3

2
, 1

2
b + 3

2
;

x2

5
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (21)

6) In (17), if we take a = b = 1
2
, we get after some simplification, the Ramanujan’s result (6).

7) In (18), if we take a = 1
2
, b = 3

2
, we get

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
;

1+x
2

2;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = 2μ 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 4η 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 3

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− μx 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 5

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 6η x2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (22)

8) In (19), if we take a = 1
2
, b = 3

2
, we get

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
;

1+x
2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = μ 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 2η 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 3

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
1

2
μx 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 5

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 3η x2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (23)

9) In (20), if we take a = 1
2
, b = 5

2
, we get

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 5

2
;

1+x
2

3;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
32

9
μ 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ −
32

3
η 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 40

9
μx 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 9

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
64

3
η x2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
40

9
μx 2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 9

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
56

3
η x3

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
7
4
, 11

4
;

x2

5
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (24)

10) In (21), if we take a = 1
2
, b = 5

2
, we get

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 5

2
;

1+x
2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
4

3
μ 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 4η 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
;

x2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
5

3
μx 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 9

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 8η x2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
5

3
μx 2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 9

4
;

x2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 7η x3
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
7
4
, 11

4
;

x2

5
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (25)

We conclude this section with the remark that the results (22) to (25) are closely related to the Ramanujan’s result

(6). The results (17) to (19) and (22) and (23) are also recorded in (Choi et al., 2011).
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4. Results Closely Related to Ramanujan’s Results (9)

In this section, we shall establish the following interesting results closely related to the Ramanujan’s result (9).

These are

1)

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
;

1
2
+ x

1+x2

2;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = 2μ(1 + x2)
5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 5

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 4η(1 + x2)
3
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 3

4
;

x4

1
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 2μx(1 + x2)
3
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 5

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 12ηx(1 + x2)
5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 7

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 12ηx2(1 + x2)
3
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 7

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ −
10

3
μx3(1 + x2)

3
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 9

4
;

x4

7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
(26)

2)

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
;

1
2
+ x

1+x2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = μ(1 + x2)
5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 5

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 2η(1 + x2)
3
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 3

4
;

x4

1
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 6ηx(1 + x2)
5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 7

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + μx(1 + x2)
3
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 5

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 6ηx2(1 + x2)
3
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 7

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
5

3
μx3(1 + x2)

3
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 9

4
;

x4

7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (27)

3)

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 5

2
;

1
2
+ x

1+x2

3;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
32

9
μ(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 5

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
128

3
ηx(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 7

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 224

3
ηx2(1 + x2)

7
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 11

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ −
32

3
η(1 + x2)

7
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 7

4
;

x4

1
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 80

3
μx3(1 + x2)

7
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 13

4
;

x4

7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ −
80

9
μx(1 + x2)

7
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 9

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
160

3
μx4(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 13

4
;

x4

7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
160

9
μx2(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 9

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
4928

15
ηx5(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 15

4
;

x4

9
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
448

3
ηx3(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 11

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
(28)

4)

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 5

2
;

1
2
+ x

1+x2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
4

3
μ(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 5

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 4ηx(1 + x2)
7
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 7

4
;

x4

1
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
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+
10

3
μx(1 + x2)

7
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 9

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 16ηx(1 + x2)
5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
2
, 7

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
20

3
μx2(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 9

4
;

x4

3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 28ηx2(1 + x2)
7
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 11

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 10μx3(1 + x2)
7
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 15

4
;

x4

7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 56ηx3(1 + x2)
5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 11

4
;

x4

5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
616

5
μx5(1 + x2)

5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 15

4
;

x4

9
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 20ηx4(1 + x2)
5
2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
2
, 11

4
;

x4

7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (29)

Proof. We shall derive only one result, say (26). Rest can be proved on similar lines. In order to derive (26), we

proceed as follows. In (22), replace x by 2x
1+x2 and after some simplification, we have

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
;

1
2
+ x

1+x2

2;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = 2μ 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
;

4x2

(1+x2)2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 4η 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 3

4
;

4x2

(1+x2)2

1
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 2μx
1 + x2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 5

4
;

4x2

(1+x2)2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
12ηx
1 + x2 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
;

4x2

(1+x2)2

3
2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .

On using appropriate results (8) and (11) for different values of r and m and after some algebra, we easily get the

desired result (26). In exactly the same manner, other results (27) to (29) can be established. �
5. Results Closely Related to Ramanujan’s Results (10)

In this section, we shall establish the following interesting results closely related to the Ramanujan’s result (10).

These are

1)

(
1 − x2

) 3
2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
;

1
2
+ x

1+x2

2;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = − 4η 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
1
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 2μ(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 12ηx(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 2μx 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 12ηx2
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ −
10

3
μx3

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (30)

2)

(
1 − x2

) 3
2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
;

1
2
+ x

1+x2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = 2η 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
1
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + μ(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 6ηx(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + μx 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 6ηx2
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
5

3
μx3

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (31)
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3)

(
1 − x2

) 5
2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 5

2
;

1
2
+ x

1+x2

3;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
128

3
ηx
(
1 − x4

)
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
32

9
μ(1 − x4) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 32

3
η(1 − x2)(1 + x2)2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
1
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ −
224

3
ηx2(1 − x2)(1 + x2)2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 80

9
μx(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ −
80

3
μx3(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
160

9
μx2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
160

3
μx4

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 448

3
ηx3

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
4928

15
ηx5

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
9
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (32)

(
1 − x2

) 5
2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 5

2
;

1
2
+ x

1+x2

1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
4

3
μx
(
1 − x4

)
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 4η(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
1
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 16ηx(1 − x4) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1

2
, 3

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
10

3
μx(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
20

3
μx2

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
3
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 28ηx2(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 56ηx3
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
5
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 10μx3(1 + x2) 2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 20μx4
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
7
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
616

5
ηx5

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 3

2
, 5

2
;

x4

x4−1
9
4
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (33)

Proof. We shall derive only one of the results, say (30). Rest can be proved on similar lines. For this, if we

apply Euler’s transformation (4) in the each factors of 2F1 appearing on the right-hand side of (26), we have after

some simplification arrive at the desired result (30). In exactly the same manner, the results (31) to (33) can be

established with the help of the results (27) to (29) respectively by using Euler’s transformation (4). �
6. New Hypergeometric Identities

In this section, we shall establish several new identities. The 19 new hypergeometric identities given in the form

of a single result to be established is
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3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b, e − d;

1
2
(1 + x)

1
2
(a + b + i + 1), e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b − 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b + 1

2
|i| + 1

2

)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
∞∑
j=0

(
1
2
a
)

j

(
1
2
a + 1

2

)
j

(
1
2
b
)

j

(
1
2
b + 1

2

)
j(

1
2

)
j

j!

(
1
2
d
)

j

(
1
2
d + 1

2

)
j(

1
2
e
)

j

(
1
2
e + 1

2

)
j

·
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ci

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2
+ 1

2
i −
[

i+1
2

]) (
1
2
a + 1

2

)
j

(
1
2
b + 1

2
+ 1

2
i −
[

i+1
2

])
j

+
Di

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2
i −
[

i
2

]) (
1
2
a
)

j

(
1
2
b + 1

2
i −
[

i
2

])
j

⎫⎪⎪⎪⎬⎪⎪⎪⎭

− abd
2e

∞∑
j=0

(
1
2
a + 1

2

)
j

(
1
2
a + 1

)
j

(
1
2
b + 1

2

)
j

(
1
2
b + 1

)
j(

3
2

)
j

j!

(
1
2
d + 1

2

)
j

(
1
2
d + 1

)
j(

1
2
e + 1

2

)
j

(
1
2
e + 1

)
j

·
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ei

Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

2
i + 1 −

[
i+1
2

]) (
1
2
a + 1

)
j

(
1
2
b + 1 + 1

2
i −
[

i+1
2

])
j

+
Fi

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2
+ 1

2
i −
[

i
2

]) (
1
2
a + 1

2

)
j

(
1
2
b + 1

2
+ 1

2
i −
[

i
2

])
j

⎫⎪⎪⎪⎬⎪⎪⎪⎭
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (34)

for i = 0,±1, . . . ,±9.

Also, the coefficient Ci and Di can be obtained from the Table 1 by changing a to a + 2 j and b to b + 2 j and the

coefficients Ei and Fi can be obtained from Table 1 by changing a to a + 2 j + 1 and b to b + 2 j + 1 respectively.

Proof. In order to establish (34), we proceed as follows. First of all, changing x to −x in (16) and writing it in the

following contracted notation

2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b,

1−x
2

1
2
(a + b + i + 1),

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b − 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b + 1

2
|i| + 1

2

)

×
⎧⎪⎪⎪⎨⎪⎪⎪⎩
∞∑
j=0

αi, j x2 j +
ab
2

∞∑
j=0

βi, j x2 j+1

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (35)

where

αi, j =

(
1
2
a
)

j

(
1
2
a + 1

2

)
j

(
1
2
b
)

j

(
1
2
b + 1

2

)
j(

1
2

)
j

j!

·
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ci

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2
+ 1

2
i −
[

i+1
2

]) (
1
2
a + 1

2

)
j

(
1
2
b + 1

2
+ 1

2
i −
[

i+1
2

])
j

+
Di

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2
i −
[

i
2

]) (
1
2
a
)

j

(
1
2
b + 1

2
i −
[

i
2

])
j

⎫⎪⎪⎪⎬⎪⎪⎪⎭
and
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βi, j =

(
1
2
a + 1

2

)
j

(
1
2
a + 1

)
j

(
1
2
b
)

j

(
1
2
b + 1

2

)
j(

3
2

)
j

j!

·
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ei

Γ
(

1
2
a + 1

)
Γ
(

1
2
b + 1

2
i + 1 −

[
i+1
2

]) (
1
2
a + 1

)
j

(
1
2
b + 1 + 1

2
i −
[

i+1
2

])
j

+
Fi

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2
+ 1

2
i −
[

i
2

]) (
1
2
a + 1

2

)
j

(
1
2
b + 1

2
+ 1

2
i −
[

i
2

])
j

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

Now, multiplying both sides of (35) by xd−1(1 − x)e−d−1 and integrating the resulting equation with respect to x
between the limit 0 to 1, we have

1∫
0

xd−1(1 − x)e−d−1
2F1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b,

1−x
2

1
2
(a + b + i + 1),

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ dx

=
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b − 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b + 1

2
|i| + 1

2

)

×
1∫

0

xd−1(1 − x)e−d−1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∞∑
j=0

αi, j x2 j +
ab
2

∞∑
j=0

βi, j x2 j+1

⎫⎪⎪⎪⎬⎪⎪⎪⎭ dx. (36)

Now, expressing 2F1 appearing on the left-hand side of (36), changing the order of integration and summation

both sides, which is justified due to uniform convergence of the series involved in the process, we have after

simplification

∞∑
n=0

(a)n(b)n(
1
2
(a + b + i + 1)

)
n

n!

1

2n

1∫
0

xd−1(1 − x)e−d+n−1dx

=
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b − 1

2
i + 1

2

)
Γ
(

1
2
a − 1

2
b + 1

2
|i| + 1

2

)

×
∞∑
j=0

αi, j

1∫
0

xd+2 j−1(1 − x)e−d−1 +
ab
2

∞∑
j=0

βi, j

1∫
0

xd+2 j(1 − x)e−d−1dx.

Now, evaluating the beta integral both sides and on the right-hand side using duplication formula for the gamma

function and on the left-hand side summing up the series, after some simplification, we arrive at the desired result

(34). This completes the proof of (34). �
6.1 Special Cases

In this section, we shall consider some of the very interesting special cases of (34). These are

1) For i = 1

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b, e − d;

1
2

1
2
(a + b + 2), e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
(

a + b
a − b

)
Γ

(
1

2

)
Γ

(
1

2
a +

1

2
b
)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
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− 1

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b + 1

2
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
bd
e

1

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− ad
e

1

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1

2
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (37)

Further, in this if we take a = 1
2
, b = 3

2
, we get

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
, e − d;

1
2

2, e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 2μ 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 4η 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 3

4
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
d
e
μ 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 5

4
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 6
d
e
μ 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (38)

2) For i = −1

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b, e − d;

1
2

1
2
(a + b), e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = Γ
(

1

2

)
Γ

(
1

2
a +

1

2
b
)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b + 1

2
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
1

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− bd
e

1

Γ
(

1
2
a
)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− ad
e

1

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1

2
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .

(39)

Further, in this if we take a = 1
2
, b = 3

2
, we get

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 3

2
, e − d;

1
2

2, e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= μ 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ + 2η 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 3

4
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− d
2e
μ 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 5

4
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 3
d
e
η 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (40)
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3) For i = 2

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b, e − d;

1
2

1
2
(a + b + 3), e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
Γ
(

1
2

)
Γ
(

1
2
a + 1

2
b + 3

2

)
Γ
(

1
2
a − 1

2
b − 1

2

)
Γ
(

1
2
a − 1

2
b + 3

2

)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

(b + a − 1)

2Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 2

Γ
(

1
2
a
)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− d
e

(a + b + 1)

Γ
(

1
2
a
)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
d
e

ab

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
d(d + 1)

e(e + 1)

ab

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1, 1

2
d + 1, 1

2
d + 3

2
;

1
3
2
, 1

2
e + 1, 1

2
e + 3

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 2

3

d(d + 1)(d + 2)

e(e + 1)(e + 2)

(a + 1)(b + 1)

Γ
(

1
2
a
)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 3

2
, 1

2
b + 3

2
, 1

2
d + 3

2
, 1

2
d + 2;

1
5
2
, 1

2
e + 3

2
, 1

2
e + 2;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (41)

Further, in this if we take a = 1
2
, b = 5

2
, we get

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 5

2
, e − d;

1
2

3, e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
32

9
μ 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 32

3
η 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 64

3
η

(
d
e

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
40

9
μ

(
d
e

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 9

4
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
40

9
μ

(
d(d + 1)

e(e + 1)

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 9

4
, 1

2
d + 1, 1

2
d + 3

2
;

1
3
2
, 1

2
e + 1, 1

2
e + 3

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 56

3
η

(
d(d + 1)(d + 2)

e(e + 1)(e + 2)

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
7
4
, 11

4
, 1

2
d + 3

2
, 1

2
d + 2;

1
5
2
, 1

2
e + 3

2
, 1

2
e + 2;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (42)
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4) For i = −2

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
a, b, e − d;

1
2

1
2
(a + b − 1), e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
= Γ

(
1

2

)
Γ

(
1

2
a +

1

2
b − 1

2

)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

(b + a − 1)

2Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2
(())
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a, 1

2
b, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
2

Γ
(

1
2
a
)
Γ
(

1
2
b
) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− ab

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

)
(

d
e

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− a + b + 1

Γ
(

1
2
a
)
Γ
(

1
2
b
)
(

d
e

)
4

F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1

2
, 1

2
b + 1

2
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
d(d + 1)

e(e + 1)

ab

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 1, 1

2
b + 1, 1

2
d + 1, 1

2
d + 3

2
;

1
3
2
, 1

2
e + 1, 1

2
e + 3

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 2

3

d(d + 1)(d + 2)

e(e + 1)(e + 2)

(a + 1)(b + 1)

Γ
(

1
2
a + 1

2

)
Γ
(

1
2
b + 1

2

) 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
a + 3

2
, 1

2
b + 3

2
, 1

2
d + 3

2
, 1

2
d + 2;

1
5
2
, 1

2
e + 3

2
, 1

2
e + 2;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (43)

Further, in (43) if we take a = 1
2
, b = 5

2
, we obtain

3F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2
, 5

2
, e − d;

1
2

1, e;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
4

3
μ 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
4
, 5

4
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 4η 4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
, 1

2
d, 1

2
d + 1

2
;

1
1
2
, 1

2
e, 1

2
e + 1

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 5

3
μ

(
d
e

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 9

4
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 8η

(
d
e

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3
4
, 7

4
, 1

2
d + 1

2
, 1

2
d + 1;

1
3
2
, 1

2
e + 1

2
, 1

2
e + 1;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
5

3
μ

(
d(d + 1)

e(e + 1)

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
5
4
, 9

4
, 1

2
d + 1, 1

2
d + 3

2
;

1
3
2
, 1

2
e + 1, 1

2
e + 3

2
;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 7η

(
d(d + 1)(d + 2)

e(e + 1)(e + 2)

)
4F3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
7
4
, 11

4
, 1

2
d + 3

2
, 1

2
d + 2;

1
5
2
, 1

2
e + 3

2
, 1

2
e + 2;

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (44)

Similarly other results can also be obtained.
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We conclude this section by remarking that the results (37), (39), (41) and (43) are closely related to the Kratten-

thaler an Rao’s result (12) while the results (38), (40), (42) and (44) are closely related to (13). The results (37) to

(40) are also recorded in (Choi et al., 2013).
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