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Abstract

In this paper, we consider the multiplicative orders of the MacWilliams matrix of order N(My);; and the Chebyshev
matrix of order N(Dy);; according to modulo m for N > 1. Consequently, we obtained the rules for the orders of
the cyclic groups and semigroups generated by reducing the MacWilliams and Chebyshev matrices modulo m and
the deteminats of these matrices.
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1. Introduction

The rth Krawtchouk polynomial of order N, is defined as (See Hirvencalo, 2003; MacWilliams & Sloane, 1977)

KY () = ;(_1),( N )( ¥ )

where Kg 0)=1.

The MacWilliams matrix of order N has been given as (See Gogin & Hirvencalo, 2012; Gogin & Myllari, 2007)
(My)i; =KY(j) for 0<i,j<N.

where (Mp)ij = (1).

The rth discrete Chebyshev polynomial of order N, is defined as (See Bateman & Erdelyi, 1953; Hirvencalo, 2003)

Ny — - i T N—-x X
D! (x)—ZO:( 1)( l, )( L )( i )
where D (0) = 1.
In Gogin and Hirvencalo (2012), the Chebyshev matrix of order N has been given as
(Dy)ij=DY (j) for 0<i, j<N.
Note that if N = 0, (Do) ij = (1). It is important to note that (M) ij = (Dy)ij = ( } _11 )

Recently, MacWilliams and Chebyshev matrices and their properties have been studied by some authors; see for
example (Bateman & Erdelyi, 1953; Gluesing-Luerssen & Schneider, 2008; Gogin & Hirvencalo, 2012, 2007;
Gogin & Myllari, 2007; Hirvencalo, 2003; MacWilliams & Sloane, 1977; Pan & Wang, 2012; Szego, 1975). Lii
and Wang (2007) obtained the rules for the orders of the cyclic groups generated by reducing the k-generalized
Fibonacci matrix modulo m. Deveci and Karaduman (2012a) extended the concept to Pascal and generalized Pascal
matrices. Now we extend the concept to the MacWilliams matrix of order N(My);; and the Chebyshev matrix of
order N(Dy);; for N > 1.

In this paper, the usual notation p is used for a prime number.
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2. Method

For given a matrix M = [mij] with m;;’s being integers, M (mod m) means that each element of M are re-

duced modulo m, that is, M (mod m) = (myj (mod m)). Let us consider the set (M),, = { M (mod m)|i > 0}. If
gcd (m, det M) = 1, then the set (M),, is a cyclic group; if gcd (m, det M) # 1, then the set (M),, is a semigroup.
Let the notation |[(M),,| denotes the order of (M),,.

By matrix algebra it is easy to prove that

26N 0 0
0 2 0 0
2% |1 o 0O --- 0 0
((MN)U) - [mij](N+1)><(N+1) o . R (k= 0) M
0 0 .- 0 2
2%
that is, the matrix ((MN)i j) isan (N + 1) X (N + 1) diagonal matrix with QKN ... DKN a9 diagonal entries.
Also, we obtain det ((M N)ij) , (N > 1) as following
2" N =1,2 mod4,
det((My)) =1 o 2)
272, N =0,3 mod4.

It is easy to see from (2) that (My),, is a cyclic group if m is an odd integer and (My),, is a semigroup if m is an
even integer.

3. Results

Theorem 3.1 If m is an odd integer, the order of the cyclic group (My),, is 2k where k is least positive integer such
that 2N = 1 (mod m).

2k

Proof. Tt is easy to see from (1) that ((MN),»j) (mod m) = Iy+1) where Iy41 is identity matrix of size (N + 1) X
(N + 1). If we choose k as least positive integer such that 2N =1 (mod m), then we obtain [(My),,| = 2k. O
Theorem 3.2 Let m be an even integer, then two cases occur for order of the semigroup (My),,:

(i) If m = 2" (u € N), then the order of the semigroup (My),. is 2k where k is least positive integer such that
2N =0 (mod m).

(ii) If m = 2%t (u € N) such that t is an odd integer, then | My )| = KMy )ou| + [{My),| — 1.
Proof. (1) It is easy to see from (1) that

2k
((My);)” (mod m) = Oy

where Ogy41y 1S zero matrix of size (N + 1) X (N + 1). If we choose k as least positive integer such that kN =
0 (mod m), then we obtain {(My),,| = 2k.

(ii) Let [(My),| = 2a and |(My)y.| = 28. Then

29V —fir+1 and 2PN = fp2¢

(@BN . 2a+28
where ki,k, € Nand ged(t,k;) = 1. Thus, we have 2'¢ BN = Uk, (mod m), that is ((MN),-j)

28
((Mr);)". So, we get KMyl = KMiyaul + (M), | = 1. O

(mod m) =

Remark 3.1 1f p is the greatest prime factor det ((DN)i j), then p!|det ((DN),- j).

Theorem 3.3 Let gcd (p, det ((DN),-j)) = 1 and let t be the largest positive integer such that |<DN>p| = |(DN>pf|.

Then |<DN),,a = p”"|(DN),,|f0r every a > t. In particular, if|(DN)p| * |<DN>pz , then |<DN)pu| = po! |(DN),,|
holds for every a > 1.
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Proof. We first note that (Dy),. is a cyclic group for every u > 1. Let 6 be a positive integer and let [(Dy),,|
)()+l . N
be denoted by Ay (m). Since (DN)?;V(I ) = Iy (mod p9+1), that is, (DN)Z (v

hy (p") divides hy (p”*'). On the other hand, writing (DN)fJN(P ) = Iyay + ("), we have

O0+1
) = Inst (mod p"'), we get that

O = @) = 33 7)) = s ot )

1
i=0

So we get that Ay (pg”) hy (p9> p. Thus, hy (pe”) = hy (pg) or hy (p‘9+1) = hy (pg) p, and the latter holds if, and

f.f.). Since hy (p') # hy (p”l), there is an aﬁ;ﬂ)

hy (p’“) # hy (p’“’z). The proof is finished by induction on 7. O

only if, there is a ag) such that p|a such that p| al(.;.”), therefore,

Theorem 3.4 Ler gcd (m det ((DN)ij)) = land let m = [];_, pi, (t = 1) where p;’s are distinct primes, then
(DYl = Tem] [<Dxy |- [+ [Dwyel |

= A for 1 <k <tandlet|(Dy),| = 4. Then we have the entry (i, j) of

Proof. Let [(Dy),z

pleiKY (), P> ],
Dy =1 Pleskl D+ 1 i=,
pleiKY (j). i<
and the entry (i, j) of
me, KN (j), i> ],

ij i
(D) = meKY (D+1, Q=
' N (s . .
me; K (j), 1<
where ¢;; and s;. ; are integers for 0 < i, j < N.

Therefore (DN)fj is of the form c - (DN);;, (c € N) for all values of k, and since any such number gives A, we

conclude that A = Iecm [A, Ay, -+ -, A(]. O
Corollary 3.1 The orders of the semigroups (D,)o and {D>)y are 2k + 1 and 2* (k — 1) + 2k + 1, respectively.

Proof. We first note that (D, ) and (D,)s are semigroups for every k > 1 since det ((Dz),- j) = —12. By matrix
algebra it is easy to prove that

22k 2k—1 (2k _ 3k) 0
(Do)} = 0 6" 0
2k (2k _ 3k) 2k—1 (2k _ 3k) 6k

and
ok (2k+l _ 3k) 22k 6k
(Dz)fj’.‘” = 2.6 0 —2.6F
ok (2k+1 _ 3k) ok (2k _ 3k+1) 6k

for k > 1. Since (Dﬂ%}‘” =03 (mod 2") and (Dz)iz;(k_l)J'Zk+2 = (Dz)iz;‘ (mod 3"), we get that [(Dy)x| = 2k + 1 and
KDayse = 28 (k= 1) + 2k + 1. O

4. Discussion

Wall (1960) proved that the lengths of the periods of the recurring sequences obtained by reducing a Fibonacci
sequences by a modulo m are equal to the lengths of the of ordinary 2-step Fibonacci recurrences in cyclic groups.
The theory is expanded to 3-step Fibonacci sequence by Ozkan, Aydin, and Dikici (2003). Lii and Wang (2007)
contributed to the study of the Wall number for the k-step Fibonacci sequence. In (Deveci, 2011; Deveci &
Karaduman, 2012b, to appear; Deveci, to appear), the concept has been extended to some special linear recurrence
sequences. In this paper, we obtained the cyclic groups and semigroups generated by reducing the MacWilliams
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and Chebyshev matrices modulo m. Are there groups such that the lengths of the periods of some special recurrence
sequences of elements of these groups are obtained by the orders of these cyclic groups and semigroups?
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