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Abstract

For a Darcy flow coupled system modeling fluid exchange between two regions with fluid resistance at different
scale, we address the question of continuity of the solution with respect to geometric perturbations of the interface.
The original interface and its perturbation define three flow regions exchanging fluid, these are modeled as a
coupled system in mixed variational formulation. For numerical purposes a-posteriori perturbation/error estimates
are given.
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1. Introduction

Layered media is a common structure in the analysis of fluid flow through geological systems, as in oil extraction
or subsurface water preferential flow. Modeling this phenomenon presents naturally a multiple scale flow problem
with regions of slow velocity of order O(1) in a rock matrix and fast flow of order O(1/¢) in the fissures. Here,
the small number € > 0 is introduced to account the order of scale at which the physical phenomenon is taking
place in agreement with field data. A common approach consists in introducing a lower dimensional interface
manifold I' between regions, model each region with a suitable law and boundary conditions and finally state
fluid transmission conditions between them across the interface, namely: normal stress and normal flux balance.
Therefore, the placement and description of such interface becomes a delicate issue since it couples two physical
phenomena occurring at different scale, hence a perturbation of the interface geometry can introduce a substantial
error which needs to be addressed see Figure 2. On one hand such perturbation comes from the natural limitations
when collecting data field of geological strata, on the other hand the numerical discretization of the models can not
describe exactly a curved interface which is not a piecewise polynomial surface.

In the present work the stationary problem is modeled by a coupled system of partial differential equations with
Darcy flow in both regions in a well-posed mixed variational formulation. The analysis will be centered at the weak
variational formulation of the equations without stepping in critical point theory. Using coupled partial differential
equations systems in analyzing this phenomenon has been largely studied with notorious success. From the analytic
point of view see Arbogast and Lehr (2006) for a Darcy-Stokes coupled system model and Morales and Showalter
(2010, 2012). for a Darcy-Darcy coupled model, see Chen, Gunzburger, and Wang (2009), Cao, Gunzburger, Hua,
and Wang (2010) for discussion of the interface conditions, see Babuska and Gatica (2010), Gatica, Meddahi, and
Oyarzia (2009), Martin, Scheid, and Smaranda (2012) for the study of finite element discretization of the systems
and Arbogast and Brunson (2007), Chen, Gunzburger, Hua, and Wang (2011), Martin, Jaffré, and Roberts (2005)
for modeling these phenomena from the numerical point of view.

A problem such as this has two sources of singularity: the geometric one coming from the width of the cracks which
is much smaller than the porous medium and the physical one coming from the resistance to the flow much lower
in the fractures than in the pores. However, most of the literature of theoretical approach in the field is focused on
appropriate scaling the governing laws as in Lévy (1983), removing the singularity of the system by techniques of
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homogenization see Hornung (1997, Ed.) or studying the interface conditions as in Saffman (1971) which provide
well-posed problems; in particular the mixed variational formulations and their associated finite element schemes
have become a vigorous research area see Layton, Scheiweck, and Yotov (2003). However, the continuity of the
solution with respect to the geometry of the interface is yet to be studied.

We introduce now equations, boundary and interface conditions modeling the problem in general, the unknowns
are the fluid velocity u and pressure p. The constitutive law for Darcy’s flow

Rx)u+Vp+g=0, (la)

together with the mass conservation law
V-u=F in Q. (1b)

Here Q is the domain of interest, g(x) denotes the gravity force, F(x) the sources and R(x) is the flow resistance
i.e. the fluid viscosity times the inverse of the permeability of the medium, to be scaled consistently with the fast
and slow flow regions of the medium. Drained and non-flux boundary conditions on different parts of the domain
boundary will be specified to set a boundary value problem. The fluid exchange across the interface separating the
regions, see Figure 1 are given by

p1—p2=au; and (Ic)

u -in-uw-i=4f, onl. (1d)

The coefficient « indicates the fluid entry resistance of the rock matrix.

Figure 1. Curved interface perturbation

Next we describe the geometry of the problem. The original and perturbed interfaces define three regions: two
disconnected O;,03; where the permeability of the original an perturbed systems agree and a third region O,
trapped between the interfaces, where the permeability of the original and perturbed systems disagrees, as Figure 1
depicts. The identification of these three regions suggests formulating the problem with a triple coupled system in
mixed variational formulation in order to introduce the necessary degrees of freedom on the test functions and to
make both solutions, the original and the perturbed one, comparable i.e. belonging to the same space. We analyze
the particular geometric setting in which the interface I is a horizontal flat surface and the perturbation I'¢ is a
piecewise C'! surface always above the original interface as in Figure 2. It is clear that such case is not useful
in practice since flat surfaces do not induce curved perturbations in a natural way, nevertheless it gives significant
simplicity to the notation and calculations without being conceptually far from the practical scenario. It is important
to stress that the analysis should include continuous perturbations I'* which are not differentiable everywhere as the
red line in Figures 1 and 2, because this is the natural type of perturbation introduced by numerical discretization.

We state sufficient conditions on the forcing terms as well as the geometric perturbation in order to conclude
continuity statements with respect to the interface perturbation for fixed data. The structure of the continuity
estimates hints the necessity of introducing a-posteriori perturbation/error estimates for practical purposes i.e. in
terms of the approximate solution obtained from numerical computation; these will be presented too.
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Figure 2. Flat interface perturbation

2. Setting the Problem and Its Perturbation

Vectors are denoted by boldface letters, as are vector-valued functions and corresponding function spaces. We use

— ... . 1. _ e . ., — def
X to indicate a vector in RV™!; if x € R" then the RV™! x {0} projection is identified with x = (X1, X0, ...y Xyt)

so that x = (X, xy). The symbol V is the gradient in the first N — 1 derivatives. Given a function f : RY — R
then fA fs fM £ dS are the notations for its volume integral in the set A C IR" and its surface integral on the N — 1

dimensional submanifold M C IR" respectively. For any given set A we write 14 for its indicator function. Ay,
Ay-1 will denote the Lebesgue measure in IR" and IR"~! respectively. We use &, for the unitary vector in the N-th
direction and ¥ for the outwards normal vector. Finally, 72 denotes the normal upwards vector i.e. i - €y > 0.

2.1 Geometric Setting

We are to analyze the behavior of the solution under small perturbations of the interface, the essentials of this
phenomenon can be captured in a very simple geometric setting. Let I' be a connected set in IRV~ x {0} whose
projection is relatively open in the RV™! trace topology; in the following we make no distinction between these
two domains. Let Q 1, Q, be smooth open regions in RY separated by I, i.e. Q2 N9Q, =T.

In order to represent perturbations of the interface I we introduce the following definition

Definition 2.1 We say the set .7 (', G) of piecewise C ! perturbations of the interface I' contained in Q is given by

def

<7GJD={gewﬂmav:&@&»eglv;ergecfyghr=0mm§mamwmmmclmmmm} )
Where T indicates the closure of I'. The interface associated to £ € .7 (I, Q) is given by the set
re® & (X)) eRY :xer). (3a)

The domains associated to £ € 7 (', Q) are defined by the sets

QY& x) € Q:XeT, x, < X)) (3b)
£ def ~
Q5 = {Xx)eQ:xeTl, {(X) < x} (3c)
Remark 2.1 Notice the following facts

0Q5 N aQs =T* (4a)

¢ ¢ _
Qfuriuei=0 (4b)
005 -T¢=0Q, -T (4c)
0Q5 -T¢ =00, -T (4d)

13



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 5, No. 4; 2013

2.2 The Strong Problem and Its Interface Perturbation

Consider the solution of the strong problem (5) presented in Morales and Showalter (2012) and in a less general
version in Morales and Showalter (2010). Such solution is to be compared with the solution of the system (6)
corresponding to a geometric perturbation of the interface

Ru+Vp+g=0, (5a) Rv+Vg+g=0, (6a)
V-u=F inQ,. (5b) V.v=F in QS (6b)
p=0o0ndQ; -T. (5¢) g =0 on Qs -T¥, (6¢)
p1—p2=h, (5d) qG1—q=h, (6d)
—u;-fA+uw-i=f onl. (5¢) —vi-A+vy-fi=f onT¢. (6e)
€Ru+Vp+g=0, (5f) €Rv+Vg+g=0, (6f)
V-u=F inQ,. (52) V.v=F in Q5. (6g)
u-i=0o0ndQ,-T. (5h) v,-ii=0 on GQg—Fg. (6h)

Here u, v are the velocities and p, g the pressures, g is the gravity force and F the fluid sources of the medium. It
is assumed that the forcing terms of normal stress /4 and normal flux f are defined on I as well as on I'¢; for a full
exposition of their associated interface balance statements see Morales and Showalter (2012). Drained (5c¢), (6¢)
and null normal flux (5h), (6h) boundary conditions on the indicated parts of the boundary are a natural choice.

In both problems the scaling of the resistance coefficient R and € R in different parts of the domain will impose the
flow field velocity been slow and fast flow in the corresponding regions. Due to the physics of the problem it can
be assumed that Ry < R(x) < R for positive constants R;, i = 0, 1. For notation clarity, the resistance coefficient
will be omitted in the following.

Definition 2.2 Define the open set where the perturbation I'¢ is above the original interface T

¥ (ReQ:0<z<(®)=05-Qy, (7a)
and the open set where the perturbation I'¢ is below the original interface I

U Y (RDeQ: (R <z2<01=05-Q,. (7b)

A complete analysis of the question would demand both of the above sets not to be trivial. However, in order to
ease calculations we assume /(X) > 0 for all X € I'. Then Q; C Qf, Qg C Q, O = Qf N Q, and U = 0.
Furthermore, due to these observations the following notation is introduced

Definition 2.3 Let £ € .7 (', Q) a non-negative function, then define the following associated domains

0 X x) eQ:xy <0} =Qy, (82)
0, ¥ X x)eQ:0<x, <(®) =0, (8b)
0; ¥ (X x) € Q: (X < x,} = Q5. (8¢)
Remark 2.2 Observe the following identities
80, N 40, =T, (9a)
00, N 05 =T*, (9b)
80, -T =9Q, -T = 9Q5 - T¥, (9c)
80, =T UT¥¢, (9d)
005 T4 =9Q, -T = 9Q5 - T, (9e)

It is also immediate that Q = O, UT U O, UT¢ U O;.
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Remark 2.3 For the treatment of the general case, when the perturbation ¢ is allowed to change sign see part (vi)
in section 5.

Finally, in order to make comparable the solutions (u, p), (v, g) of problems (5) and (6) we force them to be in
the same space introducing an artificial interface in each system. Problems (5) and (6) are reformulated in the
following way

u+Vp+g=0, (10a) v+Vg+g=0, (11a)
V-u=F in O;. (10b) V.-v=F in 0. (11b)
p=0ond0, -T. (10c) qg=0 ond0;, -T. (11c¢)
pi—p2=h, (10d) 41— =0, (11d)
—uy-fi+uy-ii=f onT. (10e) —-vi-fA+vy-i=0onT. (11e)
eu+Vp+g=0, (10f) v+Vg+g=0, (111)
V.-u=F inO0,. (10g) V-v=F inO,. (11g)
p2—p3=0, (10h) G2—-q3=h, (11h)
—w-A+uz-A=0 onl? (101) —vo-fi+v3-fi=f onT¢. (117)
eu+Vp+g=0, (10) ev+Vg+g=0, (113)
V-u=F inO;. (10k) V.-v=F inO;. (11k)

w3 -7=0 ond0; -T¢. (101 v3-fi=0 ond0; - T¢. (111

Remark 2.4 (i) Notice that the modeling technique used in Morales and Showalter (2012) shows that in order
to have the well-posedness of the problems (10) and (6) the presence of the three regions is not necessary. This
question can be addressed using only two regions as in problems (5) and (6) respectively.

(ii) The Equations (10f), (10g) as well as the statements of balance across the interface I'¢ (10h) and (10i) ensure
that the solutions of problems (6) and (10) coincide. Similarly, the Equations (11f), (11g) and the statements of
balance across the interface I' (11d) and (11e) are introduced to make the solutions of problems (6) and (11) agree.

(iii) Overall the introduction of artificial interfaces permits the treatment of the problems in a common geometric
setting, consequently the solutions to both problems can be modeled in the same space of functions. Without
the presence of artificial interfaces, common spaces could not be established and consequently it is impossible to
compare the solutions. This will be seen more clearly in section 3.

2.3 The Weak Problem and Its Perturbation in Three-Region Mixed Formulation

Consider the spaces endowed with their corresponding norms

VE W LAQ): V- w, € [X0)), V- ws € XOs), Wi - il € AT, ws - il € LX)
(12a)
def ~ ~ 1/2
Wiy = {IWI 2y + IV - Wil ) + 1V - Wall oo + D Al + W3 - 1 )
0% (r e [AQ) : Vi, e LXO))
(12b)

def 2 2 1/2
Irlig = {IIFli 2y + V71 20}

With the spaces described above the problem (10) has the following mixed variational formulation.

FindueV,peQ:

fu-w—fpV-w+efu~w+pr-w+efu-w—
0] 0] 02 02 03
—f pV-w+fp2w1-ﬁdS—prW3~ﬁdS:—fg-w+fhw1-ﬁdS, (13a)
03 r I¢ Q r
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fV~ur—fu~Vr+f V-ur—ful-ﬁr2d5+fu3-ﬁr2d5=fFr+ffr2dS YweV, reg.
[ 0, 03 r < Q r

(13b)

Similarly, the mixed variational formulation of the perturbed problem (11) is given by.

FindveV,geQ:

fv~w—qu-w+fv-w+fVq~w+efv-w—
01 01 02 02 03
—f qV-w+fq2w1~ﬁdS—quW3~ﬁdS:—fg-w+fhW3~ﬁdS, (14a)
0s r I¢ Q ¢

fV~Vr—f V-Vr+f V-vr—fvl'ﬁrzdS+fV3-ﬁr2dS=fFr+ frndS YweV,reQ.
O, 0, 0; r ¢ Q ¢

(14b)
The variational statements (13) and (14) are problems in mixed variational formulation, see section 8.6 in Atkinson
and Han (2005) or chapter II in Brezzi and Fortin (1991).
Theorem 2.4 The problems (13) and (14) are well-posed.
Proof. See Morales and Showalter (2012). O

Remark 2.5 (i) It is paramount to observe that the spaces defined in Equations (12) are fully decoupled, i.e. they
do not require matching conditions of fluid exchange on the test functions. The properties of normal balance stress
(10d), (10h), (11d), (11h) and mass conservation balance (10e), (10i), (11e), (11i) across the interfaces I" and T"¢
occur only on the solutions (u, p),(v,q) € V X Q. Such freedom of the quantifiers w € V and r € Q allows to test
the variational statements of problems (13) and (14) with great flexibility; this property is crucial in the following
section and consequently for the whole technique.

(ii) Also notice that the condition £ € W) and ¢ € C (I_“) implies that the domains O; for i = 1,2, 3 are smooth
and therefore the integration by parts applies on the function spaces. Without these conditions the weak variational
formulations (13) and (14) would not be possible.

3. Perturbation Estimates and Geometric Aspects

In the present section we obtain estimates in norm for the difference of solutions, original and perturbed and
derive sufficient conditions on the forcing terms as well as the geometric perturbations ¢ which allow to conclude

1
continuity and convenient estimates. Test (13a) with (u — v)1p, + — (u —v)1p, + (u—v)1p, and get
B ;

fu~(u—v)+f eu~l(u—v)+ef u-(u—-v)-— pV'(ll—V)+f Vp-l(u—v)— pV-(u-v)+
01 02 € 03 01 02 € 03

+fp2 (ul—vl)-ﬁdS—f P2 (W3—v3)-indS = —f g-(u—v)—f g-l(u—v)—f g-(u—v)+fh(u1-ﬁ—v1-ﬁ)dS.
T ¢ O 0, € 03 r
(15)

On the other hand, testing (13b) with (p — ¢)1p, + (p — @)1, + (p — @)1, yields

fV-u<p—q>—f u-V(p—q>+f V'U(P—q)—fu1'ﬁ(P2—CI2)dS+
0, 0, O; T
+fuu3~ﬁ(pz—qz)dS=fF(p—q)+ff(pz—qz)dS- (16)
T Q T

The sum gives of expressions (15) and (16) gives

fu-(u—v)+fu~(u—v)+efu~(u—V)—fpV~(u—V)+fV-u(p—q)+f lVp-(u—v)—
0 0, 05 0 0, 0, €
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—f u-V(p—q)—f pV-(u—V)+f V~U(p—q)+fpz(u1—V1)~ﬁdS—fu1-ﬁ(pz—qz)dS—
0, [0} 03 r r

—fpg(u3—V3)-ﬁdS+fU3-ﬁ(p2—q2)dS
I¢ I¢

1
=—f g-(u—v)——f g~(u—v>—f g~<u—v>+fh(u1-ﬁ—v1-ﬁ>ds+fF(p—q)+ff<pz—qz)dS.
0, € Jo, foX r Q r

a7)

We repeat the same procedure for the perturbed problem (14). Test (14a) with (u—v)1p, + (W—v)1lp, + (u—v)1p,
and (14b) with (p — ¢)1o, + (p — @) 1o, + (p — )10, add them together and get

fV-(u—v)+fv-(u—v)+efV-(u—v)—qu-(u—v)+fV-V(p—q)+qu-(u—v)—
[ 0, Os 0, 0, 0,

—f V-V(p—q)—f qV-(u—V)+f V-V(p—q)+fqz(ul—vl)-ﬁd8—fvl-ﬁ(pz—qz)dS—
(@) [0} [0} r r

—fqz(llg,—Vg,)-ﬁdS-i—fV3-ﬁ(p2—Q2)dS
¢ ¢

=—f g~(u—V)—f g-(u—V)—f g~(u—V)+fh(ua-ﬁ—V3~ﬁ)dS+fF(p—q)+ff(pz—qz)dS-
] o)) [0 ¢ Q x4

(18)
Finally, subtracting the added systems (17) and (18) we have
lu—v|?+ |u—v|2+ef |u—V|2—f(p—q)V-(u—v)+f(V~u—V-v)(p—q)+
0, O, Os 0, 0,
1
[ Co-vpra-v- [ @y Ve-9- [@-0V-@-v+ [ Tu-vve-gr
0, € 0, 0s 03

+f(P2—42) (ul—V1)~ﬁdS—f(ul~ﬁ—V1-ﬁ) (P2—42)d5—f((192—42) (u3—v3)-AdS +f[(u3~ﬁ—V3-ﬁ) (p2—q2)dS
I I I I

1
=<1——)f g-(u—v>+ff(pz—qz)d5—f f(Pz—qz)d5+fh(lll'ﬁ—V1'ﬁ)dS—fh(ua'ﬁ—W3'ﬁ)dS~
€ Jo, r I¢ r I¢
(19)

Simplification yields

|u—v|2+ |u—v|2+e |u—V|2
01 02 03

1
(1——)f g'(u—V)++ff(pz—qz)dS—f f(pz—qz)dS+fh(u1-ﬁ—V1-ﬁ)dS—f h(uy-fi—w3-it) dS
€ Jo, r ¢ r ¢

1 1
(1-4 f g(u-v)+(1-¢) f -1 Vp) v+ f F(pr—gn) dS— f F(pa-ga) dS+ f (g, ) d S —
€ Jo, 0, € r I r

— o h(us A= vs-R)dS.

The association the first and second summands in the second line of (19) simplifies the integral foz Vg - (u-v).
Recalling (10f) and reordering we have

2 2 2
” u-— V”LZ(()]) + ” u-— V||L2(02) te€ ” u- V”L2(03)

= (l—e)j(; u-(u—v)+frf(p2—q2)dS—fr(f(pz—qz)dS+ﬁh(u1~ﬁ—V1~ﬁ)dS—frlh(Uyﬁ—Vyﬁ)dS.
(20)
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Next the forcing terms of the interfaces need to be analyzed.
3.1 Regularity Conditions for the Interfaces Forcing Terms and Related Estimates

In this subsection we recall ¥ denotes the unitary vector outwards normal vector to the boundary of a given open
smooth region G € R". The classical duality relation below Tartar (2007) will be frequently used

(r, W'ﬁ>H—]/286’H1/20G = fVF'W+rV'W
(9G) (0G) G Q1)
[ry W= )26y, 11206 | < 17l ) W)
where w € Hy;,(G) and r € H'(G) are arbitrary .
3.1.1 The Normal Flux Interface Forcing Term f

In order to assure continuity estimates for the normal flux forcing term f across the interfaces certain type of
regularity is required. From now on we assume there exists G € Q a smooth open region such that TUT¢ € G
and that there exists a function ® € Hy;,(G) such that ® - filryx = f € LT U IY), e.g. consider @ a continuous
differentiable function from G to IR". Hence, the first two summands of the second line in (20) transform as
follows

Jf-a)dS = [, f(p2—q)dS
Jo,(P2 = ) @ -9 dS
Jo,[©-Vp-g)+V-D(p-q)]

1DllL20) IVP = Valliz0,) + IV - @ll 20, 112 = glli20,)-

IA

The equality comes from the normal trace duality relation (21) for elements @ € H 4;,(0,) and the last inequality
is the mere application of Cauchy-Schwartz. The L?(O,)-norm of the pressures difference in the expression above
needs to be estimated, due to the drained boundary conditions (10c), (11¢) we know

d
lp = 4qllzz0,) < P = 4llizou0,) £ —=1IVp = Vdalliz0,u0,)-

V2

Here d > 0 denotes the diameter of Q; U Q,; the above holds since the Poincaré constant is always less or equal
than the diameter of the domain divided over V2. Next, recall the Darcy-type relations (10a), (10f), (10a) and
(10f), therefore the expression can be estimated by

| fp2=a)dS — [, f(pr—q2)dS|

< @l VP = Vdllizoy + -5 IV - @llzon IVP = Va0,
2 1/2 1/2

2 d 2 2 2

< IR, + SIV-DI2 o VT {IVp = Vall o + 1V = ValZ. o o) 22)
1/2
2 _ vl2 _ 2

< V242 Ol (lew=vIE, , +lu—viZ,, )
< Q2 +d) 10 (lew = VLo, + lu = ViiLo,) -

Where we used the fact that |x||, < || x]||; for all x € R>.
3.1.2 The Normal Stress Interface Forcing Term A

From now on assume there exists G € Q a smooth open region such that ' UT¢ C G and that 2 € H'(G); without
loss of generality it can be assumed the set G is the same for both forcing terms. Recalling (10e), (101), (11e) and
(111) the following identity holds

Johp-A—vi-R)dS — [, h(us-A—vs-R)dS
Johy-A—vy ) dS - [, h(uy-R—v,-R)dS —— [hfdS+ [, hfdS
= fio, 2 =v2) -9 dS — [LhfdS + [ hfdS.
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Using the normal trace duality relation (21) for elements w € H 4,(O;) and Cauchy-Schwartz inequality we have
Joh-A—vi-R)dS - [, h(us-A—vs-R)dS

Jo, [Vh-(@=v)+hV -(u=V)] = [LhfdS+ [ hfdS

VAl 205 11 = Viicz0y) + WAllzop IV -0 =V - Vligo, = fohf dS + [, hf dS.

IA

Equations (10g) and (11g) yield V- u = V - v in O,. On the other hand the condition ® - 71|, implies that
®-V|p=—fand ®- V| = f then

'fh(lll'fl—vl'fl)ds—f/’l(ll3'ﬁ—V3'ﬁ)dS
r

I

< ”Vh”L?(Oz) [[a — V||L2(02) + f h®-vdS. (23)
00,

Combining (22) and (23) with (20) yields

2
L2(0y)

2
L2(0,)

2

“u - V” L2(0;)

+lu=viiZ, o, +€llu=vi
< (-0 o u-(@=v)+Q2+d) |[Vlln,0, (leu =V, + = ViLo,)

+IVAllL20, It = V20, + faoz hd-9ds.

Expression (21) gives the inequality f h®-vdS <|hllmoyll P llug,©,- Finally, we reorder the expression as

90,
follows
_ 2 _ 2 _ 2
< Nhllmo) 1P g ©) + 2+ d) 1PNl Hy 0010 = Vo, + VAl 0,) 0 = V20, + (24)

+2 +d) [[@l g0l €8 = VLo, + (1 =€) [, u-(@=v).

Notice the first summand on the right hand side of the inequality above is independent from the solution. In the
final section the last two summands are estimated.

3.2 Flux Perturbation Estimates

In this section two possible estimates for the last two summands of the second line in (24) are given; the first one
aiming to conclude continuous dependence with respect to the geometric perturbation and the second one seeking
a-posteriori estimates.

3.2.1 Continuity Estimates

In order to attain continuity estimates we modify the last two summands of (24) in the following way

Q2 +d) [Pl 00ll €u = V2o, + (1~ €) [, u-@=v)

< Q+d)Plug.©,) (||u = V2 oy + (1 —€) ||ll||L2(02)) + (1 = o lull20,) lla = V20,

Together with (24) yields

[l —vl| +lu—v| +ellu—v

2 2 2
L2(0)) L2(0,) L2(03)
<l opll®@llag, 0y + (1 = Q2 + d) [|O] 5y, 00l 0, + 2 + d) 1P|l 1y, ©)) 0 = Vo) + (25)

+ {(2 +d) ||l g0, + V20, + (1 =€) ”u”L?(Oz)} a = Vlle20,)-

3.2.2 A-Posteriori Estimates

The last two summands of the second line in inequality (24) are estimated in terms of the approximate solution v.
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We manipulate the summands and apply Cauchy-Schwartz to get
Q2+ D@l 0ll€u = Vlizo,) + (1 =€) [, u-(@=v)
= 2+d)|Plln 00 {leu—ev+ev—vipeyl+1 -6 [La-v)-@-v+1-ef, v-(@-v)
< 2+d) [Oln0 fellu— Vi, + (1 =€) Vo | + (1= [, lu=v>+ (1 —€) [, v-@-v)

< 2+d)[1Plug0 {6 lla = Vil 0, + (1 =€) ||V||L2(Oz)} + (1= @lu=Vllg, o, + (1= OVl 0, 0 = ViiLzo,)-

Associating the above estimate with (24), reordering and rearranging the terms |ju — v||2, (1 - e)u-v|>

. . . . (@3 L2(02)
on both sides of the inequality furnishes
2 2 2
” u- V||L2(01) te€ ” u- V||L2(02) t+e€ ” u- V||L2(03)
< Al oy) 1@lla g 0 + (1 =€) (2 + d) 1Rl a0, V20, + (2 + d) 1Rl 1y, 0, 10 = V20, (26)

+{IVhllL0,) + €2+ ) Dllny0, + (1 = € VL0, | 11 = V20,

4. Continuity and a-Posteriori Analysis of the Perturbation
This section begins recalling a well-known result

Lemma 4.1 Let {£,: n € N} be a sequence in C'(G) and A, B, x: {{,: n € N} € C'(G) — [0, ) three functions
such that

[x(Z)]* < B +A L) XL, (27)
for all n € IN then

(i) The explicit estimate holds

N =

(L) < {A(m + 4B +[A <§n>]2}. (28)

(i) If A(Zw), B(£n) — 0 then x({,) — 0.

Proof. (i) The inequality (28) follows from completing squares on the inequality (27); (ii) is an immediate con-
clusion of (i). It is also important to stress that, by definition, the involved functions A, B and x always assume
non-negative values. |

4.1 Continuity Analysis of the Solution
Now we prove the continuity of the flux

Theorem 4.2 Let {,} € 7 (T, Q) such that is bounded in W) and ¢,, — 0 in C(T'). Additionally, {,(X) € G and
£.(X) > 0 for allX € T. If (v, ¢™) denotes the solution of (14) for the perturbation £, then |ju — V(”)||Lz(g) — 0.

Proof. Consider (25), applying Cauchy-Schwartz on the last two summands of the second line in right hand side

yields
2

€llu=v?lE: ) < = VUL o) + lw = VIR, o) + €l = VOl o)

L2(Q) L2001 L2(03)

< Al o) IPlH g0 + (1 = Q2 + d) [| @l 1y, 00 ll20,) +

21172
+] @+ dPIOIy, o, + (@ + D 1PNn00 + VA0 + (1 = O lullsof |

1/2
. — J—TY) w2
{la=vI2. 0, + =V +lu=viZ, |

Where O, 0y and Of are the domains defined by the perturbation £,. From the expression above we define the
functions

def 1 2 2 211/2
A E[(“d) 11y, 0, + {2+ D) ||<D||Hd,v<oz>+||Vh||Lz<oz>+<1—e)||u||Lz(oz>}] :

def 1
B = — {IHll onli®l 00 + (1= 2 + d) @1, 0, 20,
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and

) = o= vl ).
It is clear that [x(Z,)]> < B({,) + A(L,) x(Z,). Also notice that u, the solution to the original problem, does
not change with £, and that Ay(Oy) — 0 as n — co. Finally, since the functions @, & and u involved in the
definitions of A and B are square integrable on a region G containing O} for all n € IN, by the Lebesgue dominated

convergence theorem it holds that A({,), B({,) — 0. Due to Proposition 4.1 (i) the conclusion follows. O

Theorem 4.3 Let {¢,} € .7 (I, Q) verify the hypothesis of Theorem 4.2 and (v, g™) be the solution of (14) for the
perturbation ,, then |Vp — Vg™ |l 2q) — O.

Proof. Since ||x|l» < ||x||; for all x € R> then

IVp - VC](")”LZ(Q)

< VP =VqPlizon +1IVp = V4 llom + IVp = V4™ l2on)

< u- V(n)”LZ(Ol”) +leu - V(n)||L2(OZ") +€llu— V(")HLZ(O;) (29)
< fu- V(")||L2(ol") +lu - V(n)||L2(02") +€llu - V(”)||L2(03") +(-¢ ||U||L2(0;)

< 3lu= v +(1—¢€) llallL20z) — 0.

The third line holds due to the Darcy-type relations (10a), (11a), (10f), (11f), (10j) and (11j). Theorem 4.2 gives
the convergence to zero for the first summand on the last line and the Lebesgue dominated convergence theorem
yields the convergence to zero of the last term. ]

For the convergence of the pressures in the L?>-norm some intermediate results are necessary. For the sake of
completeness we start recalling a well known result.

Lemma 4.4 Let Uy, U, € RYN be open bounded connected with smooth boundary and T def oU, N oU, be non-
negligible i.e. Ay_1(Y) > 0. Define the domain U as the interior of U U T U U,. Let q, € H'(U}), g2 € H{(Uy), if
qilr = qaly then the “paste” function
g% i1l +q Iy + @1y, =q1 1y, + 21y + g2 1y, (30)
is in H'(U). Moreover the gradient of q is given by Vq; 1y, + Vg, 1y,.
Proof. Let ¢ € [Cy(U)]" then
(Vq,0)pw).pw)
= fU qvV-¢
= aVetf, aVe
= ful Va '90+faU16]140'ﬁ1d5 +fUZV6]2'SD+f5UZQ2S0'ﬁ2dS
= ful Va '<P+fUZV612'S0+LJ]1<P'ﬁldS + [ dS
= [, Var-e+ [, Var-e.
The boundary terms cancel out since #i; = iy and g1 ¢ = g ¢ on 1. The above holds for all ¢ € [C(U )1V, then
we conclude that the weak gradient of ¢ is given by Vg, 1, + Vg,1y, and the proof is complete. (|

Theorem 4.5 Let {£,,} € .7 (T, Q) verify the hypothesis of Theorem 4.2 and (v"”, ¢") be the solution of (2.14) for
the perturbation £, then ||p — ¢"||;2) — 0.

Proof. Consider the “paste” function

MOR-S (p - q(")) Loy + (p — ¢+ h) 1oy + (p - q(")) 1o: (3D

In the definition above the presence of the forcing term £ together with the normal stress balance conditions (10d),
(10h), (11d), (11h) give

pi—d"=p—g¢’+honT, p2=ds" +h=ps—g;’ on T, (32)
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Since &, € W'*(I') the domains O/ for i = 1,2,3 are smooth and Lemma 4.4 applies. Therefore, the “paste”
function »® defined in (31) is in H'(Q) and due to the drained boundary conditions (10c), (11c), r = 0 on
00, —T' = Q; — I Poincaré’s constant applies. Then, there exists x < % diam(Q) such that

% ” r(n) ”22“2) S ”Vr(n) “iZ(Q)
= IV = V4" IRz 0p, + 1199 = V4 + 1 o + VP = V4" lz05) (33)
< VP = V4" 0n + 21D = V4" 2 00 + 2RI 200, + IV P = V™ li20p)

L0 L2(02 L2(02

In the expression above the first, second and fourth summand converge to zero due to Theorem 4.3. The third
summand converges to zero since Ay(0y) — 0 as n — oco. Therefore the right hand side of inequality (33)
converges to zero. By definition of ™ it is direct that ||p — CI(")||L2(01")’ lp—q®™ +h 20z and lIp — q(”)”Lz(Os”)
converge to zero. Finally

P = 4" ll20n) < lp = 4™ + hll2on) + 1Bl 02)- (34)

Where the convergence of the second summand hols since Ay(O) — 0 as n — oco. Since ||p — q(")”O;* — 0 as
n — oo fori = 1,2, 3, the proof is complete. O

Remark 4.1 Notice that combining the inequalities (34) and (33) we conclude there exists a positive constant C
such that
1P = ¢l < C(IVp = Vg™l + lllop)  ¥neN. (35)

4.2 A-Posteriori Analysis

Notice that the functions A({,) and B({,,) depend on u, i.e. they can not be computed or estimated based only on
the forcing terms and the geometric perturbation. They also depend on the solution to the original problem. This
is impractical not usable for practical purposes since we are trying to approximate the solution u corresponding
to a smooth manifold I by introducing a geometric perturbation I'¢ (namely piecewise linear affine) which can be
numerically computed. Then, we need to use a-posteriori estimates since the available information in practice will
be v. Consider (26) and apply Cauchy-Schwartz to the last two summands of the right hand side in the second
line as 2-D vectors and (26) becomes

2
L2(Q)

2
L2(0))

2
L2(02)

2
L2(03)

IA

€llu—v| lu— vl +ellu—vl| +ellu—v

IA

IAll1.0, 1@l ©0,) + (1 = €) (2 + d) | Rl 1y,0, [IVl20,)

21172
+|@ 4 @10y, o, + (VA0 + €2+ D) Pl 00+ (1 = Ol ||

2

1/
—I _vl?
oy Hu= VI + =V, )

' {”“ -V 12(0y) 12(05)

Define the functions a, b, x : C'(G) - R by

def 1 21 271/2
a(@) = p [(2+d) 1P, 0, + {||Vh||L2(02) + €2+d) 1Pllng0,) + (1 - f)||V||L2(02)} ] , (362)

def 1
b)) = p {”h”H‘(02) 1Dl 0, + (1 =€) 2+ d) 1P| 1g0, ||V||L2(02)}, (36b)

() = vl (36¢)

Since [x()]? < b(0) + a(£) x(£) by Proposition 4.1 (i) it follows

1
o= Vliz) < 5 {a(§)+ V4b () + [a(é“)]z}- (37

The functions a(-), b(-) depend not only on the forcing terms and the geometric perturbation but also on the ap-
proximate solution v hence the inequality (37) is an a-posteriori estimate.
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Finally, in order to get a-posteriori estimates for the pressure we repeat the technique of Theorem 4.3 and get

IVp =Vl < llu=Vll20)) + llew =Vl 20, + €llu =l 20,
< fu=Vllzo,) + €llu= V20, + €llu =V, + (1 = ) |IVllL20,)
< 3llu =Vl + (A = e lVilL20,-

Recalling inequality (35) and combining it with (37) we have

3
P =4l +1IVP=V4llia@) < Cliklizop +1+C)(1 =€) V2o + 5 (1+C) {a({)+ 4b(0) + [a(§)]2}- (38)

5. Discussion and Concluding Remarks

The present work yields several conclusions. We start listing those related to the variational formulation of the
problem

(i) The geometric perturbation of the interface introduces regions of disagreement in the coefficients of resis-
tance. In order to get the estimates it is necessary to test the variational statements with convenient functions
which are not continuous across the interface as in section 3. Even if the interface forcing terms f, h were
null this necessity remains.

(ii) A direct variational formulation of the problem does not allow testing with functions which are discontinuous
across the interface since the functional setting for test functions is H'.

(iii) The mixed variational formulations L? — H! and H 4, — L? both demand coupling conditions of the spaces on
the interfaces I', I'¢. In the first case the space of pressures must be continuous and in the second the normal
traces of the flux must be continuous across the interface. Therefore, in both cases the possibility of testing
with discontinuous functions across the interfaces is not allowed. Finally, the first formulation requires 4 = 0
and the second requires f = 0 i.e. in both cases some generality with respect to the formulation used in this
work is lost.

(iv) The mixed-mixed variational formulation of section (2.3) introduced in Morales and Showalter (2012) is the
unique variational setting introducing the necessary degrees of freedom in the function spaces i.e. permitting
jump-discontinuities across the interfaces on the test functions.

(v) Stability and continuity statements demand extra hypothesis of regularity on the forcing terms discussed in
sections (3.1.1) and (3.1.2) which are reasonable for sources in fluid flow problems.

(vi) For the general type of perturbation, when ¢ can take positive and negative values the strategy is identical
to the one presented here. There will be need to consider both subdomains O, U¢ given in Definition 2.2.
The variational statements corresponding to (13) and (14) would involve more terms and in particular, the
non-symmetric interface terms on d0¢ and U ¢ would have opposite sign. The function spaces V, Q given
in Equation (12) are still adequate to address the question. Aside from the aforementioned observations and
larger expressions the strategy and reasoning follows exactly the one presented here.

Finally we list the conclusions with regard to the non-linearity of the problem as well as the estimates order

(i) It is important to observe in both theorems of continuity above (4.2), (4.3) the role played by the term
Il 20z)- Well-posedness of the problem (13) furnishes global estimates with respect to the forcing terms i.e.
it can be claimed ||ll||L2(02n) < CUIF N2 gl 2+l 2y +HI f 1l 2qr)) and certain constant C > 0, nevertheless
we can not assure a local estimate such as ||u||Lz(02n) < C(||F||L2(02") + ||g||Lz(Oéx) + 14l 2y + 1 f1lz2r))- Therefore
the term ||ll||L2(0;) can not be excluded in the continuity statements.

(i) The problem of continuous dependence with respect to the geometric interface perturbation is nonlinear as it
is evident by the nature of the continuity and a-posteriori estimates in Equations (25), (26) respectively.

(iii) The introduction of the mixed variational formulation in Equations (13), (14) solves the issue of a func-
tional context consistent with the necessity of jump-discontinuities across the interface. However it does not
linearize the problem itself as the implicit nature of the attained estimates show.
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(iv) The nature of the continuity estimates suggests numerical experimentation as the most feasible approach to
investigate the convergence rate problem.

(v) Observe that the flux continuity Theorem 4.3 involves building functions A(:), B(), both of them are multi-
plied by 1/e. Though this amplification factor is fixed, it reveals that a geometric perturbation of the interface
introduces an error of order O(1/¢€) which is rather significant. The same observations hold for the a-posteriori
estimates. (38) since the functions a(-), b(-) are both affected by the same amplification factor.

(vi) For geometric perturbations independent from time, the evolution problem can be analyzed by the same
technique presented in Morales and Showalter (2012) using analytic semigroups. Since the perturbation
occurs in space and not in time the essentials are captured by the stationary problem we have presented here.

(vii) Finally, the work presented here is a first step towards the understanding of flow in deformable porous media
i.e. when the geometry changes with time. This is future work, however it is the author’s opinion that
conditions on the time deformation ratio of the perturbations will play a fundamental role in the analysis; as
crucial as the introduction of an artificial interface has been here.
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