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Abstract

The notion of ternary semigroups was introduced by Lehmer in 1932 and that of fuzzy sets by Zadeh in 1965. Any
semigroup can be reduced to a ternary semigroup but a ternary semigroup does not necessarily reduce to a semigroup.
A partially ordered semigroup T is called an ordered ternary semigroup if for all xj, x5, x3,x4 € T,x; < x, implies

X1X3X4 < XpX3X4, X3X1X4 < X3X2X4 and x3x4X] < x3x4X>. In this paper, we study fuzzy ternary subsemigroups (left ideals,
right ideals, lateral ideals, ideals) and fuzzy left filters (right filters, lateral filters, filters) of ordered ternary semigroups.
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1. Introduction and Preliminaries

In 1932, Lehmer gave the definition of ternary semigroups (Lehmer, 1932). A nonempty set T is called a ternary semi-
group if there exists a ternary operation 7 X T X T — T, written as (x1, X, X3) — X xpx3 satisfying the following identity
for any xp, Xz, X3, X4, X5 € T,

[[x1x2x3]x4x5] = [x1[x2x3%x4]%5] = [x1X2[ X3 X4 %5]].

Any semigroup can be reduced to a ternary semigroup. However, Banach showed that a ternary semigroup does not
necessarily reduce to a semigroup by this example.

Example 1.1 T = {—i,0,i} is a ternary semigroup while 7 is not a semigroup under the multiplication over complex
numbers.

The next example is also a ternary semigroup but not a semigroup.
Example 1.2 7~ is a ternary semigroup while Z~ is not a semigroup under the multiplication over integers.
However, Los showed that every ternary semigroup can be embedded in a semigroup (Los, 1955).

The algebraic structures of ternary semigroups were studied by some authors, for example, Sioson studied ideals in
ternary semigroups (Sioson, 1965), Santiago studied regular ternary semigroups (Santiago, 1990), Dixit and Dewan stud-
ied quasi-ideals and bi-ideals in ternary semigroups (Dixit and Dewan, 1995), Kar and Maity studied congruences of
ternary semigroups (Kar and Maity, 2007) and Iampan studied minimal and maximal lateral ideals of ternary semigroups
(Tampan, 2007).

A partially ordered semigroup 7T is called an ordered ternary semigroup if for all xj,x5,x3,x4 € T,x; < xp implies
X1X3X4 < XpX3X4, X3X1X4 < X3X2Xx4 and X3X4X] < X3X4X7.

Example 1.3 (Z7, -, <) is a ordered ternary semigroup.

Let T be an ordered ternary semigroup. For nonempty subsets A, B and C of T, let ABC := {abc |a € A,b € Band c € C}.
For a nonempty subset A of T, we note (A] := {t € T | t < h for some h € A}. A nonempty subset S of T is called a
ternary subsemigroup of T if (§]C S and SS§S C S. A nonempty subset A of T is called a left ideal of T if (A] C A and

TTA C A, arightideal of T if (A] C A and ATT C T, and a lateral ideal of T if (A] C A and TAT C A. If A is a left, right
and lateral ideal of T, A is called an ideal of T .
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The notion of fuzzy sets was introduced by Zadeh (Zadeh, 1965). Several researchs were conducted on the generalizations
of the notion of fuzzy sets. Fuzzy semigroups have been first considered by Kuroki (Kuroki, 1981, 1991 and 1993) and
fuzzy ordered semigroups by Kehayopulu and Tsingelis (Kehayopulu, 1990, Kehayopulu and Tsingelis, 1999 and 2002,
Kehayopulu, Xie and Tsingelis, 2001). In 2008, Shabir and Khan studied fuzzy filters in ordered semigroups (Shabir and
Khan, 2008).

Let T be an ordered ternary semigroup. A function f from 7 to the unit interval [0, 1] is called a fuzzy subset of T. The
ordered ternary semigroup 7 itself is a fuzzy subset of T such that T(x) = 1 for all x € T, denoted alsoby T. If A C T,
the characteristic function fy of A is a fuzzy subset of T defined as follows:

1 ifxeA,

fa) = {0 ifx¢A.

Let T be an ordered ternary semigroup and f a fuzzy subset of 7. The fuzzy subset f” defined by f'(x) = 1 — f(x) for all
x € T is called the complement of fin T.

The aim of this paper is to study fuzzy ternary subsemigroups (left ideals, right ideals, lateral ideals, ideals) and fuzzy
left filters (right filters, lateral filters, filters) of ordered ternary semigroups that are studied analogously to the concept of
fuzzy ideals and fuzzy filters in ordered semigroups.

2. Main Results

Now we define fuzzy ternary subsemigroups, fuzzy left ideals, fuzzy right ideals, fuzzy lateral ideals and fuzzy ideals of
ordered ternary semigroups. Let 7" be a ternary semigroup. A fuzzy subset f of T is called

a fuzzy ternary subsemigroup of T if (1) x < y implies f(x) > f(y) and (2) f(xyz) > min{f(x), f(), f(z)} forall x,y,z € T,
a fuzzy left ideal of T if (1) x < y implies f(x) > f(y) and (2) f(xyz) > f(z) forall x,y,z € T,

a fuzzy right ideal of T if (1) x < y implies f(x) > f(y) and (2) f(xyz) > f(x) forall x,y,z € T,

a fuzzy lateral ideal of T if (1) x < y implies f(x) > f(y) and (2) f(xyz) = f(y) for all x,y,z € T and

a fuzzy ideal of T if (1) x < y implies f(x) > f(y) and (2) f(xyz) > max{f(x), f(y), f(2)} forall x,y,z € T.

Lemma 2.1 Let T be an ordered ternary semigroup and A a nonempty subset of 7. Then (A] C Aif and only if x < y
implies fa(x) > fa().

Proof Assume that (A] C A. Let x,y € T such that x < y.

Case I: y ¢ A. Then fa(y) = 0 < fa(x).

Case 2: y € A. Since (A] C A, x € A. So fa(x) =1 > fa(y).

Conversely, let x € (A]. Then there exists y € A such that x < y. So f4(x) > fa(y) = 1. This implies x € A. O

Now we characterize ternary subsemigroups (left ideals, right ideals, lateral ideals, ideals) of ordered ternary semigroups
in terms of fuzzy ternary subsemigroups (fuzzy left ideals, fuzzy right ideals, fuzzy lateral ideals, fuzzy ideals).

Theorem 2.1 Let T be an ordered ternary semigroup and A a nonempty subset of 7. The following statements are true.
(1) A is a ternary subsemigroup of 7 if and only if fj is a fuzzy ternary subsemigroup of 7.

(2) A is a left ideal (right ideal, lateral ideal, ideal) of T if and only if f4 is a fuzzy left ideal (fuzzy right ideal, fuzzy
lateral ideal, fuzzy ideal) of T'.

Proof (1) Assume that A is a ternary subsemigroup of 7. By Lemma 2.1, x < y implies f4(x) > fa(y). Next, let x,y,z € T.
Case 1 : x,y,z € A. Since A is a ternary subsemigroup of T, xyz € A. Therefore f4(xyz) = 1 > min{f(x), (), f(2)}.
Case2:x¢Aory¢ Aorz¢ A. Thus fa(x) = 0or f4(y) = 0 or fa(z) = 0. Hence min{ fa(x), fa(y), fa(2)} = 0 < fa(xyz).

Conversely, assume that f4 is a fuzzy ternary subsemigroup of 7. By Lemma 2.1, (A] € A. Next, let x,y,z € A. So

fa(x) = fa(y) = fa(z) = 1. Since f; is a fuzzy ternary subsemigroup of 7', fx(xyz) > min{fs(x), fa(y), fa(z)} = 1. Then
xyz € A.

(2) Assume that A is a left ideal of 7. By Lemma 2.1, we have that x < y implies f4(x) > fa(y). Next, let x,y,z € T.
Case 1 : z € A. Since A is a left ideal of T, xyz € A. Then fa(xyz) = 1. Therefore fx(xyz) > fa(z).
Case2:z¢ A. So fa(z) = 0. Hence fa(xyz) > f1(2).

Conversely, assume that f, is a fuzzy left ideal of 7. By Lemma 2.1, (A] € A. Next, let x,y € T and z € A. Since f is a
fuzzy left ideal of T and z € A, fi(xyz) = fa(z) = 1. So xyz € A.

The other parts of (2) can be proved in similarly way. O
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Now we define left filters, right filters, lateral filters, filters, fuzzy left filters, fuzzy right filters, fuzzy lateral filters and
fuzzy filters of ordered ternary semigroups.

Let T be an ordered ternary semigroup. A nonempty subset F of T is called

a left filter of T if (1) F? C F, (2) forall x,y € T,x < yand x € F imply y € F and (3) for all x,y,z € T, xyz € F implies
z€F,

a right filter of T if (1) F> C F, (2) forall x,y € T,x < yand x € F imply y € F and (3) for all x,y,z € T, xyz € F implies
yeF,

a lateral filter of T if (1) F3 C F, (2) forall x,y € T,x < yand x € F imply y € F and (3) for all x,y,z € T,xyz € F
implies x € F and

a filter of T if (1) F3 C F, (2) for all x,ye€T,x <yand x € Fimply y € F and (3) for all x,y,z € T, xyz € F implies
x,y,2€ F.

A fuzzy subset f of T is called

a fuzzy left filter of T if for all x,y,z € T (1) x < y implies f(x) < f(y), (2) f(xyz) = min{f(x), f(), f(2)} and (3)f(xyz) <
f(@,

a fuzzy right filter of T if for all x,y,z € T (1) x < y implies f(x) < f(y), (2) f(xyz) > min{f(x), (), f(z)} and
(3)f(xy2) < f(x),

a fuzzy lateral filter of T if for all x,y,z € T (1) x < y implies f(x) < f(y), (2) f(xyz) = min{f(x), f(y), f(z)} and
3)f(xy2) < f(y) and

a fuzzy filter of T if for all x,y,z € T (1) x < y implies f(x) < f(y), (2) f(xyz) = min{f(x), (), f(2)}.

We also characterize left filters (right filters, lateral filters, filters) of ordered ternary semigroups in terms of fuzzy left
filters (fuzzy right filters, fuzzy lateral filters, fuzzy filters).

Theorem 2.2 Let F be a nonempty subset of an ordered ternary semigroup 7. Then F is a left filter (right filter, lateral
filter, filter) of T if and only if the characteristic function fr of F is a fuzzy left filter (right filter, lateral filter, filter) of T'.

Proof Assume that F is a left filter of 7. Let x,y € T such that x < y.

Case 1: x ¢ F. Then fr(x) = 0. Then fr(x) < fr(y).

Case 2: x € F. Since x < y and F is a left filter of T,y € F. Thus fr(y) = 1. Hence fr(x) < fr(y).

Next, let x,y,z € T.

Case I: x,y,z € F. Then xyz € F. Hence fr(xyz) = 1. Therefore fr(xyz) > min{fr(x), fr(y), fr(z)}.

Case2: x¢ Fory¢ Forz¢ F. So fr(x) =0or fp(y) = 0or fr(z) = 0. This implies fr(xyz) > min{fr(x), fr(y), fr(2)}-
Finally, let x,y,z € T.

Case I: xyz € F. Since F is a left filter of T and xyz € F,z € F. So fr(z) = 1. Therefore fr(xyz) < fr(2).

Case 2: xyz ¢ F. Then fr(xyz) = 0. Therefore fr(xyz) < fr(2).

Conversely, assume fr is a fuzzy left filter of 7. Let x,y,z € F. Then fr(x) = fr(y) = fr(z) = 1. Thus fr(xyz) >
min{fr(x), fr(y), fr(z)} = 1. Hence xyz € F. Next, let x,y € T. Assume x < y and x € F. Then fp(x) < fr(y) and
fr(x) = 1. Thus fr(y) = 1, this implies y € F. Finally, let x,y,z € T such that xyz € F. So fr(xyz) = 1. Since fr is a
fuzzy left filter of T, then fr(z) > fr(xyz). This implies fr(z) = 1. Soz € F.

The other parts can be proved in similarly way. O

Let T be an ordered ternary semigroup. A nonempty subset S of T is called a prime subset of T if for all x,y,z € T, xyz € S
implies x € S ory € S or z € §. A ternary subsemigroup S of T is called a prime ternary subsemigroup of T if S is a
prime subset of T. Prime left ideals, prime right ideals, prime lateral ideals and prime ideals of T are defined analogously.
A fuzzy subset f of T is called a prime fuzzy subset of T if f(xyz) < max{f(x), f(y), f(z)} for all x,y,z € T. A fuzzy
ternary subsemigroup f of T is called a prime fuzzy ternary subsemigroup of T if f is a prime fuzzy subset of T'. Prime
Sfuzzy left ideals, prime fuzzy right ideals, prime fuzzy lateral ideals and prime fuzzy ideals of T are defined analogously.

Theorem 2.3 Let T be an ordered ternary semigroup and A a nonempty subset of 7. The following statements are true.
(1) A is a prime subset of T if and only if f4 is a prime fuzzy subset of T'.

(2) A is a prime ternary subsemigroup (prime left ideal, prime right ideal, prime lateral ideal, prime ideal) of 7 if and
only if f4 is a prime fuzzy ternary subsemigroup (prime fuzzy left ideal, prime fuzzy right ideal, prime fuzzy lateral ideal,
prime fuzzy ideal) of T'.
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Proof (1) Let A be a prime subset of T and x,y,z € T.
Case 1 : xyz € A. Since A is a prime subset of 7, x e Aory € A or z € A. So max{fa(x), fa(y), fua(@} =1 > fa(xyz).
Case 2 : xyz ¢ A. S0 fa(xyz) = 0 < max{fs(x), fa(y), fa(2)}.

Conversely, let x,y,z € T such that xyz € A. Thus fa(xyz) = 1. Since fy is prime, max{fa(x), fa(y), fa(z)} = 1. Then
fax)=1or fay) =1lor fa(z) =1. Hencexe Aorye Aorz € A.

(2) follows from (1) and Theorem 2.1. O
Let f be a fuzzy subset of an ordered ternary semigroup 7'. For any ¢ € [0, 1], the set

fi={lxeT|f(x)ztand [ ={xeT|f(x)>1]

are called a r-levelset and a t-strong levelset of f, respectively.
Theorem 2.4 Let f be a fuzzy subset of an ordered ternary semigroup 7. The following statements are true.
(1) f is a fuzzy ternary subsemigroup of T if and only if for all 7 € [0, 1], if f; # 0, then f; is a ternary subsemigroup of 7.

(2) f is a fuzzy left ideal (fuzzy right ideal, fuzzy lateral ideal, fuzzy ideal) of T if and only if for all 7 € [0, 1], if f; # 0,
then f; is a left ideal (right ideal, lateral ideal, ideal) of T'.

Proof (1) Assume that f is a fuzzy ternary subsemigroup of 7. Let ¢ € [0, 1] such that f; # 0. Let x € (f;]. Then there
exists y € f; such that x < y. Thus f(x) > f(y) > t. Hence x € f;. Next, let x,y,z € f;. Then f(x), f(y), f(z) = t. Thus
min{f(x), f(y), f(2)} > ¢. Since f is a fuzzy ternary subsemigroup of 7', f(xyz) > t. Hence xyz € f;.

Conversely, assume for all 7 € [0, 1], if f; # 0, then f; is a ternary subsemigroup of 7. Let x,y € T such that x < y. Choose
t = f(y). Thus y € f,. This implies x € f,. Then f(x) >t = f(y). Next, let x,y,z € T. Choose t = min{f(x), f(), f(2)}.
Then f(x), f(y), f(z) = t. Thus x,y,z € f;. Since f; is a ternary subsemigroup of T, xyz € f;. Therefore f(xyz) > t =

min{f(x), f), f(2)}.

(2) Assume that f is a fuzzy left ideal of T'. Let ¢ € [0, 1]. Suppose that f; # (. Let x € (f;]. Then there exists y € f; such
that x < y. Thus f(x) > f(y) > t. Next, let x,y,z € T and z € f;. So f(xyz) > f(z) > t. Therefore xyz € f;.

Conversely, assume for all ¢ € [0, 1], if f; # 0, then f; is a left ideal of T'. Let x,y € T such that x < y. Choose ¢t = f(y).
Thus y € f;. This implies x € f;. Then f(x) > ¢t = f(y). Next, let x,y,z € T. Choose t = f(z). Thus z € f;, this implies
fi # 0. By assumption, we have f; is a left ideal of T. So xyz € f;. Therefore f(xyz) > t. So f(xyz) > f(2).

The other parts of (2) can be proved in a similar way. |
Theorem 2.5 Let f be a fuzzy subset of an ordered ternary semigroup 7. The following statements are true.
(1) f is a prime fuzzy subset of T if and only if for all 7 € [0, 1], if f; # 0, then f; is a prime subset of 7.

(2) f is a prime fuzzy ternary subsemigroup (prime fuzzy left ideal, prime fuzzy right ideal, prime fuzzy lateral ideal,
prime fuzzy ideal) of T if and only if for all ¢ € [0, 1], if f; # 0, then f; is a prime ternary subsemigroup (prime left ideal,
prime right ideal, prime lateral ideal, prime ideal) of 7.

Proof (1) Assume that f is a prime fuzzy subset of T. Let ¢ € [0, 1]. Suppose that f; # (. Let x,y,z € T such that xyz € f..
Thus f(xyz) > t. Since f is prime, f(x) > tor f(y) > tor f(z) >t. Hence x € fiory € fiorz € f;.

Conversely, let x,y,z € T. Choose t = f(xyz). Thus xyz € f;. Since f; is prime, x € fyory € f; or z € f;. Then f(x) >t or
f() = tor f(z) > t. Therefore max{f(x), f(y), f(D)} >t = f(xy2).

(2) follows from (1) and Theorem 2.4. O

Theorem 2.6 Let f be a fuzzy subset of an ordered ternary semigroup 7'. Then f is a fuzzy ternary subsemigroup (fuzzy
left ideal, fuzzy right ideal, fuzzy lateral ideal, fuzzy ideal) of T if and only if for all # € [0, 1], if £’ # 0, then f’ is a
ternary subsemigroup (left ideal, right ideal, lateral ideal, ideal) of T'.

Proof The proof of this theorem is similar to the proof of Theorem 2.4. O

Theorem 2.7 Let f be a fuzzy subset of an ordered ternary semigroup 7. Then f is a prime fuzzy subset (prime fuzzy
ternary subsemigroup, prime fuzzy left ideal, prime fuzzy right ideal, prime fuzzy lateral ideal, prime fuzzy ideal) of T if
and only if for all ¢ € [0, 1], if £’ # 0, then f;’ is a prime subset (prime ternary subsemigroup, prime left ideal, prime right
ideal, prime lateral ideal, prime ideal) of T'.

Proof The proof of this theorem is similar to the proof of Theorem 2.5. o
Lemma 2.2 Let f be a fuzzy subset of an ordered ternary semigroup 7. The following statements are equivalent.

(1) f"(xyz) < max{f"(x), f'(y), f'(z)} forall x,y,z € T.

(2) f(xyz) = min{f(x), f(»), f(2)} forall x,y,z € T.
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Proof Straightforward. O

Theorem 2.8 Let f be a fuzzy subset of an ordered ternary semigroup 7. Then f is a fuzzy left filter (fuzzy right filter,
fuzzy lateral filter, fuzzy filter) of T if and only if the complement f’ of f is a prime fuzzy left ideal (prime fuzzy right
ideal, prime fuzzy lateral ideal, prime fuzzy ideal) of 7.

Proof Assume f is a fuzzy left filter of 7. Let x,y € T such that x < y. Since f is a fuzzy left filter of T, f(x) < f(y).
This implies f’(x) > f’(y). Next, let x,y,z € T. Since f is a fuzzy left filter of T, f(xyz) < f(z). Thus f'(xyz) > f'(2).
Finally, let x,y,z € T. Since f is a fuzzy left filter of 7, f(xyz) > min{f(x), f(y), f(z)}. By Lemma 2.2, f’(xyz) <
max{f’(x), /'), f"(2)}.

Conversely, assume f” is a prime fuzzy left ideal of 7. Let x,y € T such that x < y. Since f’ is a fuzzy left ideal of

T, f'(x) = f'(y). Therefore f(x) < f(y). Next, let x,y,z € T. Since f’ is prime, f'(xyz) < max{f’(x), f'(y), f’(z)}. By
Lemma 2.2, we have f(xyz) > min{f(x), f(y), f(z)}. Finally, let x,y,z € T. Since f’ is a fuzzy left ideal of T, f'(xyz) >

J'(2). Hence f(xyz) < f(2).
The other parts can be proved in similarly way. O

Corollary 2.1 Let F be a nonempty subset of an ordered ternary semigroup 7. Then F is a left filter (right filter, lateral
filter, filter) of T if and only if the complement f;. of fr is a prime fuzzy left ideal (fuzzy right filter, fuzzy lateral filter,
fuzzy filter) of T.

Proof It follows by Theorem 2.2 and Theorem 2.8. O
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