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Abstract

A Hilbert space operator T is called n-paranormal and #-n-paranormal if ||Tx|" < ||T"x|| - ||x|/"~" and [|T*x||" <
IT7x|| - ||xI"~", respectively. Let B(n) and &S(n) be the sets of all n-paranormal operators and #-n-paranormal
operators, respectively. In this paper we study and discuss the relationship between these two sets of operators and

especially show ﬂ Pn) = PA3) m B(4). Finally we introduce #-n-paranormality for an operator on a Banach
n=3
space and give some spectral properties.
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1. Introduction

Let H be a complex Hilbert space and B(H) be the set of all bounded linear operators on H. An operator T € B(H)
is called n-paranormal if ||Tx||" < [|T"x]| - [lx][~" for all x € H. If an operator T satisfies the inequality for n = 2,
then T is called paranormal. Paranormal operators are normaloid, i.e., [|T|| = #(T') (the spectral radius of T') and
if T is an invertible paranormal operator, then T~! is also paranormal (cf. § 2.6 of Furuta, 2001). Ando in 1972
gave the useful characterization of a paranormal operator by some norm condition. Arun in (1976) introduced
n-paranormal operators.

An operator T € B(H) is called #-paranormal if ||T*x||> < ||T?x]| - ||x|| for all x € H. Arora and Thukral in 1986
showed that *-paranormal operators are 3-paranormal and normaloid.

Uchiyama and Tanahashi in (preprint) studied spectral properties of #-paranormal operators and n-paranormal
operators and presented an example of an invertible *-paranormal operator T such that 7-! is not normaloid. A
x-paranormal operator is 3-paranormal by Arora and Thukral in 1986, which means that there exists an invertible
3-paranormal operator 7 such that T~! is not 3-paranormal. Also Uchiyama and Tanahashi showed that Weyl’s
theorem holds for n-paranormal operators for every n > 3. Cho, Ota, Tanahashi, and Uchiyama in 2012 showed
IT~Y < |IT|| - (T~")? for an invertible *-paranormal operator T

In this paper we study the relationship between two classes of n-paranormal operators and s-n-paranormal operators
on a Hilbert space and discuss some spectral properties of x-n-paranormal operators. Finally we introduce a notion
of s-n-paranormality for an operator on a Banach space and present some spectral properties.

2. Examples of n-Paranormal Operators
Definition 1 Let n > 2. An operator T € B(H) is said to be n-paranormal if
T < 17"l - [lxl"™" (Yx € H).

We denote the set of all n-paranormal operators by P(n).

Lemma. Let H = €% with the usual orthogonal base {e;}ie7, and let T € B(H) be the bilateral weighted shift with
bounded weights {wi}liez. Then T € B(n) if and only if wZ‘l < Wit1 - Wirn—1y forall k € Z.
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Proof Letx € {>be x = Z xrey such that |[x|| = 1. Suppose Wi~ < Wiy - Wipu—r) for all k € Z. Since wy > 0,

Wi < (Wk Wil Wk+(n—1)) ' for all k € Z.

Since Tx = Z Xk * Wk€i+1,
n
2 2 2
7P = (3 bl w2

Since T"x = Z Xi* Wi Wia 1 *** Wi (n=1)€k4ns

2 2 2 2 2
TP = bl - Wi wha - Wi,

E

W Wi Wi

n 1\"
2 2.2 20,2 2 2 o
7P = (D luPwi) < (Dbl wdy - whi) )

2.2 2 2 2
< D balud ko wdy = 1T

by Jensen’s inequality for f(x) = x" on x > 0.

Hence, by w,% < ( 2 w2 2 )

The converse is clear. ]

Let T be the unilateral weighted shift with positive weights {wy},2,. Then it is clear that, by the similar way to
Lemma,

(DT ePB) < wi <wiyr - wis2 (Yk€N),
Q)T €ePA) < w; < Wie1 - Wi - Wiz (Yk € N).
Example 1 (i) Let T be the unilateral weighted shift with weights {w;}* . such that

n=1

1 (k=1)
2 (k=2)

1 k=3
WEZY 4 (k=4
1 (k=5

16 (k> 6).

Then 7 € P(3) and T ¢ P(4).
(ii) Let T be the unilateral weighted shift with weights {wy};? | such that

1 (k=1
2 (k=2)

wi=1{3 (k=3,4)
2 (k=5
5 (k>6).

Then T € P(4) and T ¢ P(3).
Example 2 Let T be the unilateral weighted shift with weights {w;};2 | such that

1 (k=1)

V2 (k=2)

Wi = 4 (k=3)
V2 (k=4

16 (k >5).

Then 7 € P3) N B4) and T ¢ P(2).
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Let T be the bilateral weighted shift with positive bounded weights {wy}rez such that infw; > 0. Then T is
invertible by Proposition II 6.8 of Conway (1985) and the following equivalent relations hold:

BT, T ePB) &= Wi < wist - wis2 S Wi, (Yk € Z),
BT, T eP@) = W Wit - Wiz - Wies S wy,, (Tk € 7).
Moreover, implication (3) = (4) holds. In fact, statement (3) implies wy < wy.3 for every k € Z. Hence

3 _ 2 _ .3
Wi S Wi Wil " Wia2 S Wit3 " Wil - Wi = Wil W2 " Wia3 < Wid * Wiq = Wiy

Example 3 Let T be the bilateral weighted shift with weights {wy};cz such that

1 (k<1

V2 (k=2)

Wi = 2 (k=3)
V3 (k=4

4 (k>5).

Then T € *3(3) and by Proposition II 6.8 of Conway (1985) T is invertible. Since weights {wy} are not monotone
increasing, 7 ¢ P(2).

3. n-Paranormal Operators

First we give the following.

Theorem 1 Let T be in B(H). If T belongs to P3(2), then T belongs to P (n) for all n > 3.
Proof. Suppose T € P(2). Since ITxll* < ITx| - || < 17|l - 1T x| - llxll, it holds T € P(3).

We next assume 7 € B(n). Then since ||Tx||" < ||T"x|| - ||x|*~", it holds ||T2x||" < ||T"*' x|| - ||T x||*~'. Therefore
2 2 1 -1
T < IT=xl" - 1l < (17"l - (1Tl - 1™

So we have T € B(n + 1). Thus by induction, the proof is complete. O
Theorem 2 Let T be in B(H). If T belongs to P(3) (P (4), then T belongs to B(5).
Proof. Let T € B(3) NP(4). Since T € P(3), it holds ||T3x|* < [|T7x]| - |T%x|>. Hence ||T3x|° < |72 - ||T2x|*.
Next since 7 € B3(4), we have I72x* < IT°x]| - |7 x|]?. Therefore

73X < TP - ITxlP  thatis (77X < IT°x]] - | Tx]l.
Since T € P(3), it holds

ITxl® < Il -l < 172 - T 0] -l

that is, T € P(5). ]
Theorem 3 Let T be in B(H). If T belongs to PB(3) (P (4), then T belongs to R (n) for alln > 5.
Proof. Let T € B(3) (N *P(4). We show the theorem by induction T € P(k) (k = 3,4, ...,n).
Since T € P(n — 1), it holds || T3 x||""! < [T x| - |T%x||"~2.
By T € B(n), we have | T2x||" < ||T" x| - || Tx||""".
By T € B(3), it holds ||Tx|*"~1 < [|T3x|"~" - |1,

Therefore 3(n-1 3 1 2(n—1 1 2 2 2(n—1
TR0 < T2 - D < T ) T2 - P

1 n=l i, —
NT™ el - U e T Y= - [l P

A

2(n-1) (=1)(n-2) _
N+l Tl - [P0

Hence we have
T x| < N7 ) - 11

Thus T € B(n + 1). Hence, by induction with Theorem 2 the proof is complete. ]
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The following corollary is the direct consequence.
Corollary 1 In B(H), it holds PB(2) ﬂ PBn) =P3) ﬂ B4).
n=3

It should be remarked that the above inclusion is proper by Example 2. Moreover, we have following
Theorem 4 In B(H), it holds B(3) NV (4) c {T: T? € P(2)}.
Proof. Let T € PB(3) N PB(4). Since ||Tx|1> < |IT3x]| - x>, ITxI* < IT*x]| - ||x]], we have

T3P < IT*x| - 1T x|,
hence

U221 < IT* AP - IT A < IT 0P - [P

That is, [|72x]1> < |T*x]| - ||Ix]| and T2 € B(2). O
We proved following result for the weighted shift operator by Example 2.
Theorem 5 Let T be in B(H). If T and T~ belong to B(3), then T belongs to PB(4).
Proof. Since ||T~'x|> < |T73x]| - ||x]|? for every x € H, it holds

T3P < 1T x| 1T 2P
Since T € P(3), it holds

T2l < 1T - 1211

Hence it holds
Tl < 1T x| 11Tl - [1x1°.

Therefore, we have
4 4 3
NTx™ < 1T x| - [|x]l”.

Remark These results hold for Banach space operators.
4. s-n-Paranormal Operators
Next we study s-n-paranormal operators.

Definition 2 Let n > 2. An operator T € B(H) is said to be s-n-paranormal if
7™ < IT") - 2"~ (Yx € H).

In particular, in case that n = 2, T is called *-paranormal. We denote the set of all *-n-paranormal operators by
G(n).

It is well known the following result.

Theorem A (Arora and Thukral, 1986) In B(H), it holds G(2) C B(3).

Related to the above, we have

Theorem 6 In B(H), it holds S(n) C*P(n + 1) foralln > 2.

Proof. By the definition it holds ||T*x||" < ||T"x]| - ||x||"~'. Therefore

T Tl < 1T x| - |17

and
TP < T T - Il < 1T Xl - [Tl )"
Hence T € P(n + 1). 0

Hence we have
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Theorem 7 In B(H), it holds ﬂ Sn) € P3) ﬂ B(A).

n=2
5. Spectral Properties of +-n-Paranormal Operators

Theorem 8 Let T be in B(H). If T belongs to &(n) and M is an invariant subspace for T, then TM belongs to
S(n).
Proof. Let P be the orthogonal projection onto M. Then TP = PTP, so that

(T'M)* = PT"P.
Hence, for x € M we have

E o — it < ot < n . n-1 — n . n—1
II(TlM) X" = NPT X" < T < 7" x| - [lxll II(TlM) x| [l

Thus TlM € G(n). U

Theorem 9 For T € B(H), let T belong to S(n) and z be an eigen-value of T. If (T — z)x = 0, then (T — z)*x = 0.
Proof. We may assume x # 0 and ||x|| = 1. Then

T Xl < Tl - [lxl™" = |2
Hence ||T*x|| < |z] and
0 < (T = 2*xI> = IT*x|* = 2Re (T*x,7x) + |z]> < 2Iz* = 2|z]> = 0.

Hence (T — 2)*x = 0. U
Therefore we have the following corollary.

Corollary 2 For T € B(H), let T belong to G(n) and z, w be distinct eigen-values of T. If x and y are corresponding
eigen-vectors of z and w, respectively, then (x,y) = 0.

We denote the approximate point spectrum of 7' by o (T).
Corollary 3 For T € B(‘H), let T belong to S(n).
(1)Ifz € o(T) and ||(T — 2)x,|| = O for unit vectors x,, then ||(T — z2)*x,|| — 0.

(2) Let z and w (z # w) be in o (T). If (T — 2)x,|l = 0 and |(T — w)y,|l| — O for unit vectors x,,y,, then
(Xn, Yn) = 0.
Proof is direct from above results.

If T € P(n), then T is normaloid and Weyl’s Theorem holds for 7. Hence if T € &(n) then T is normaloid and
Weyl’s Theorem holds for 7, i.e., it holds w(T) = o/(T) \ moo(T), where o (T), w(T') and mpo(T') are the spectrum,
Weyl spectrum and the set of all isolated eigen-values with finite multiplicity of T, respectively (see Conway, 1985,
p-49). If T € &(n), then T € P(n + 1) by Theorem 6. Hence, results of operators of P(n + 1) hold for operators
of &(n). For example, let T € &(n), and if A is an isolated point of o-(T') and D is a domain of C such that A € D°

(the interior of D) and D N o (T) = {A}, then E = ﬁ fﬁ D(T -7 'dz is an orthogonal projection and satisfies
EH = ker(T — A) (cf. Uchiyama & Tanahashi, preprint).

Theorem 10 For T,S € B(H), if T and S belong to P(n), then T @ S belongs to B(n).

Proof.

(T ®S)xe Il ITx®@SylI* = ITx|" - [ISylI"
N7l - el - 1S 2yl - Iyl
= T @S xe@yl-llx@y"!

= TeSsyxeyl-lxeyl.

IA
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By Theorems 1 and 3 we have following corollaries.
Corollary 4 For T,S € B(H), if T belongs to Y3(2) and S belongs to B(n), then T ® S belongs to B(n).

Corollary 5 For T,S € B(H), if T belongs to B(3) NB(4) and S belongs to B(n), then T ® S belongs to P(n)
for n>5.

Similarly, it holds
Theorem 11 For T,S € B(H), if T and S belong to &(n), then T ® S belong to S(n).
6. Banach Space Operators
Finally, we introduce *-paranormal operators on Banach space. Let X be a complex Banach space and T be a
bounded linear operator on X. We define the subset I1(X) of X x X* by
(X)) = {(x, ) € XX X" 2 IfIl = f(x) = Il = 1},

where X* is the dual space of X.

Definition 3 An operator 7' € B(X) is said to be *-n-paranormal if
IT* A" < NT" Xl (Y(x, f) € TI(X)),

where T is the dual operator of 7.
We denote the same symbol G(n) for the set of all *-n-paranormal operators on X. Then we have following result.

Theorem 12 Let T be a #-n-paranormal operator on X. Then ||Tx||"*" < ||T" x| for every unit vector x.

T
Proof. For a unit vector x, let (x, f) € II(X) and Tx # 0. Choose g € X* such that ||g|| = g(”T—x”) = 1. Hence since
X

(E,g) € I1(X), it holds
(17 x|

T
ITxI" = (g(Tx))" = (T*®)(x)" < IT"gIl" - IxI[" < IIT"(”T—;')II -l

Therefore we have ||Tx||"*! < ||T"+!x|| for every unit vector x. O
By Theorem 12, for Banach space operators it holds &(n) C B(n + 1).
Definition 4 Let A and B be subspaces of X. A is orthogonal to B (denoted A L B) if

llall < |la + b|| (a €A, beB).

Let ker(7) and R(T') be the kernel and the range of T € B(X), respectively. We need following propositions:

Proposition 1 (Bonsall & Duncan, 1973, Lemma 20.2) For an operator T € B(X), the implications (iii) —
(i) < (i) hold between the statements:

(i) ker(T?) = ker(T),
(i) ker(T) R(T) = {0},
(iii) ker(T)LR(T).

Proposition 2 (Bonsall & Duncan, 1973, Lemma 20.3) For an operator T € B(X), the following statements are
equivalent:

(@ii) ker(T)LR(T).
(iv) If Tx = O for a unit vector x, then there exists f € X* such that (x, f) € II(X) and T* f = 0.
If T is %-n-paranormal, then property (iv) holds for 7. So we have following result.
Theorem 13 Let T be a +-n-paranormal operator on X. Then ker(T) L R(T).
By Proposition 1 and Theorem 13 next theorem holds and shows that if 7" is *-n-paranormal, then asc(T) < 1.

Theorem 14 Let T be a *-n-paranormal operator on X. If T?x = 0, then Tx = 0.
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Definition 5 (i) A normed space is said to be strictly convex if and only if x and y are linear dependent whenever

llx -+ yll = [lxll + Iyll.

(if) A Banach space is said to be uniformly convex if and only if for each € > 0 there exists 6 > 0 such that if

llxll = [yl = 1 and [[x — yI| > €, then

xX+y
<l1l-6
I==l<

It is well known that if X is uniformly convex, then X is strictly convex.

Theorem 15 Let the dual space X* of X be strictly convex and T be a *-n-paranormal operator on X. If Tx = zx
forz € Cand (x, f) € II(X), then T*f = zf.

Proof. Since T is *-n-paranormal, it holds
N7 fII" < IT"xI| = | - [lxl| = |z]".
Hence we have [T f]| < |z]. Therefore

202 2 NT A+ 1z f Il 2 N f + 2fIl 2 (T f + 2/)(0)] = 21zl

This shows that ||T*f + zf|| = |[T* fIl + |lzf|l, i.e., T*f and zf are linearly dependent. Since X* is strictly convex,
we have T* f = zf. (]

Theorem 16 Let the dual space X* of X be strictly convex and T be a *-n-paranormal operator on X. If 7 is an
eigen-value of T, then ker(T — z) L R(T — z).

Proof. Let x € ker(T — z). We may assume ||x|| = 1. Choose f € X* such that (x, f) € II(X). Then by Theorem 15
it holds (T — z)* f = 0. Hence by Proposition we have ker(T — z) L R(T — z). O

Theorem 17 Let the dual space X* of X be strictly convex and T be a %-n-paranormal operator on X. If z and w
are distinct eigen-values of T, then ker(T — z) L ker(T — w).

Proof. Let (T — z)x = 0 with ||x|| = 1 and (T — w)y = 0. Then by Theorem 16 it holds
L<lx+w=2" (T =2l =llx+y+w=2""(T —wyll = [Ix +yll.

Therefore we have ker(T — z) L ker(T — w). U

Theorem 18 Let X be uniformly convex and T* be a %-n-paranormal operator on X. If T* f = zf for z € C and
(x, ) e II(X), then Tx = zx.

Proof. Since X is uniformly convex, it holds X** = X. Hence since X** is strictly convex, T*f = zf and
(f, x) € II(X*), we have T**x(= Tx) = zx by Theorem 15. O

References

Ando, T. (1972). Operators with a norm condition. Acta Sci. Math. (Szeged), 33, 169-178.

Arora, S. C., & Thukral, J. K. (1986). On a class of operators. Glasnik Mat., 21(41), 381-386.

Arun, B. (1976). On k-paranormal operator. Bull. Math. Soc. Sci. R. S. Roumanie (N. S.), 20(68), 37-39.

Bonsall, F. F.,, & Duncan, J. (1971). Numerical Ranges of Operators on Normed Spaces and of Elements of Normed
Algebras. London Math. Soc. Lecture Note Series, 2.

Bonsall, F. F., & Duncan, J. (1973). Numerical Ranges II. London Math. Soc. Lecture Note Series, 10.

Cho, M., Ota, S., Tanahashi, K., & Uchiyama, A. (2012). Spectral properties of m-isometric operators. Functional
Analysis, Application and Computation, 4(2), 33-39.

Conway, J. B. (1985). The Theory of Subnormal Operators. Math. Surveys Monographs, 36. Amer. Math. Soc.
Furuta, T. (2001). Invitation to Linear Operators. Taylor and Francis.

Mattila, K. (1978). Normal operators and proper boundary points of the spectra of operators on a Banach space.
Anal. Acad. Sci. Fennicae, Math. Dissertationes 19, Helsinki.

Uchiyama, A., & Tanahashi, K. A note on *-paranormal operators and related classes of operators. preprint.

113



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 5, No. 2; 2013

Copyrights
Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution
license (http://creativecommons.org/licenses/by/3.0/).

114



