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Abstract

Bushell and Trustrum (Bushell, 1990, p. 173-178) give the famous Bushell-Trustrum inequality, but their proof
exists two main mistakes which make their proof process can not establish. This paper corrects these mistakes
and gives the correct proof.
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1. Introduction

Let A and B be two positive semi-definite Hermite matrix with rank n, there eigenvalues are 1 > --- > 4, >0
and py > -+ > u, > 0, respectively. Then for any positive integer k, (Marcus, 1956, p. 173-174. Marshall,
1979).

n n

Zﬂfﬂﬁ_m < tr(AFBY) < Z /lfuf
i=1 i=1

And (Lieb and Thirring, 1976, see the third reference of (Bushell P J, 1990)).
tr(AB)* < tr(A*BY)

In 1990, Bushell and Trustrum proved

n n
DAy < tr(ABY < r(AFBY < ) Ak
i=1 i=1

Whereas the result proved by Lieb and Thirring, Bushell and Trustum only need to prove

DAL L < raBf <Y Ak
i=1 i=1

They construct B; = U;BU; (i = 1, 2) in their proof firstly, then tr(AB))*, tr(AB,) are the smallest and largest
values of tr(AB)¥, here U, is unitary matrix. The mistakes in their proof are mainly in the following two points:
(1) Exist unitary matrix X with rank n, such that X*AX, X*B; X, X*B,X become diagonal at the same time; (2)

n
tr(AB)f = Z Ak (1)
i=1
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We will point out that unitary matrix X with rank n, which makes X*AX, X*B; X, X*B,X become diagonal at
the same time does not definitely exist, and for general positive semi-definite Hermite matrix, (1) does also not
definitely exist.

We give the following conclusions:

Exist unitary matrixX with rank n, such that X*AX and X*B; X become diagonal at the same time; Exist unitary
matrixY with rank n, such that Y*AY and Y*B,Y become diagonal at the same time. And for By, By,

n

tr(ABy) = ) Ak )
i=1
n

tr(AB = ) AL 3)
i=1

Thus complete the certification of Bushell-Trustrum inequality. We need to use the following Lemma:

Lemma (Wang Song-Gui, 2006, p. 143) Assuming that @y > -+ > @y, u1 = -+ = pp. lf 7(1), -+, m(n) is any

permutation of 1,--- , n, then
n n n
Z Qilp—i+1 < Z UrhMi < Z (o275,
i=1 i=1 i=1

2. Our proof

Suppose A > 0, B > 0, otherwise for any ¢ > 0, There must be A + ¢/ > 0, B + ¢l > 0, finally we take limit to
the result obtained when ¢ — 0, then we conclude the proof.

Since entire unitary matrix with rank n constitutes a closed set and mapping U — tr(AUBU*)* is a continuous
function defined on this closed set, so there must be the smallest and largest values in U; and U;, Then

tr(AU,BUS* < tr(AUBU*Y* < tr(AU, BU Y 4)
Especially, in (4), take U = I, then we have
tr(AU,BU3)* < tr(AB)* < tr(AU,BU})* (5)

Iflet B; = U;BU; (i = 1, 2), we will prove first: Exist unitary matrix X with rank n, such that X*AX and X*B; X
are diagonal.

Let
_ Ry, O
(%)
_ Fi, O
(3
where
R12:<1+|a|2)—%[é ‘f] ®)
1{0 -e
1[712=E[E 0] )

R, F are n X n rectangular matrix, O, I are zero matrix and unit matrix on some degree.

Obviously, R is an unitary matrix, and to infinitely small & # 0, R can denoted as
R =1+|8|F + o(leP) (10

Here o(le?) is n X n rectangular matrix, everyone of its element is infinitesimal of higher order of |g|. For
convenient we use o(|€]?) to denote either matrix or number.
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In fact,
| R2—-1—-|elF12 O
R—1I—|g|F = [ 0 0 (11)
1 -1 = & —g
Rip =1 —|elFy2 = lglslz _ i+|s|2 { } (12)
V1+gl & V1+gl

From mathematical analysis, when x — 0,

1 Vi+a2-1 x?

1- = ~ x*

Vit e Vite Vi+z2(Vi+s2+1)

so elements in (11) and (12) are infinitesimal of higher order of |¢|, thus (10) holds. For any unitary matrix T,
define

B = (TRT*)B(TR'T*) (13)

Since R is unitary matrix, TRT™ is unitary matrix. Because B is positive semi-definite Hermite matrix, TR*T* =
(TRT*)*, B is positive semi-definite Hermite matrix too. From (10), we get

TRT* = T(I + |&|F + o(|e®)T* = I + |e|TFT* + o(|e[>) (14)
Notice that F* = —F,
TRT* = T + |e|F* + o(|e)T* = I — |e|]TFT* + o(|e) (15)
Then
B = B+|e(TFT*B - BTFT*) + o(&]?)
= B+ |elT(FT*BT = T*BTF)T* + o(|¢])
= B+|elT(FC - CF)T* + o(le]) (16)
Here
C=T'BT (17)

It is easy to prove that for any two unitary matrix with rank » P and Q, have
tr(P + elQ)F = trP* + KleltrP*"' Q + o(lel?) (18)
Then from (16), (18)

rABY = tr(AB +|e|AT(FC — CF)T* + o(le]))*
tr(ABY* + Kleltr(AB)* ' AT (FC = CF)T* + o(|&]>)
tr(ABY* + Kleltr[D(FC - CF)] + o(|&]?) (19)

Here
D = T*(AB'AT (20)

We can prove that (AB)*"1A > 0

In fact, notice that A and B are both positive semi-definite Hermite matrixes.

When k = 2, ABA = ABB3A = (B3A)*B3A > 0.

When k = 3, ABABA = ABA2A>BA = (A*BA)*A2BA > 0. It can be proved by induction.

In(20), because (AB)*"'A is positive semi-definite, T is any unitary matrix, so we can choose unitary matrix T,
such that D becomes diagonal,

D =diag(dy,--- , dn), dy2--2dy20 21
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_ C] C2 _ D] 0 _ C11 C12 _ d] 0 . . .
Let C = ( C Cy ),D = ( 0 D ) where C| = ( Cai Con ) D, = ( 0 d ) Notice that C; is

Hermite matrix, F}, = —F2, then

[ D; 0 Fn 0\(C; C c, G Fio 0O
omvc—cn = wol 5 |7 3)(E €8 )% )

_ |£|tr> Dy 0 F1oC1 = CiF1n FpC
0 D, ~CyF 1 0
_ Isltr» Di(FpCy = C1F12) DFp(Co
| —-D,CyF 5 0

= leltrD1(F12C1 — C1F12)
= |eltrDi(F12Ci + (F12C1)")
= (dr —dy)(eci + eci2) (22)

The last equation is right because C; is Hermite matrix, and
0 —&\[cn cn2 —&C21  —ECx
lelF12C4 =( — )( =| _ —
€ 0 1 g &cn

tr(ABY = tr(ABY* = k(d> — dy)(Ec1a + &¢12) + o(le?) (23)

By (22) and (19), then

This formula is correct on arbitrary semi-positive Hermite matrix B and infinitely small € # 0.

Especially, set B = By, € = ncpa, m > 0, If dy # d), then by definition of B; and (2), we obtain €cj» + ¢ =
nicial? = 0, then ¢1p = ¢31 = 0.

Similarly, we take R, F such that their i, j(i < j) row and column have form of (8), (9), and similar to the proof
above, then it can be obtained.

tr(AB)* — tr(AB)* = k(d; — d;)(8c;; + £¢;;) + o) (24)

Set & = nc;j, m > 0, Use the same method ¢;; = ¢j; = 0 can be obtained.

Suppose ¢ > ¢p > --- > ¢y are [ different value of dy, - - - , dj,, here D = diag(c 1,1, - - cily). make C = T*B\ T
become block matrix
C = diag(Cy, -+, C)) (25)
Here C; is positive semi-definite Hermite matrix with rank n;. Let V;(i = 1,---, [) is unitary matrix, such that
E;=VICVi,i=1,---, [ becomes diagonal matrix.
Let
V =diag(Vy,---, V) (26)
E =diag(Ey, -, E)) (27)

Set X = TV, then X is an unitary matrix, and
X'BiX=V'T"BiTV=V'CV=E (28)
This is a diagonal matrix, its diagonal elements are eigenvalues of Bj, furthermore
X*(AB)"'AX = V*T*(AB))" 'ATV = V*'DV = D (29)
The last equation is correct because V and D are block matrix with same degree. By (28) and (29) we know
(EX(X*AX)E2) = E2X*(AB))" 'AXE? = E:DE? (30)
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then 1 1 1.1 1
X*AX = E"2(E2DE2)*E ™2 (31)
It is a diagonal matrix. It be proved that exist n X n unitary matrix such that X*AX, X*B X are all diagonal

matrix.

Similarly, in(24), let B = By, £ = n¢;j, 1 < 0, then ¢;; = ¢j; = 0. Notice that because C = T*BT and B; are
different, so we write as G = T*B,T.

Suppose that g; > g» > --- > g, are m different values of dy,-- - , d,,, here D = diag(gi1,1," - gmly,), make
G = T*B,T become block matrix
G = diag(Gy, Ga,- - Gp) (32)

Let Wi(i = 1, 2,---m) be an unitary matrix, such that W:G;W;(i = 1, 2,- - - m) is diagonal matrix. Write
W = diag(Wi, Wa, - Wpy) (33)
Set Y = TW, then Y is an unitary matrix, similar to the proof on (28)-(31), it be obtained that exist unitary

matrixY such that Y*AY, Y*B,Y are all diagonal matrix.

According to (28) and (31), X*AX, X*B1 X, Y*AY, Y*B,Y are all diagonal matrixes. Notice that X*B|X =
XU B U *X, Y*'ByY = Y*UyBUy Y, Uy, Up, X, Y are all unitary matrix, so diagonal elements of X*B| X, Y*B,Y
are eigenvalues of B. Thus

n
tr(AB))X = tr(X*(AB1)*X) = tr(X*"AXX* B, X)* = Z ALk (34)
i=1
n
tr(ABy)* = tr(Y*(AB,)*Y) = tr(Y*AYY*B,Y)* = Z Ak (35)
i=1
Here (i), 7’(i) is any permutation of 1, 2,--- , n, respectively. From Lemma,
n
rAB) < ) At (36)
i=1
n
tr(ABy)* > Z Ak (37

i=1
And using(5), then the proof is completed.
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