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Some More Results on Harmonic Mean Graphs
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Abstract

A Graph G = (V, E) with p vertices and g edges is called a harmonic mean graph if it is possible to label the vertices x € V
with distinct labels f(x) from 1,2,...,q + 1 in such a way that when each edge e = uv is labeled with f(uv) = [;{‘f;ﬁ;((‘v))]
2f(u)f(v)

J@)+fv)
The concept of Harmonic mean labeling was introduced in (Somasundaram, Ponraj & Sandhya). In (Somasundaram,
Ponraj & Sandhya) and (Sandhya, Somasundaram & Ponraj, 2012) we investigate the harmonic mean labeling of several
standard graphs such as path, cycle comb, ladder, Triangular snakes, Quadrilateral snakes etc. In the present paper, we
investigate the harmonic mean labeling for a polygonal chain, square of the path and dragon. Also we enumerate all
harmonic mean graph of order < 5.

or { J then the edge labels are distinct. In this case f is called Harmonic mean labeling of G.
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1. Introduction

The graph considered here will be finite, undirected and simple. Terms not defined here are used in the sense of Harary
(Harary, 1988). The symbols V(G) and E(G) will denote the vertex set and edge set of a graph G. The Cardinality of
the graph G is called the order of G. The Cardinality of its edge set is called the size of G. The graph G — e is obtained
from G by deleting an edge e. The sum G| + G, of two graphs Gjand G, has vertex set V(G;) U V(G,) and edge set
E(G) +Gy) = E(G)VE(Gy)U{uv : u e V(Gy) and v € V(G,)}. The Union of two graphs G| and G, is a graph G; U G,
with vertex set V(G U G;) = V(G|) U V(G,) and E(G| U G,) = E(G) U E(G3). The Square G? of the graph G has V(G?)
with u, v adjacent in G> whenever d(u, v) < 2 in the graph G. A dragon is a graph formed by joining an end vertex of path
Py, to the vertex of the cycle C,. It is denoted C,@P,,. The graph C,56K,,, is obtained C, and K, , by identifying any
vertex of C,, and the central vertex of K| ,.

S. Somasundaram and R. Ponraj introduced mean labeling of graphs in (Somasundaram & Ponraj, 2003a) and investigate
mean labeling for some standard graphs in (Somasundaram & Ponraj, 2003b) and in (Somasundaram & Ponraj, 2004).
We introduce Harmonic mean labeling of graphs in (Somasundaram, Ponraj & Sandhya) and proved Harmonic mean
labeling of some standard graphs in (Sandhya, Somasundaram & Ponraj, 2012). In this paper we prove that polygonal
chains, square of a path and dragons are harmonic mean graphs. Finally we investigate all harmonic mean graph of order
<5.
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We shall make frequent reference to the following results.

Theorem 1.1 (Somasundaram, Ponraj & Sandhya) Any path is a harmonic mean graph.

Theorem 1.2 (Somasundaram, Ponraj & Sandhya) Any cycle C,, n > 3 is a harmonic mean graph.

Theorem 1.3 (Somasundaram, Ponraj & Sandhya) The complete graph the K, is a harmonic graph if and only if n < 3.

Theorem 1.4 (Somasundaram, Ponraj & Sandhya) The complete bipartite graph K, ,, is a harmonic mean graph if and
onlyifn <7.

Theorem 1.5 (Sandhya, Somasundaram & Ponraj, 2012) Any wheel W, is not a harmonic mean graph.
Theorem 1.6 (Sandhya, Somasundaram & Ponraj, 2012) C,, U P,, n > 1,C,,, U C,,m,n > 3 is a harmonic mean graph.
Theorem 1.7 (Sandhya, Somasundaram & Ponraj, 2012) K,, — e, n > 4 is not a harmonic mean graph.

Remark 1.8 (Sandhya, Somasundaram & Ponraj, 2012) If p > ¢ + 1, then the graph G = (p, ¢) is not a harmonic mean
graph.

Remark 1.9 (Sandhya, Somasundaram & Ponraj, 2012) If n < 4, K,, — e is a harmonic mean graph.
2. Harmonic Mean Labeling

Definition 2.1 A Graph G with p vertices and g edges is called a harmonic mean graph if it is possible to label the

vertices x € V with distjnct labels f(x) from 1,2,...,q4 + 1 in such a way that when each edge ¢ = uv is labeled with
fuv) = [;{;;‘j’;((‘vﬂ or [;{l f)” j’;((?)J then the edge labels are distinct. In this case f is called Harmonic mean labeling of G.

Definition 2.2 A Polygonal chain G, , is a connected graph all of whose m blocks are polygons (Cp,).
Theorem 2.3 Polygonal chain G,,, are Harmonic mean graphs for all m and n.

Proof: In G, chain, let ujurusue ... up—ally—2Ups1Up—1Uy—3Up_s ...u7usuzu; be the first cycle. The second cy-

cle is connected to the first cycle at the vertex u,.;. Let upiiUpiolnid ... Udpe)Uop—1Udp—3 - - - Uns7Uns5Un3Une]
be the second cycle. The third chain is connected to the second cycle at the vertex
Udp+1- Let the third cycle be U1 Uoni2Uonss - o U3ne 1 Usn—1U3p—3 - + - UDps5UDn43 U2t ] - In general
the " cycle is connected to the (r — 1) cycle at the vertex .. Let the r" cycle be

Urn+ 1 Urn+2Urn+4Urn+6 - « - UGr+ Dn—4U 3+ 1)n=2Ur+ Dn+ 1 U+ Dn=1 U+ Dn=-3U(r+ Dn=5U(r+1)n-7 - + - Urn+5Urn+3Urp+1-

Magnified figure of the 7 cycle is given in Figure 1.

Assume the graph has m cycles. Define a function f : V(G,,) — {1,2,...,q+ 1} by f(v)) =i, 1 <i<mn-1, f(v,) =
mn + 1. Then the label of the edge is given below

f(umn+1umn+2) =mn+1

S s ittyneiv2) = mn+i+ 1
SWUonsvyn-2tmeyne1) = (m+ Dn -1
S W1 Umsyn-1) = (m+ Dn
Since the graph G,,, has distinct edge labels, G, , is a harmonic mean graph.
Example 2.4 Harmonic mean labeling of G4 chain is in Figure 2.
Now we investigate the square of a path.
Theorem 2.5 The graph P? is a harmonic mean graph.

Proof: Let P, be the path uy,u,, ..., u,. Clearly Pﬁ has n vertices and 2n — 3 edges. Define f : V(Pﬁ) —-{1,2,...,q+ 1}
by f(uj) =2i—1,1 <i<n-1and f(u,) = 2n — 2. The label of the edge u;u;.; is 2i — 1,1 < i < n — 1. The label of the
edge u;u;yp 1s 2i,1 < i < n— 2. The label of the edge u,_u, is 2n — 3. Hence P,% is a harmonic mean graph.

Example 2.6 Harmonic mean labeling of P§ is given in Figure 3.
Theorem 2.7 Dragon’s C, @ P, are harmonic mean graphs.

Proof: Let uju,...u, be the cycle C, and vv;,...v, be the path P,. Identify u,_; with v;. Define a function f :
V(IC,@Py) - {1,2,...,qg+ 1} by f(u) = i,1 <i<n-3, flup2) =n—1, f(u-1) = n, f(u,) = n—2and f(viy1) =
n+i,1 <i<m-—1.Clearly f is a harmonic mean labeling

Example 2.8 A harmonic mean labeling of Cs @ P is given in Figure 4.
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Theorem 2.9 The graph C,6K)  is a harmonic mean graph.
Proof: We know that, C,6K, ; = C,,@P,. Hence the proof follows from the Theorem 2.7.
Remark 2.10 The graph C, 6K is also a harmonic mean graph.

Theorem 2.11 Let C,, be the cycle ujupus ... u,. Let G be the graph with V(G) = V(C,) U {v{,v,} and E(G) = E(C,) U
{u1vy, upva). Then G is a harmonic mean graph.

Proof: Define a function f : V(G) — {1,2,...,q+ 1} by f(u;) =i+ 1,1 <i<n, f(vi) = 1and f(v;) = n+ 2. Then we
get distinct edge labels from 1,2, ..., g. Obviously f is a harmonic mean labeling for G.

Example 2.12 The harmonic mean labeling of G is given in Figure 5.

Theorem 2.13 Let G be the graph obtained from K4 — e by attaching P, with the vertex of degree 3 in Ky —e. Then G is a
harmonic mean graph.

Proof: Let vi, v, v3 and v4 be the vertices of G = K4 — e and e = v;v3. Let P, be the path ujuyus . .. u,. Identify u; with
v4. Define f : V(G) — {1,2,...,q+ 1} by f(vi) = 1, f(v2) =3, f(v3) =4 f(vg) =6, f(uiy1) =6+i,1 <i<n-1
Obviously G is a harmonic mean graph.

Example 2.14 Harmonic mean labeling of G is given in Figure 6.
Next we have

Theorem 2.15 Let G be the graph obtained from K4 — e by attaching P, to the vertex of the degree 2 in the graph K, — e.
Then G is a harmonic mean graph.

Proof: Let vy, vy, v3 and v4 be the vertices of G = K4—e and u uu;3 . . . u, be the path P,,. Define f : V(G) — {1,2,...,q+1}
by f(vi) =1, f(vo) =3, f(v3) =5 f(va) =7, f(uiz1) =5+1i,1 <i<n- 1. Clearly f is a harmonic mean labeling.

Example 2.16 Harmonic mean labeling of G is given in Figure 7.

3. Harmonic Mean Graph of Order < 5

Theorem 3.1 The following graphs of Order < 5 are harmonic mean graphs
i) Py, Py, P3, Py, Ps

ii)C3,Cy4,Cs

iii)

iv) Ki3,Ki4
v) C3U P,

Vi)

Proof: Since all paths are harmonic mean graphs, the graphs in case (i) are harmonic mean graphs by Theorem 1.1 The
graphs in case (ii) are harmonic mean graphs by Theorem 1.2 The graph in case (iii) C36K; 1, C38K) 2 and C46K; are
harmonic mean graphs by Theorem 2.9 and Remark 2.10. The graphs in case (iv) are harmonic mean graphs by Theorem
1.4. The graphs in case (v) is a harmonic mean graph by Theorem 1.6. The graph in case (vi) are harmonic mean graphs
by Remark 1.9.

Theorem 3.2 The following graphs of order < 5 are not harmonic mean graphs.
i) K2, K3°, Ky, Ks©,
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ii) K4, K5, K4 U K|
i)Wy, Ws
iv) Ks —e

Proof: The graphs in case (i) are not harmonic mean graph by Remark 1.8 The graphs in case (ii) are not harmonic mean
graphs by Theorem 1.3. The graphs in case (iii) are not harmonic mean graph by Theorem 1.5. The graph in case (iv) are
not harmonic mean graph by Theorem 1.7.

Remark 3.3 The remaining 16 graphs of order < 5 are given in Table 3.1 and Table 3.2. They are shown to be harmonic
mean graphs by giving a specific harmonic mean labeling.

The Table 3.3 shows the number of graphs of order < 5 which are harmonic mean and which are not harmonic mean.
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Table 3.1
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Table 3.2

Table 3.3

26

qQ= q=8
8 1
7 3
2 1 8 9
1
p=5 2 5
7 8
4
3 7
1 8
Order of the graph | Harmonic mean | Not Harmonic mean
1 1 0
2 1 1
3 2 2
4 5 5
5 22 13
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m+1 ¢ e 9 rm+2
m+2 m+3
m+3 @ ® m+4
m-+4 m+35
m+sS ¢ ® m+6
m+6 m+7
m+7 @ ® m+8
+)n-7 $ $ (+1)n-6
(r+1)n-6 (++1)n-5
(r+1)n-5 ¢ ® (r+1)n-4
(r+1)n-4 (r+1)n-3
(r+1)n-3 ¢ ® (r+1)n-2
(r+1)n-2 (r+1)n-1
(r+1)n-1 ® — ® (r+1)n+1
Figure 1

Published by Canadian Center of Science and Education 27



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 4, No. 1; February 2012

28

2
3
5 5 6
6 7
8 9 9 10
7
10 11
12 13 13 14
11
14 15
16 17 17 18
15
18 19
20 21 9q 22
19
22 23
24 |25 25 26
23
26 27
28 29 99 30
27
30 31
32 33 33 34
31
34 35
36
35 37
Figure 2
2 4 6 8 10 12

Figure 3
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Figure 4

Figure 5 1 Figure 6 Figure 7
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