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Abstract

The reduced Gassner representation is a multi-parameter representation of P,, the pure braid group on n strings. Special-
izing the parameters ti, f,, ..., 1, to nonzero complex numbers xi, X, ..., X, gives a representation G,(x1,...,x,) : P, —
GL(C™ ") which is irreducible if and only if x;...x, # 1. In a previous work, we found a sufficient condition for the
irreducibility of the tensor product of two irreducible Gassner representations. In our current work, we find a sufficient
condition that guarantees the irreducibility of the tensor product of three Gassner representations. Next, a generalization
of our result is given by considering the irreducibility of the tensor product of k representations ( k > 3 ).

Keywords: Pure braid group, Gassner representation, Irreducible
1. Introduction

The pure braid group, P,, is a normal subgroup of the braid group, B, , on n strings. It has a lot of linear representations.
One of them is the Gassner representation which comes from the embedding P, — Aut(F),), by means of Magnus repre-
sentation. According to Artin, the automorphism corresponding to the braid generator o; takes x; to x,~xi+1xl.‘1, X; 4110 X;
and fixes all other free generators. Applying this standard Artin representation to the generators of the pure braid
group, we get a representation of the pure braid group by automorphisms. Such a representation has a composition
factor, the reduced Gassner representation G,(ty,...,t,) : P, — GL,_(C[r*', ..., =']), where 1, ...,1, are indetermi-
nates. We specialize the indeterminates ?i, ..., #, to nonzero complex numbers xi, ..., x, and we define a representation
Gu(x1,...,%,) : P, = GL,_;(C) = GL(C™") which is irreducible if and only if x; ... x, # 1.

In section 2 of our work, we define the Gassner representation of a free normal subgroup of the pure braid group of rank
n — 1 denoted by U, where 1 < r < n. We consider C[U,] to be the group algebra of U, over C, and let A be the
augmentation ideal of C[U,]. On the other hand, if M is any P,-module, then AM is a P,-submodule of M. We first show

that if C"~! is made into a P,-module via the specialization of the reduced Gassner representation G,(x1, ..., x,) : U, —
GL(C™ "), then AC™ ! is its unique minimal nonzero P,-submodule. Of course AC"' = C*! when G,(x1,...,x,) is
irreducible.

Our objective is to find sufficient conditions that guarantee the irreducibility of the tensor product of k irreducible
representations:

Gﬁll)(xn, e X)) ® ®G§,k)(x1k, censXuk) 1 Py > GLC" ' g .. @C' .

Here fo")(xlm, ...y Xym) denotes the complex specialization of the reduced Gassner representation of P, , where
Xims s Xum €EC—=1{0,1} and 1 <m < k.

The case k =2 was handled in (Abdulrahim, 2009) and a sufficient condition for the irreducibility of the tensor product
was determined. Shortly after, we improved the result (Abdulrahim, 2010).
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In section 3, we deal with the case k = 3. Our main result is Theorem 1 that states that forn > 3 and x = (x1,...,x,), ¥y =
01y -3 ¥n)s 2=(21s...,2n), the representation G’ (x) ® GP (1) ® G(2) : P, > GL(C™! @ C"! @ C"') is irreducible
if there exist some integers i, j € {1,...,n} with i # j such that x;x; # y;y;, X;X; # 22, yiy; # 2%, XiXyiy; # 1, Xixjzizj #
Lyiyjziz; # 1, xixj # Yiyj2izj, yiyj # XiXj2iZj» 2iZj # XiXjViyj » XiX;yiy;ziz; # 1, x; # xj,y; # yj and z; # z;.

In section 4, we generalize our result to include all values k > 3. The proof, in the general case, is almost the same as in
the case k = 3. However, we expect the computations to be rather more difficult.

2. Notations and Preliminaries

Notation 1. The pure braid group, P,, is defined as the kernel of the homomorphism B, — S,, defined by o; —
(i,i+ 1), 1 <i<n-—1.1Ithas the following generators:

-1 -1
=20 r-15

_ 2
Aip =010 ... O107 0

“ I<i<r<n

Lo

We will construct for each r = 1,...,n a free normal subgroup of rank n — 1, namely, U,. Let U, be the subgroup
generated by the elements
Al,r, A2,ra ) Ar—l,r’ Ar,r+1’ ) Ar,n

where A;, are those generators of P, that become trivial after the deletion of the r-th strand. For a fixed value of r ,
the image of A;, under the reduced Gassner representation is denoted by 7;, , where 7;, = I — P;,Q,, . In other words,
the generators of U, are A;, where A;, = A,; whenever i > r. It is known that U, generates a free subgroup of P, which
is isomorphic to the subgroup U, freely generated by {A;,,A2,....,A,-1,}. This is intuitively clear because it is quite
arbitrary how we assign indices to the braid “’strings”. For more details, see (Birman, 1975).

For simplicity, we denote A; , by 7;,. That is, we have

Tir = Al,r7 ey Tl = Ar—l,r7 Tr+lr = Ar,r+1a Tri2,r = Ar,r+2a ey Tpr = Ar,n

Definition 1. The reduced Gassner representation restricted to U, is defined as follows: 7;,, = I-P;,Q;, for 1 <i,r <n.
For i < r,P;, isthe column vector given by:

T
(1_tls"',l_ti—lsl_titr9tr(1_ti+1)"'-str(1_tr—1)3tr+1_lstr+2_19'~'3ln_l) 5
—_——— ———

i r

and for n > i > r,P;, isthe column vector given by:

(tr(tl - 1)9 ce tr(tr—l - ])91 —lr 415 - '7] -t 1 - tiv1tr, tr(] - ti+2)9~ ~-,tr(] - tn) )T'
—_—

i-r

Here T is the transpose and Q;, is the row vector given by:

0i,=(0,....0, 1 ,0,.,0), 1<ir<n.

L

The definition of the reduced Gassner representation restricted to a free normal subgroup is the same, up to equivalence.
Representations given by pseudoreflections I —A;B; and I — C;D; are equivalent if the inner products (B;A;) and (D;C)
are conjugate by a diagonal matrix. Here, A;, C; are column vectors and B;, D; are row vectors.

We identify C"!' with (n — 1) x 1 column vectors. We let ey, . . ., e,_; denote the standard basis for C*~!, and we consider
matrices to act by left multiplication on column vectors.

Definition 2. If r = aje; + -+ + a,_1e,.; € C*!, the support of r, denoted supp(r), is the set {e; | a; # 0}. If
s=Zajji(e;®e;j®@e) € C'®Cr ' ®C" !, the support of s, also denoted supp(s), is the set {e; ® ej®ey | ajx # 0}, and
a;ji is called the coefficient of e; ® e; ®ey in s.

Definition 3. Given anintegerr, 1 < r <n andavector ¢ = (t1,...,t,) . Wedefine v;,(t) = ¢,—7;(t)(e;) = (I-7;,.(t))(e;).
In other words, we have the following:
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Forl<i<r—1,v;,(t) =

T
(1 _tl"-'al_ti—l’l _titr,tr(l _ti+1);-~-,tr(1 _tr—l)7tr+l - latr+2_ 17-~-’tn_ 1)
——— ———
i r

and for n>i>r,v;,(t) =

(tr(tl - 1)"' BK) tr(tr—l - 1)9 1- Lrils oo 1- ti? 1- ti+ltr, tr(l - ti+2)7' ~~,tr(1 - tl‘l) )T
~—— —

i—r
Lemma 1. Forf = (14, ...,1t,), we have:

(1) Ti,r(t)(vi,s(t)) = Vi,s(t) + (tits - 1)Vi,r(t) fOV 1 < l <s- 19

Ti (Wi (1) = vis(1) + i1ty — D (2) for 1<s<i,
(2) 71, (O 5(0) = v (@) + (& — Dv;(2) for i< j<s,
Tir(OW)s(0) = vjs(@) + 15t — Dvi (1) for j<i<s,
Tir(OW)s(D) = vjs(@) + (1 = ti1)vi,(2) Jor j<s<i,
B) 11, (DW;s(1) = v () + t,(1 = 1;)v; (1) Jor i<s<],
T (OW)s(D) = vjs(@) + Eirr = D, (2) for s<i<j,

Ti,r(t)(vj,s(t)) = Vj,s(t) + ts(ti+1 - l)Vi,r(t) for § < .] <

For a fixed value of r, we use this Lemma to determine elements in the group algbera C(P,) over C that send the vector
v;, to the vector v;;1 , and other elements that send the vector v;, to vi_j .

Definition 4. Given an integer r such that 1 < r < n . Consider the following elements of the pure braid group algebra:
Tiy = (tit)Tiz1y, 1 <i<r—1

fiJ =3Tir — (titr)Ti+2,ra i=r—1
Tir — (tis1t)Tiz1, 1 <r<i<n-—1

Tir— (it )Tz, 1<i<r—1
8ir =\Tir — Wix1t)Tic2y, I=r+1<n-1

Tip — (i1 t)Tic1y, r+1<i<n-—-1

Lemma 2. Fix an integer r,1 < r < n. For all integers i, 1 < i < n— 1, the action of the elements of the pure braid group
algebra, namely, f;, and g;,, on the vectors v;, is given by:
—tit,*(tis1 = Dvir,, 1<i<r—1
(1) fi,r(Vi,r) = _tr—ll‘r(1 - tr+2)vr+1,r, i=r-1<n-3
_ti+1tr2(ti+2 - Dy 1 Sr<i<n-2
and
—t;t,(tiog — l)v,;l,r,l <i<r-1
(11) gi,r(Vi,r) = _tr+2tr2(] - tr—l)Vr—l,r, i=r+l1<n-1
—tigt,(t; — l)vi_],,, r+l<i<n-1.
Notation 2. Let G, (x, .. ., x,) denote the reduced Gassner representation of P, under the specialization #; — x;, where x;

is a non-zero complex number.

Lemma 3. Having U, a free normal subgroup of the pure braid group, we let G,(xy,...,x,) : U, — GL(C"") be a
specialization of the reduced Gassner representation restricted to U, making C"™" into a U,-module, where n > 3. Then

(a) Let A be the kernel of the homomorphism C[U,] — C induced by t;, — 1 (the augmentation ideal). Let x be the
vector (xi, ..., X,).Then AC" ! is equal to the C-vector space spanned by vy (x), ..., Vr_1 (X), Vir1 ,(X), . . oy Vi (X).

(b) If M is a nonzero U,-submodule of C"~', then AC"™' € M. Hence AC"" is the unique minimal nonzero U,-submodule
of C" 1,
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©) If p(xi,....x) = (x, = ' 2(x1%2... %, = 1) # 0, then AC™" = C"', and G,(x1, X2, ..., x,) restricted to U, is
irreducible.

Proof. Here, we will take the free normal subgroup, U,, of rank n— 1. Notice that, in the proof of (b), we need the fact that
if vj,. € M for some j and r then all v;, € M. This is due to Lemma 1. As for (c), the determinant of the matrix, whose
columns are the vectors vy ,(x),..., v, (x),1s p(x) = (x, — D" 2(x1x3 ... %, — 1), so if p(x) # 0then vy (x),...v,(x)is
a basis for C*~! and AC*' =C*!'. DO

Hence, AC""! is its unique minimal nonzero U,-submodule. Of course AC"~! = C"~! when G, (x1,.. ., x,) is irreducible.
For more details, see (Formanek, 1996) and (Abdulrahim, 2005).

3. The Tensor Product of Three Irreducible Representations

For 1 < j < n, we consider the normal subgroup of rank n — 1, namely, U}, defined as before. We find a sufficient
condition for the irreducibility of the tensor product of three irreducible representations of U:

GV(x11,. . X)) @GP (x12, ., %) @ G (X3, ., X3)

Uj—GLC 'eC'@C"™

We now introduce Proposition 1 that provides us with a sufficient condition for irreducibility. For simplicity, we write

x, if v=1
Xyy =y if v=2
z, if v=3

for 1 <u<n.
Proposition 1. Suppose that x = (x1,...,x,),y = (1,...,yp) and 2 = (21, ..., 2,)
e C", where x;, yy, 2z, € C—{0, 1} for 1 < s < n. Suppose also that for some i < j, we have that

XiXj # ViVj, XiXj #F 2iZj, YiVj F %y, XiXjyiy; # 1, xixjziz; # 1 yiyjzizg # 1,

XiXj # ViV jZiZj, ViVj # XiX[ZiZj» %Zj F XiXjViYj > XiXjyiyjziZ; # 1,
Xi F Xj Vi V)i * Zj-
Let M be a nonzero Uj-submodule of C"' ® C"!' ® C"! under the action of G eGc?mnecPw U ;-
GL(C"™!' ® C"!' ® C""), where n > 3. For simplicity, we write v, ; = v, for p € {1,...,j—1,j+ 1,...,n}. Then M
contains all v,(x) ® v,(y) ® v,(z) for p,q,r € {1,...,j—1, j+1,...,n}. Thus M contains AC"! ®AC ! ® AC™!. Here,

the action of U; on the first factor is induced by GE,I)(xl, ..., Xy), the action of U; on the second factor is induced by
Gf,z)(yl, ...,yn) and the action of U; on the third factor is induced by Gf)(zl ey )

Proof.

Claim 1. There exists an s € {1,...,n — 1} such that e; ® e, ® e € supp(m) for some m € M.

Proof of Claim 1.

Case 1. Suppose that there exists an s € {1,...,n — 1} such that e; ® e; ® e, € supp(m), then we are done.

Case 2. Suppose that there exists an s € {1, ...,n — 1}, with s # i, such that at least one of ¢; ® ¢, Q@ ¢, e, Q ¢; @ €5, €, Q €, ®
e,ei®e Qe eQe; e, e, Qe ®e; € supp(m).

‘We write m as follows:
m=ae;@e;Qes+be;@e;@es+ce;@esQej+de;Q@e®esg+ee;Qe; Qe+ fe,®e; Qe+ W.

Here, at least one of a, b, ¢, d, e, f € C* and supp(W) does not contain any of ¢; @ ¢; @ ¢;,e,Q ¢, Q ¢, e,Qe,Q ¢, €, ®¢; @
es,eiQe; e, es Qe ®e;. We also assume that supp(W) does not contain any of e, ® ¢, ® ¢, for any a.

Applying 7; on m, we obtain

Ti(m) = ati(e)) ®e; Qe + bey, @ Ti(e) ® ey + ces @ ey ®Ti(e;) +d 1i(e;) @ Ti(e;) ® es+
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eti(e;) ® e; @ Ti(e) + fes ® Ti(er) @ Tiles) + Ti(W)
=a(Mes + xixje; + ..)®@e;®e; + bey ® (Nyeg +yiyje;i +..) ey +cey® e, ® (Pyey + zizje; + ...)+
d(Me; + xixje; +..) ® (Nyes +yiyje; + ..) ® es + e(Mges + xixje; + ...) ® e ® (Pseg + zizje; + ..)+
fes ® (Nses +yiyjei +...) ® (Pges + zizje; + ...) + Ti(W).
Here, M, N and Pj are all nonzero complex numbers given as follows:
If s<ithen My;=x,—-1, Ny=y;—1and Py =z, - 1.
If i<s<jthen My =xj(x;—1), Ny=y;(y;—1and P;=z;(z,—1).
If s>jthenM;=1-x,, Ny=1-y;and Py, =1 — z,.
7i(m) = (@M + bNs + cPs + dM(Ng + eMP; + fN;Py)e; ® e; ® e + (axixj+
dNsxix; + ePgxixje; ® e; ® eg + (byy;j + dMy;y; + fPsyiyjes ® e®
es + (czizj +eMyzizj + fNszizj)es; ® e ® e +d xixy;yje; ® e; ® es+
exix;zizje;® e; @ e; + fyyzizies ® ¢; ® e; + ... + T{(W).
The coeflicients of e, ® e, ® e in T;(m), . .. ,Tf(m) are given as follows:
In 7;(m) : the coefficient of e, ® e, ® e is aMy + bNg + cPg + dM(Ng + eM (P + N P;.
In 77(m): the coefficients of e, ® e, ® e; is
aM(1+x;x))+bNy(1+y;y;)+cP(1+z;z;)) +dMNy(1 +x;x;)(1 +y;y ;) +eMP(1+x;x ) (1 +2z;) + f NP (1 +y;y )(1 +2;2)).

In T?Z the coeflicient of ¢; ® e, ® ¢ is

J J

xixj + )1+ zizj + 223) + NP1+ yiy; + 3y + zizj + 2220).

aM(1 + x;x; + xlzx?) +bN;(1 +y;y; + yl.2y2.) +cP(1+ziz;+ zl.zz_z) +dM Ny(1 + x;x; + xl.zxi)(l +yiyj+ y%y%) +eM Py(1 +

Likewise for T?(m),TiS(m) and Tf(m). Therefore, we consider the 6 X 6 matrix whose first column corresponds to the
coeflicients of a, the second column corresponds to the coefficient of b and so on. More precisely, the matrix obtained is
given by

apn diz a3 dp.diz dp.diz dre.dis

dy; azy dyz dz).dpp dz1.dz3  dpp.dz3
A = [agp] =

del  de2 de3 del.de2  de1-de3  de2-d63

a—1 a—1 a—1

Here, ag1 = My( 3 x{x}), am = N( Ty}, aws = P( L 77, 1 <a<6.
k=0 k=0 k=0

The determinant of the matrix above is

—MENSSP??C?)C;Y?)’;Z?Z;(XM —yiy )2 (xix; — 2z (viyj — ziz) > (xix;yiyj — D(xixjzizy — DOiyjzizy — Dxax; = yiyiziz) iy —

Xix;ziz )N Zizj — XiXjyiyj)-
Using the hypothesis, we get that the determinant of the matrix A is nonzero. Then, at least one of 7;(m), ‘riz(m), Tl.3 (m),
‘rf.‘(m), Tf(m), T?(m) has e; ® e; ® e, in its support.

Case 3. Suppose that for every @ € {1,...,n}, we have that ¢; @ ¢; ® €4,¢; @ €, ® ¢;,¢, @ €;  €;,¢; ® ¢, R €4,¢q @
€ ® ey, ey e, ®e; ¢ supp(m), but there exist exist distinct § & vy with 8 # i,y # i such that at least one of
ei®eg®ey,ep0e;®ey,e50e,Re,e5R0e30e,e30e,®ep,e,®eg®eg € supp(m). Here, i is the integer given in the
hypothesis of Proposition 1.

Here, m can be written as:

m=ae;®eg®e, +beg®e;®e, +cep®e,Qe;+de;®e, @epg+ee, ®e; ®ept
fe,®ep®@e;+gep®@eg®ey, +heg®e, @epg+ie, ®ep®ep + je, ®e, @ epgt
ke, ®eg®@e, +leg®@e, ®ey, + W.

Here, at least one of a, b, c,d, e, f,g,h,i, j k,I € C* and supp(W) does not contain any of the previous tensors. We also
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assume that supp(W) does not contain any of ¢, ® e, ® e, for any a.

Applying 754 on m, we obtain

15(m) = ae; ® (N;e; + Nye, + ygyjeg + ...) ® e, + b(Mie; + Mye, + xpxjeg + ..)®
e;®e, +c(Mie; + Mye, + xgxjeg + ...) ® e, ® ¢; + de; ® e, ® (Pie; + Pye,
+zpzjeg +...) + ee, ®e; ® (Pie; + Pye, + zg7jep + ...) + fe, ® (Nie; + N,
e, +tygyjeg+..)®e + g(Mie; + Mye, + xgxjep +...) ® (Nie; + Nye, + yg
vieg + ..)®e, + h(Mje; + Mye, + xgxjeg + ...) ® e, ® (Pie; + Pye, + 757
eg+..) +ie, ® (Nie; + Nyey, + ygyjeg +...) ® (Pie; + Pyey, + 2375 + ...)
+je, ® e, ® (Pie; + Pye, + zpzjeg + ...) + ke, ® (Nje; + Nye, + ygyjeg+

L) ®ey +I(Mie; + Mye, + xgxjeg + ...) ® e, ® e, + 15(W)

(aN; + bM; + gM;N))e; ® e; ® e, + (aN,, + dP, + gM;N, + hM;P, + IM,)e;
®ey, ® e, + (bM, + eP, + gM,N; + iN;P, + kN;)e, ® ¢; ® e, + (cM; + dp;
+hM;P)e; ® e, ® e; + (cM, + fN, + hM, P; + iN, P; + jP;)e, ® e, ® e;+
(eP; + fN; +iN;P)e, ® ¢; ® e¢; + (gM,N,, + hM,,P,, + iN, P, + jP, + kN,
+IMy)e, ® e, ®e, +aygyje;®eg® e, + bxgxjeg® e; ® e, + cxpgXjeg® e,
®e; +dzpzje; ® e, @ eg + ezpzje, @ e; ® eg + fygyje, ®eg® e; + gMygy;
e ®ep®ey+ gMyypyjey ® eg® ey + gxpxiNieg ® ¢; ® ey + gxgXNyep®
e, ®e, + gxpgx;ypgyjes® eg ® ey, + hM;zpzje; ® e, ® eg + hM,zpzje, ® e,
®ep + hxgxjPieg ® e, ® e; + hxgx;P,eg® e, ® e, + hxgx;zpzjep ® e,®
eg +iN;zgzje, ® e; ® eg + IN,z7p7je, ® e, ® eg + iygyjPie, ® eg ® ¢; + iyp
yiPyey ® eg® ey +iypyzpzie, @ ep ® eg + jzpzjey ® €y ® eg + kypy jey®
eg® ey +Ixpxieg®e, ®e, + W
Here, W’ does contain any of the previous tensors and M;, N;, P;, M,,, N, P, are all nonzeros.

If the coefficient of e, ® e, ® e, or at least one of the coeflicients of ¢;®¢;® ey, e;® e, ®e),e,®¢;®e,,¢;@e,Q¢;,e,0e,®

ej, e, ® e; ® e; in T3(m) is not zero then we refer to cases 1 or 2 and so we are done; otherwise, we consider the following
system:

aNi + bM,' + gM,‘Ni =0

aN, +dP, + gM;N, + hM;P,, + [M; = 0

bM, + eP, + gM,N; + iN;P, + kN; = 0
cM; + dp, +hM;P; =0

cMy, + fN, + hM,P; + iN,P; + jP; = 0
eP; + fN,' +IN;P; =0

Computing Té(m), we find that the coefficient of ¢; ® ¢; ® e, is
ayﬂyjNi + beXjMi + gMiNi(yByj + XpXj + yﬁijﬁXj).

If this coefficient is nonzero then we refer to Case 2 and so we are done; otherwise, we work with 7,(m) to get that
a,b,c,d,e, f,g,h,i, j,k & [are all zeros using the system above, which is a contradiction.

Case 4. Suppose that there exist o, & v different from i such that e, ® eg ® e, € supp(m).
We write m as follows:
m=ae,®ez®e, +be, e, ®epg+ceg®e, ey, +deg®@e, ®e, + ey ®e,®

eg+ fe,®@eg®@e, + W.

Here, at least one of a, b, c¢,d, e, f € C* and supp(W) does not contain any of the previous tensors. We also assume that
supp(W) does not contain any of ¢, ® e, ® e, for any a.
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Applying 7, on m, we obtain
To(m) = a(Mje; + X, xje, + Mgeg + Mye, + ...) ® eg ® ey + b(M,e; + X, X je,+
Mgeg + Mye, +...)® e, ® eg + ceg ® (Nie; + y,yjeq + Ngeg + Nye,
+.)®e, +deg®e, ® (Pie; + zq2jeq + Pgeg + Pyey, + ...) + ee, ® (N;
e+ Yyayjeo + Ngeg + Nye, +..)®eg + fe, ® eg ® (Pie; + 2,2j€, + Pp
eg+ Pye, +..) +7,(W)
=aMie;®eg®e, +bMie;®e, ®eg+ cNieg®e; ® e, + dPieg ® e,®
ej+eNie,®e;®eg+ fPie,®eg®e; + ...+ To(W).
At least one of aM;, bM;, cN;, dP;, eN;, fP; is nonzero. So, by Case 3, we are done.
Claim 2. ¢; ® ¢; @ e; € supp(m) for some m € M.

Proof of Claim 2. We have, by Claim 1, that ¢; ® e; ® e; € supp(m) for some s € {1,...,n— 1} and m € M. We write
m=aze;®es e + Wand supp(W) does not contain e; @ ey ® e;. Here, a; € C*. It follows that

Ts(m) = a'sTs(es Ve, ® es) + TS(W)

= as((es - Vs) ® (es - Vs) ® (es - Vs)) + TS(W)

n—1 n—1 n—1

= a's(lZlAlel ® 121 Bie,® 121 Ciep) + 1,(W).
This implies that ¢; ® ¢; ® ¢; € supp(ts(m)) for every [ € {1,...,n — 1}. In particular, we let [ = i. Then we get that
ei®e; ®e; € supp(m),me M.
Claim 3. v;(x) ® vi(y) ® vi(z) € M.
Proof of Claim 3. A calculation shows that:

(75 = xixjzi2)(Ti = xixjyiy )T = Yiy j2iZ)(Ti = 2iZ) (T = yiy ) (T — xixj)(7i — D)(e; @ €; ® €;)

= —X?Y?Z?xi)’??(xixjyt‘yj = D(xix;ziz; — DOiyjzizg — Dax;yiyizizy — Di(x) @ vi(y) @ vi(2))

and
(77 = xix;7iz ) (T — X% jyiy )T = yiy jziz ) (T — 2z ) (T = yiy ) (T — xix)(7; — (e, ® ey, ® ey,) = 0if (u, v, w) # (i, 4, 0).
Claim4. Forle{l,....j—1,j+1,..,n}, we have that v, ® v ® v; € M.

Proof of Claim 4. We have, by claim 3, that v;(x) ® vi(y) ® v;(z) € M. Here, v; = v; ;. Applying Lemma 2, we have that
fi,j(vi ® vi ® v;) € M, which implies that v;.; ® viy; ® viyy € M. Similarly, we also have that g; ;(v; ® v; ® v;) € M, which
implies that v;_; ® v;i_; ® v;- € M. After a consecuitive use of f; j, fis1,j» ... and g; j, gi-1,j,. .., we obtain that

viev®v,e Mforeverylefl,...,j—1,j+1,...,n}

Claim 5. For p,q,re{l,...,j—1,j+1,...,n},v,®v,®v, € M.
Proof of Claim 5. We consider the following cases:

Case 5. p = g = r, we are done.

Case6. p=qg=i, r+i.

Applying 7; on v, ® v, @ v, € M, we obtain (v, + av;) ® (v, + bv;) ® (v, + cv;) € M, and so

VRV, QV; +bv, ®Vi®V, +bcy, @V, @V +av;®Vv, Vv, + acv; ® v, @ v;+

abv;®v;®v, € M. M

Applying 7; again, we obtain

CLiZjVr @V, ® Vi +byiy v, ® Vi ® v, + axiXjv; ® v, ® v, + ab(x;x; + y;iyj + XiX;yiyj)vi®v;®v, +
ac(x;xj + ZiZj + x,-sz,»zj)v,» RV, Qv+ bC(yl‘yj + ZiZj + yiijiZj)Vr RV, ®v; € M.

2
Combining (1) and (2), we get
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(yiyj - z,-zj)bv, RViQV, + ()C,'Xj - z,-zj)av,- RV, QV, + ()C,'Xj +Yiyj —ZiZj + xixjy[yj)abv,- RV; QV,+

3
(xXixj + x;x;2iz;)acv; ® v, @ v; + (viy; + yiy zizj)bcv, @ vi @ v; € M. @)
Applying 7; again, we obtain
Yiyjivj = ziz)bv, ® vi ® vy + x;xj(X;iX; — 2iZj)av; ® v, ® v+
abl(xix; + yiyj — zizj + XiX;yiy Dxix;yiy; + yivjViyj — 2izj) + Xix;(xix; — 2iz)[vi ® v; ® v+ @)

aclxixj(xix; — zizj) + (Xxj + XiXj2i2))XiX;2i2j]vi @ vy ® vi+
belyiyj(yivy — zizj) + iyj + yiyjzizj)yiyjzizjlve ® vi ® vi € M.

Combining (3) and (4), we let

a = [a(xix; — zizj)(xix; — yiy ). B = [ab(xizxiyiyj — XiX;yiy;zizj + xfx?y%y? +x2x% = xixzizy — xixpyiy )y = [GC(X%X§ -

i
NXjZizj + K0Tz + KT = Xy — 6y ziz)) 6 = [be(=yiyizizy + yiyige)]
then

avi®V, @V, +Lvi®Vi®V, +YVi®V, ®V; + v, QVv;QVv; € M. (5)

Applying 7; again and simplifying, we obtain

axixjvi®v, ®v, + (axixjc + ')’x,‘xj'ZiZj)Vi RV, Qv+

6
(@xix;b + Bxix;yy;)vi ® Vi ® v, + 0Y;y,2iZ;V, ® Vi ® v; € M. ©)
Combining (5) and (6), we get
(axix;b + Bxix;y;y; — BXixj)v; ® Vi ® v, + (AX;X;C + VX X;Z;Zj — YXiX[)V; ® V, ® V;i+ )
(6yiijiZj - (SX[)CJ')Vr ®V;®Vv; € M.
Applying 7; again and simplifying, we obtain
(axixjb + Bxix;yiy; — PXiXj)XiX;yiy jVi ® Vi ® Vy + (QXiX;jC + VXiX;ZiZj = YXiX;) )
XiXjZiZjVi ® Ve @ Vi + (0Yiyj2iZj — OXiX[)Yiy jZiZjVr ® Vi ® V; € M.
Combining (7) and (8), we get
(axix;b + Bxix;yiy; — Pxix ) )(XiX;yiyj = Viy j2iZj)Vi ® Vi ® Vrt ©)
(axixjc +yxix;zizj — Yxix;)(XiX;2i2; = Yiy j2iZj)Vi ® v, @ v; € M.
Applying 7; again and simplifying, we obtain
(axix;b + Bxixjy;y; — BXix ;) (XiX;yiyj — ViV jZiZ)XiX;Yiy jVi ® Vi ® v+ (10)

(axixjc +yxix;zizj — yXiX ) (XiX;2i2j = ViY j2iZj)XiX;j2iZjvi ® v, ® v; € M.
Combining (9) and (10), we get
(@xix;b + Bxixjyiy; — BXixX ) (XiX;yiy;j = Yiy j2izj)(XiX;yiyj = XiX;ZiZj)vi ® Vi @ v, € M.

Since (axixjb + Bxix;yiy; — BXix))(Xix;yiy; — Viyjzizj)(XiXjyiyj — XiXjZizj) = abx?x?y?y?(x,-xj = 2i2j)Oiyj = 2iz ) (XX yiyj =
D(xixjyiyj — zizj) # 0, it follows that v; ® v; ® v, € M.

Similarly, we can prove that v;®v,®v; and v,®v;®v; € M since acxfx?zizz?(y,’y =2z ) xix =iy )(xixjziz— 1) (XX jzizj —
yiy;)) #0 and bCyizy?ZiZZ?(Xin = ziz))(xixj — yiyiyjzizj — DOiyjzizj — xixj) # 0.

Case7.p=qg+#i, r=Ii.

Applying 7, on v; ® v; ® v; € M, we obtain

bcvi®v, ® Vv, +acv,®Vv;®v, +abv,®v,®v; € M. (11
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Applying 7; and simplifying, we obtain

bexixjvi ® v, ® v, +acyy v, ® v ® v, + abzizjv, ® v, ® v; € M. (12)

Combining (11) and (12), we get

ac(yyj — Xixj)v, ® vi ® v, + ab(z;z; — xixj)v, ® v, @ v; € M. (13)

Applying 7; again and simplifying, we obtain

acyyj(yiyj — xixj)v, ® v; ® v, + abz;zj(zizj — xixj)v, ® v, ® v; € M. (14)

Combining (13) and (14), we get
ab(zizj — xix )2z = Yiy)Vp @ vp @ v; € M.

Since ab(zjzj — xixj)(zizj — yiy;) # 0, it follows that v, ® v, ® v; € M. Similarly, we prove that v, ® v; ® v, and
Vi®V, @V, € M since ac(yiyj — xixj)(yiyj - ZiZj) # 0 and bC()Cl')CJ' - y,-yj)(xixj - ZiZj) # 0.

Case8.p#qg#i, r=1.
Applying 7, on v; ® v, ® v; € M, we obtain
Vitav,)®(vg +b'vp) ® (v +cv,) € M.

Simplifying, we obtain

CVi®Vy®V, +av, @V, ®V; +acv,®v,®v, € M. (15)

Applying 7; again and simplifying, we obtain

c(xixj+ad”" Wi ® vy @ v, + a(zizj + ¢’ W, v, ® Vi + acv, v, ®v, € M. (16)

Combining (15) and (16), we get

c(xixj+ad” —1Wwi@v,®v, +alzzj+cc” = v, @v, ®v; € M. 17

Applying 7; and simplifying, we obtain

cxixj(xix; +aa” — v ® v, @ vy, + azizj(zizj + ¢’ = v, @ v, @v; € M. (18)

Combining (17) and (18), we get
a(zizj — xix;)(Zizj +cc’”’ = 1), ® v, ®@v; € M.
SO, Vp ® Vq ®v; € M since Cl(Zl'Zj — x,-xj)(z,-zj +cc’’ - 1) # 0.

Note that if z;z; + cc¢””” — 1 = 0, then this contradicts x; # x;,y; # y;,z; # z;. Similarly, we can prove that v, ® v; ® v, and
Vi®v, ®v, € M.

Case9.p=q, p#i,qg#iandr#i
Applying 7, on v; ® v; ® v, € M, we obtain
Vi+tav,)®(vi+bv,)® (v, +c'v,) €M.
Simplifying, we get that abv, ® v, ®v, € M and so v, ®v, ®v, € M. Also, we prove that v,®v,®v, and v,®v,®v, € M.
Case 10. p, g and r are different from i,p # q,p # r,q # 1.
Applying 7. on v, ® v, ® v; € M, we obtain
Vp+av,) ®(vg +b'v,) ® (vi +¢"v,) € M.

Simplifying, we get that ¢"v, ® v, ® v, € M andsov, ® v, ®v, € M. O
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Consider the representation G,(t1,...,t,) : P, = GL,_{(C[t;*',...,1,*']),

where t1,. .., 1, are indeterminates. Specializing #,...,?, to nonzero complex numbers x, ..., x, defines a representation
G,(x1,...,x,) 1 Uj = GL,1(C) = GL(C™") which is irreducible if and only if ¢(xi,...,x,) = x1...x, — 1 # 0. Next,
we get our main theorem.

Theorem 1. For n > 3, consider the tensor product of irreducible representations Gfll)(xl, e X)) ® G,(,z)(yl, e V) ®

G£,3)(zl,...,zn) U - GLIC™ '@ C '@ C"), where q(x1,...,x,) # 0,q(v1,...,y,) # 0and q(z1,...,z,) % 0. If for
some i # J, XiXj # Yiyj, XiXj # 2iZj, Vi # 2iZj» XiXjyiyj # 1, Xixjzizj # 1, yiyjzizj # 1, XiXj # yiyj2izj, Viyj # XiXjZiZj %iZj #
XiXjyiyj» XiXjyiyziZj # 1, Xi # Xj,¥i # ¥j,% # 2j , then the above representation is irreducible.

Proof. By Proposition 1, we have that AC"! ® AC"! ® AC"! is the unique minimal non zero U;-submodule of
C™!' ® C*! ® C"!. In particular, it is an irreducible U;-module. The fact that g(x, ..., x,) # 0,¢(y1,...,y,) # 0 and

q(z1,...,2,) # 0 implies that the first factor AC"~! corresponds to the representation Gi,l)(xl, ..., X,), the second factor
AC™! corresponds to the representation Gf)(yl, ...,y) and the third factor AC""! corresponds to the representation

3
GO ..z O

Since irreducibility on a subgroup implies irreducibility on the group itself, it follows that Theorem 1 is also true for the
tensor product of specializations of the Gassner representation of the pure braid group.

4. The Tensor Product oF k Irreducible Gassner Representations ( & > 3)

We now introduce Proposition 2 that provides us with a sufficient condition for the irreducibility of the tensor product of

k irreducible Gassner representations G;l)(x”, ... ,xn1)®...®fo)(x1k, X)) UG- GL(C"'®..®@C" "), wheren > 3
and k > 3.
Proposition 2. Given k > 3 and x; = (X11,...,X41) eos Xk = (X145 .., X)) € C", where x,;, € C—{0,1}. Here, 1 <r <

nand 1 < s < k. Suppose that for some i < j and every integer s with 1 < s <k, we have that

m<k=1
m

+1
XisXjs # (l_[xildlen) and x;; # Xjs-

a=1
la#s

(We might have the same condition repeated more than once. Here, 1 <@ <k-1, 1 <[, <k andl,’s are taken to be
distinct for different values of «.)

Let M be a nonzero U j-submodule of C"'®...9C" ! under the action of qul)(xl Ly vvsXnl )®...®szk)(x1k, X)) 1 U —
GL(C"'®...® C"!), where n > 3. For simplicity, we write v, ; = v, for p € {1,..., j— 1, j+ 1,...,n}. Then M contains
all v, (x1) ® ... ® vy, (x), where py,...,pr € {1,...,k}. Thus M contains AC1®...® AC™ . Here, the action of Ujon
the first factor is induced by Gﬁ,l)(xn, ...5Xp1), ..., the action of U; on the last factor is induced by G,(lk)(xlk, e X))

Proof. For 1 < j < n, we consider the normal free subgroup of rank n — 1, namely, U;. Almost the same proof, as in the
case k =3, is applied here. However, in the general case, we have a lot of tidious computations with large matrices and

a lot of cases to handle. We will not repeat the argument, but we will rather generalize some of the crucial matrix forms
and equations used in section three.

22

To generalize Case 2 of Claim 1 in section 3, we write m along the same lines as before and we apply 7;;, Tl-zj, T

on m. If one of the coefficients of e, ® ... ® e, is nonzero, then we are done; otherwise, we consider the (2% — 2) x (2¥ — 2)
matrix A = [a,g] defined as follows:

api aik api.ai2 ayj-1.a1k ain...dik

an axk as.az» azk-1.A2k azp...axk

Gokpy 7 Gokgg Gokpok_gy o GokgpoiGok gt Gok_ppedok gk

The entries in the matrix A are given by
a-1
g = MS[;(Z)C%,&J;B), l<a<2¥-2, 1<B<k

k=0
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Also the non zero complex numbers Mg’s are given as follows:
If s<ithen My = xp—1.

If i<s< jthen Mg = xjg(xp—1).

If s> jthen My =1-xgp.

Claim 3 of section three is generalized as follows:

Al ®...®¢) = a;j(vi(x)) ®...®vi(xp))

and

A(Ell ® ... ®e‘[k) =0 if (y,...h)#U,...,0)

Here the pure braid element A of U, , in the case k > 3, is given by

k=1
A=@-0 ] ] =G G o)l

m=1 ay,...a,{l....k}

For a fixed integer m, we have Cfn possible products for [7;—(Xjq, Xja,) - - - (Xia,, Xja,, )] DECAUSE 1, ..., @, arem different
integers in {1,...,k}. Here C¥ denotes the number of m-combinations from a set of k objects. O

Since irreducibility on U; implies irreducibility on P, , we get a similar theorem to that of section 3.

Theorem 2. For n > 3 and k > 3, consider the tensor product of irreducible representations G;l)(x”, e X)) ® .. ®
G;k)(xlk,...,xnk) : P, - GLC™'®...® C"™), where g(x11, ..., %u1) % 0, ... ¢q(X1k, . .., X)) £ O. If for some i # j and
every integer s with 1 < s <k, we have that

m<k—1
m
+1
XisXjs # (| |xil(,le[,) and x5 # xjg

a=1
la#s

then the above representation is irreducible. (We might have the same condition repeated more than once)
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