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Abstract

Monge-Kantorovich transportation problem in a bounded region of Euclidean space is transferred into a partial differential
equations group. And then the explicit formula of the optimal coupling is achieved. The proofs are based on variational
method from probability point of view.
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1. Introduction

The optimal transport problem was first formulated by (Monge, 1781), and concerned finding the optimal way, in the
sense of minimal transportation cost of moving a pile of soil from one site to another. This problem was given a modern
formulation in the work of (Kantorovich, 1942) and so is now known as the Monge-Kontorovich problem.

This type of problem has appeared in economics, automatic control, transportation, fluid dynamics, statistical physics,
shape optimization, expert system, meteorology and financial mathematics. So many mathematicians from different fields
are interested in Monge-Kontorovich problem. This classical problem was revived in the mid eighties by the work of
(Brenier, 1987, 1991), who characterized the optimal transfer plans in terms of gradients of convex functions, and then get
the beautiful relationship with partial differential equations, fluid dynamics, geometry, probability theory and functional
analysis.

Several (important) authors have been involved in literature of the optimal transportation theory, with remarkable appli-
cations, we mention here (Caffarelli, 1996, 2002), (Caffarelli, Feldman & McCann, 2002) and (Evans & Gangbo, 1999,
1996). We recommend Caffarelli’s address to ICM2002 (Caffarelli, 2002), Ambrosio’s address to ICM2002 (Ambrosio,
2002), Trudinger’s invited lecture to ICM2006 (Trudinger, 2006), (Trudinger & Xujia, 2001) and (Evans & Gangbo,
1999) for major references from PDE point of view. We also recommend Rachev and Riischendorf’s book (Rachev &
Riischendorf, 1998), (Villani, 2002) for a major reference from probability point of view.

Suppose that we are given two probability distributions P and P on R?. A 4—dimensional random vector (X, Y) with P and
P as the marginal distributions is called a coupling of this pair (P, P). The minimum of the coupling distance ||X — Y]|,,
among all such possible couplings is called Kantorovich-Rubinstein-Wasserstein (abbr. KRW) L,—distance between P
and P, and the corresponding coupling is called the optimal coupling. It has important applications in both probability
theory and mass transfer problems. In R', Kantorovich-Rubinstein-Wasserstein L,—distance is just given by

1
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where F and F are distribution functions of P and P respectively, F~(¢) and F~'(¢), (0 < t < 1) are their right inverses.

In R?, see the refined result due to (Weian, 2000) and (Yinfang & Weian, 2010) in bounded real plane, and (Givens &
Short, 1984) between normal random vectors. In our recent paper (Yinfang & Weian, 2010), we transformed the Monge-
Kantorovich problem as p = 2 in a bounded region of Euclidean plane into a Dirichlet boundary problem. Denote by

H the set of all density functions p(x,y) on [0, 1] X [0, 1] such that fij(x) = E plx,y)dy and fo(y) = fO] p(x,y)dx. Let

Z be the coordinate variable Z(x,y) = (x,y) which has p(x,y) as its density function. X(x,y) = (x,G(2, x, foy ’;fl)(“;c‘;)dv))

and ¥(x, y) = (G, fox ’E@ﬁ)du, y),y) have given density f and f, and Z = (X,, ¥»). Furthermore, if (X, Y) is the optimal

coupling, then the above realization (X, ¥) have the same optimal joint distribution. Thus we have
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EX-Y? = f f lt—GQ2,x, Mdv)lzp(x,t)dtdx
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Lemma 1. If p(x,y) minimizes (2), then
1 ~ 1
(G2, x, — H(x, )] + [G(l, =——H (x,y), 9]}, = 0, 3)
Si(x) L) ’
which is a quasi-linear elliptic equation with unknown H(x,y), as G~X(1,x, y) =2 0 and Gy(2,x,y) > 0. Moreover, the

optimal mapping is given by (Y(X;,X™1), X~1).

Here in this paper, we transfer Monge-Kantorovich problem in a bounded region of Euclidean space into a partial dif-
ferential equations group. The proofs are based on variational method from probability point of view. Also we get the
explicit formula of optimal coupling.

2. Main results

Without losing generality, we may consider two probability measures P and Q on [0, 1]", and n is even. Let X and Y be
two random vectors defined on a same probability space with P and Q as their individual laws. Suppose that the coupling
X=X,X2,....X),Y =Y, Ys,...,Y,) gives the desired Kantorovich-Wasserstein L,—distance. If we denote

ZO =Y\, Ys,.... Y, Xist,...,X)(1 <i<n—1), then

n-2
EIX-YP?=EzZV - xP + Z E|IZWD — 702 4 Ely — 2D, 4)
i=1

So it is sufficient to find the distribution H?(1 < i < n — 1) of Z® which are also supported in [0, 1]", where hD are
their density functions, respectively. We assume further their density functions f(xj, x2,...,x,) and f(y1,y2,...,y,) are
smooth and strictly positive on their domains. Denote the marginal densities as follows,

1
So3en(X2, X35 0005 ) = f fx1, x2, X350 00, x,)dxy,
0
o :
1
h2,3,..4,n('x2’ X3y eesXp) = f ht )(yl’xb X350 X))y,
0
. 1
1
W O x,. . x) = f K1, X2, X3, ., X)dxs,
0

1
-1 —
h<lr,l..<,rz—2,n(yl’ e Vi Xp) = f " 1)()’1, oo Y025 Y1 Xn)dYn-1,
0

1
h(lr,l:,lrz—1(YI,---,)’n—1)=f D00, Yaet X)X,
0

when2 <i<n-2,

1
h(ll,?44,i71,i+1 ,,,,, n()’h...,yi-hxm,--.,xn)=f RO, Yiets Vi X - Xa)dYi,
0
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And denote the conditional distribution functions as follows,

1 1

Fipa,. a(xilx2, x3,...,x,) = fur, x2, x3,..., x,)duy,

fo3n(X2,x3,..., %) Jo

V1 h(l)(u
0 _ 15 X25 X35+« » Xp)
Huzg ,,(Y1|xzax3,--~,xn) = f (,)C ’x . ,X ) dul,
0 2,.n(X2, X3, ..., Xp
m 1 2

Hyis, %2yt X3, X0) = 55 f KV, 0, 53, .., X)du,

e h],3 YYYY n(yl,X3,...,xn) 0

Vn- _
fo L U(yl’ s Y2y Un—1, Xp)duty—y
-1
h(ln n)—2,n(y1 seees Y2 xn)

(n—1) —
Hn_1|1 n_z’n(yn—llyl’ e Y2, Xp) =

)
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(n—1) f\n h(ﬂ—l)(y y ’) ‘"
11 ll—l(y”b) seeesy 1)_ 0 ( ) e ey 1, U ]l
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.....
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when2 <i<n-2,
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() —
Hl'|1 AAAAA i—1,i+1,..., ,,(Yi|y1,~~~7Yi—1,xi+l7---,xn) =70
hl “““ i—1,i+1 n(yl?"-’yi—lax[+ls-"s-xn)

AAAAA

)

Xit1 i
B RO Yis it Xigos - Xa)dtig

(i) —
Hi+l\l _____ Lit2 ,,(xi+l|)’1,--~,)’i,xi+2:~~-,xn) =

s

(i)
Ry a1 s Yis Xivs o5 Xn)

.....

which are strictly increasing with respect to their first argument, so their inverse functions with respect to their first
arguments exist.

Firstly, we have

Lemma 2.

ElX - zWP

1 1 Y1 D (g
-1 15 X2, 00y Xp) 2
= v | = Fp( —————dulxa,. .., %)
L ;f()‘ 20 " 0 f2 ..... n(xz’n-,xn)

KOG, x2, ., X)dyidxs . . . dx, Q)

ElY - Z"Dp

| 1l .
— h(n (YI,)’z,...,y _l,u)

= f f '.«f f |xn_Fn|i’2 """ nfl( — n n dunl
o Jo o Jo 0 f12.n101 Y255 Ynm1)

VY2 -+ s YDA VG, y2, o Yot X)dyidys - . Yy dx,.

(6)
Similarly, when 1 <i<n-2,
Elz(i+l) _ Z(l)|2
1 1 pl 1 "
_ gt -1
= f " f f : f Wier = CHipy iiva )
0 0o Jo 0
il h(l+l)(yla""yi7 ui+]’xi+29""xn) 2
(i) dui+1|yl’~'~syi’xi+2s~~~9xn)|
0 Iy i a O e s Vi Xisas s X
D1, Yiets Xis2s - s X)AV1 - dYis1dXisn .. dXy, @)
or
E|Z0) — 702
1 1l 1 .
_ i+ -1
- j; f(; ‘f; j(; ist = (Hp g o)
RO, Vi Uists Xi2s - - Xn) )
(i+1) dui+l|yl’~--,yisxi+27---’xn)|
0 hlwq,‘,,q.z ,,,,, n(yls e Vis Xig2s ooy Xn)
RO, Vi Xisls - oo X)dY) .. dyidxiyy . .. dx,. 8)

Be connected with (4), then we get the exact formula of E|X — Y|*.

So we just need to look for one pair of density functions (A", 2®, ... h"=D) minimizes (4).

Further by some computations, we transfer it into a Dirichlet boundary problem associated to a partial differential equation
system as follows.
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Theorem 1. If(h(l), K, DY minimize E|X — Y%, then YO < x1, X, ..., X, < 1, we have

ot D Uy, X0, X)
_9 Fl DX )
6)62...6)(”[ 12 n( 0 f2 AAAAA n(-x2>~'~sxn) u1| : )]
gt RO w0, X, x)
o e ou (OO M dushrr, ... )] = 0, ©)
0x10x3...0x, e 0 K3 (X1, X3,. .., X)

-1 - -1
9" H(n—2) -1 el h(” )(Xl s X2y ooy Xp—2, Up—1, -xn)d
Ox Ox ~Ox [( n-1]1,2,..., n—2,n) ( (n—2) Un—1
1-- - Ctn=204n 0 h1,2 ..... n_z,n(xlax2’~- vy X2, Xp)

|-x15 cee xn—2?xn)]
an_l =1 o h(n_l)(x19x2’~- ~a-xn—lyun)

+ —— [F o ( - duy|xi, x2, ..., %,-1)] = 0. (10)
0X) ...0x,—1 1,21 0 f1,2 _____ 1 (X1, X2, 000y Xy ! "
As2<i<n-2,
an—l -
HD -1
8)61 .. .(9x,~,18x,»+1 .. .6x,, [( ili=Lit L.,y n)

duilxi, ..., Xic1, Xiets -+ Xn)]

. ,
f‘ ROCr, ooy Ximgs Uiy X1y - - 5 Xn)

Lyoosi=1,i+1,.... n('xl" s Xicls Xigls e oo s Xp

(i+1) -1
+ H: -
axln.axiaxiﬂn_axn[( i+11,..,0042,.., n)
fx"” RO (xy, . X Uiy, Xisa, - -, Xn)
o h

(i+1)
Lyoiyi+2,.... DX s Xy X2, ooy X

dui1lxi, ..o, Xi, Xiva, .o, %) = 0. (11)

And we may easily obtain that the marginal distributions of AV, h®, ... h®=D satisfy some boundary conditions in the
region of [0, 1]".

Also we may easily deduce that the explicit formula of the optimal coupling.

Theorem 2.

1 X
Yi=H), )X (W1, X2, X3, ..., Xp)duy),
112.3,...n f2,3 ..... M(XZ’X37"-5X11) 0 f

X, 1,(n—1)
~ R, Yo, oo, Yoot uy)
— 1 n n
Y" - Fn|1,2 ..... n—l(f F3 d”n)’
0 Sraea1(Y1, Yo, Y0 )
whenl1<i<n-2,
Y. _ (H(i+1) )71( Xit1 h(i)(Yl, cey Yi, Mi+1’Xi+2’ . ,Xn) dut: )
i+l = I+ 1L 1042,y n h(i+1) (Yl Y, X<+2 X ) i+1)-
9 1 1 9 n

Loodi+2,..n

3. Proof of Main Results

Proof of Lemma 2: Let’s take (5) for example. In fact, by some properties of conditional expectation and the formula
of Wasserstein distance in one dimension, see (Rachev & Riischendorf, 1998, theorem 3.1.1, theorem 3.1.2, p. 107-109),
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(Villani, 2002, theorem 2.18, p. 74-78).

EIX-ZVF = EE[X - Y1) X2, .., Xa]}

= f f (X] Y]) |X2_-x2»"" —xn]

h(l) (2, x)dxy L dx,

1 1 1
- ff...f[F;I; ,,,,, Ulxa, ) = (Hy )7 b, x))
0 0 0

.....

- f f f Fih Y 01l ) =y PHD. 01l 50))

h(l) L5 x)dydxg L dx,

1 1 1
= f f f ity 31132, 30) = i1
0 Jo 0

KOy, xa, ..., x)dyrdxs . .. dxy,

thus we can get (5) at once.

Proof of Theorem 1: Take (9) as an example, for all 0 < a(li) < a(’) +e€< a(z) < a() +e< 1,1 <i<n,ed(>0)is small
enough. Given j; = 1,2,i =1,2,...,n and denote as
Iy = 1a,aV +€l,  Ip=1ad).d) +el,
Eui o, .. ty) = Z (DL, X Dy X X . (12)

k=blisji=2yi= 1,2}
Thus if (h", h?, ..., h"=D) is the optimal solution, then

_ D (s, U, . ty) + OE(ST, U, - . . Uy)
0 < ff flul F1\2 ,,,,, (f ! zfz (nuz...f 1)2 "dm

iz, . )Py, ) + 6y, ua, - ug))durdus . du,

1 1 1 1 ) h(l)(u z
2 1> 82, U3y ooy Uy) + 0E(UY, 2y ..y Uy)
+ f f f f |M2 (H;|1)3 n) (f - - du2
o Jo Jo 0 T hig,.. (Ui, us3, ..., uy)

i1, uz, o u) POy, wa, us, . ty) + 6EQuL, o, - . . un))durdus . . . duy,

i) h(l)(Shl'tZ"' Mn)
) i — oL ey
ff f|1 12, (f Foonlttns )

2,1
luz, .. )Py, ua, . . wy)duydus . . . du,

Lot ol ! 2 Dy, s2,u3, . .., U
_ f f f f |M2 I_I§|21)3 ) ](f ( 1592, 43, 5 n)du2
o Jo Jo o 0 b o s, a(ui,us,. . uy,)

271.(1
s us, . u)PRD g, s, w)dundus < duy ).
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Ase— 0,
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. ‘21) 1 1y h(l)(sl y a;z), ey aE"))
0 26 > (=D w - F;) ( " ds,
o 12, @ (n)
K= ji=2i=2.c..) “ 0 foal@seeenai)
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o)) () -1 v PR s @ )
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2,0 oGy
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- . du1
) (n)
frn@y s na;’)
05 . ' 0(22) H(Z) " U h(])(ag), 52, ag), ey ay:))d
+ Z (=1 o (u2 = ( 2/1,3,..., 2 ( 0 2 (a(l) JE) a(ﬂ)) 52
k=Hlisji=2,i=1.3,...n} a L3N 2 s 200
i h(l)(a(,l) 57,0 a'™®
(ORNE) Q) ) N LI B QR C) )
laj 5 ags @ N(Hy 5 ) )2(j; WD @ 0 a(m)d”'“/‘l (e d])
13,0 \Gj o Gjroeeenty
h(l)(ag), us, aﬁ), e, a;"))
- - du2
(D @D 3) (n)
h1,3 44444 n(aj1 ’aja L )
M (1) 2) (n)
hwy,a?, ..., ad")
1 1, B 5
+5 ~DMa” - Fib ¢ - 2odula?, ..., a")
1 112,..m 2 () J2 n
k=H{i:ji=2,i=2,...n) 0 f2 ..... ”(ajz DI aj" )
M 7(1) 2) (n)
hwy,a?, ..., ad")
1 _ 2 ) ) ’ n 2
P N T f 2 g, d)P
k=H{i:ji=2.i=2,...n} 0 f.. ”(ajz v dy )
@ 7,1 (3) (m)
+5 (_1)k| (2)_(H(2) )71( “ h (ajl ’uz’aﬁ"“’ jn)d |
@y 213, e BINE) N
k=Hi{i;ji=2,i=1,3,....n} 0 1.3..... l’l(ajl (NI ajn
1 3 ((ONV)
a,’,a;’,....a; )|
@ (D 3 ()
5 “1Ha® = (H? . ) o ha Al a; )d |
a, 213, re) DINE) N
k=H{izji=2.i=1,3,....n) 0 13,0050 a5 a7
a1 3 ((ONV)
ajl,ajz,...,aj”)l. (13)
. 1 1 1 2 2
Multiply by DT let (a(z) - a(1 ))(a(z ) _ a(l ... (a(Q") - a(l”)) — 0, then
0" .
— M(x1,x2,...,x,) =0, 14
0x10x; ...0x, (1,22 ) (1
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where
M(XI,XZ,...,
_ “CRD (51, X250 Xn)
= —Zf (uy — Fl|2 ,,,, n(f B ) ————————dsi|xp, ..., X))
" h“)(sl X x,) WD (uy, xa Xn)
Fl AR X2y X)) —————— "y
( 112,00, )(f ..... n(x2a--~7 Xn) ]| ? ) f2 ----- (X2, .00y Xn) 1

> WD (xy, 52, X3 X,)
—2f (= (HS) )" (f e e X1, X3 -+ X))
0 2L3:es Si3n(x, X350, %) "

2 B (xy, 82, X Xn) KO (xy, un, x X)
2 1582, X35+« 0 1, U, X3, .-
[ D il w5 5)) "
- hy5, (X5, hys (X X350, 00)

Dy, xp Xp)

) 9. 2

+Hxt = (Fip,.) ™' f Tty k)
..... n\A25 -« o5 An

2 h(l)(x Uy, X Xp)

2 —1 15 U25 A5 e v vy 2

+Ho = (Hy s )7 =5 “duplxy, X, )|
el h() (X X3, X)

B ”‘h“)(s,x,..., )
= f(ul F”2 (f L2 ————dsi|x2, ..., xp))duy

AAAAAAAAA (x2’~--, n)

e ) o v h(l)(“(‘]) ”2"1('3) ""ag‘n))
+0 Z (D)™ = (Hy; 5 )" ( f D@D, - 42|
k=Hizji=2,i=1,3,....n) 0 13,20 a )

@ 3 (n)y2
aj],ajs,...,aA )|

— 2 h(l)( ,S ] LI ] n)
+2 ( ]) f (H(|21)”; ) l(f h(z) Y1,52,)3 Yy dSz
0

,,,,,,,

k= ﬁly,—Ol 1,3, 1.3,..., ,1()’1,y3,.--,yn)
|)’1,)’3,~~7)7n)dll2

— tl h(l)(sl’t27"" I’L)
n—1 1 - e
D f f f Pl (f oonlins oy il )]

h(l)t, N
H(z) D (f (1, 52,13 )dszltl,t3,...,t,,)]}dtldtz...dt,,,

(9t13t3.-. A Wttt
15)
which y; = 0, x;, 1 < i < n. If we replace (W) + 6,1, ..., h™) by (WD — 6&, h®, ..., h™), we may get
7 M( )< 0 (16)
— M(x1,x,...,x,) <0,
6x16x2 . axn b2 "
therefore 0 < xy,x2,...,x, < 1,
> M( )=0 (17)
— M(x1,x,...,x,) =0,
0x10x; ...0x, 12 !
or
8"*1 1 H h(l)(ul,xz,... )
—F; —d e Xp)
8)C2...6.X,1 120 ( 0 J2.. a(X2, .00, Xn) ”1|x2 X)
! 2 WD (xy,ua, x3, ..,
S (H ) (f (002025 0 50) gy ) = O, ()
Ox10x3 ... Ox, AL K2 x5 )

Then theorem 1 follows.
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