Journal of Mathematics Research; Vol. 15, No. 5; October 2023
ISSN 1916-9795  E-ISSN 1916-9809
Published by Canadian Center of Science and Education

Note on the Classification of the Unitary SL,(IR) Representations

Amjad Alghamdi

Correspondence: Department of Mathematics, Al-Jumum University College, Umm Al-Qura University, Saudi Arabia.
E-mail: asmghamdi@uqu.edu.sa

Received: August 8, 2023  Accepted: October 4, 2023  Online Published: October 16, 2023
doi:10.5539/jmr.v15n5p22 URL:https://doi.org/10.5539/jmr.v15n5p22

Abstract

The aim of this paper is to explain the classification of the unitary SL,(R) representations done by Gelfand [8] by using
the induced representation technique. We induce the SL,(R) representation from the subgroup N. We get a representation
constructed on a space of homogeneous functions in two variables. Then, we move to induce the SL,(R) representation
in stages. Consequently, the representation of SL,(IR) acts on a space of functions of one variable.

Keywords: SL,(R) group, representation, irreducible, unitary, induced representation, invariant
1. Introduction

The special linear group SL,(R) is the group of 2 X 2 matrices with real entries and a determinant equal to one. It is an
interesting and important example of a locally compact real Lie group of three dimension. In 1947, Bargmann classified
the irreducible unitary representation of SL,(R) [2]. His approach has been presented in different sources [25, 20, 15]. The
main tool of Bargmann’s classification is to work on the Lie algebra sl,(R). Gelfand studied the SL,(RR) representations
on the Lie group instead of the Lie algebra sl(R) [8, VII]. In this paper, we use the induced representation technique
(in the sense of Mackey [21]) and the Gelfand method [8, VII] to review the classification of the irreducible unitary
representations on the Lie group SL,(R).

The affine group is a subgroup of SL,(R), and it is often used to build wavelets. To study the induced representation of
the group SLy(R), I start by considering the unitary representations of the affine group, which are due to Gelfand and
Naimark [9] .

2. Preliminaries
In this section, we present some basic notions of representation theory that are needed for our study.
2.1 Representations of Groups

Definition 2.1. [3] Let G be a group with identity element e , and let V be a vector space. A representation 7 of G in V
is a homomorphism of G into GL(V) ( the group of invertible, linear mappings that carry V to itself), that is

n:G—- GLYV), g n(g.
The representation operator n(g) : V — V, g € G satisfies the following properties:
n(g182) = m(g1)n(g2), 7(eg) =1

The repreaentation r is called linear if V is a linear space and the mappings n(g) are linear operators. The space V is called
the representation space of .

Let 7 be a representation of a Lie group G on a Hilbert space H. A strong continuity of 7 means that for any vector u € H
and for any convergent sequence (g;) — g € G, we have [25, p.9]

ll(g j)u — m(g)ull — 0.

Definition 2.2. [25] A representation 7 of a Lie group G on a Hilbert space # is called a unitary representation if the
operator m(g) is unitary, that is
(@) =n(g)" =n(g™), ge€G.

There is a natural equivalence relation on the set of all representations of a group, which is defined by an intertwining
property.
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Definition 2.3. [5] Let 7, and 7, be unitary representations of a Lie group G in spaces H,, and H,,, respectively. An
operator U : H, — H,, is called an intertwining operator between 7; and 7, if for every g € G, we have

Uni(g) = m(g)U.

The set of all intertwining operators is denoted by C(ry,m,). The representations mr; and 7, are unitarily equivalent if
C(m1, my) contains a unitary operator U so that 7r;(g) = Um,(g)U~'. We shall write C(r) for C(rr, ), which is the space of
the bounded operators on H,, that commute with 7(g).

Definition 2.4. [20] Let 7 be a representation of a Lie group G on the vector space V. Define the subspace V* to consist
of functions f € V such that the map g — n(g)f is infinitely differentiable for any g € G. Then, the derived representation
generated by an element X of the corresponding Lie algebra g is the representation dr(X) of g given as follows:

dn(X)f := %ﬂ(exp tX)f| , where feV®. (2.1)

2.2 Decomposition of Representations

One of the main problems of the theory of representations is the problem of decomposing representations of a group G
into the simplest possible components. In the following, we will provide some relevant notation.

Definition 2.5. [17] Let 7 be a linear representation of a Lie group G in a Hibert space H. A linear subspace L ¢ H is an
invariant subspace for r if for any x € L and g € G the vector m(g)x again belongs to L.

There are two trivial invariant subspaces, the null subspace and the entire space. All other invariant subspaces are non-
trivial. Let 7 be a representation of a Lie group G on a Hilbert space H. If there are only two trivial invariant subspaces,
then 7 is an irreducible representation. Otherwise, we have a reducible representation.

Definition 2.6. [17] A representation on H is called decomposable if there are two non-trivial invariant subspaces H; and
H, of H such that H = H, ® H,.

Any unitary representation is either irreducible or decomposable. The irreducibility of representation is often established
by Schur’s lemma.

Lemma 2.7. (Schur’s lemma)[5] Let G be a group and C(rr) be the set of all intertwining operators. Then

e A unitary representation x of G is irreducible if and only if C(;r) contains only scalar multiples of the identity.

e Suppose m; and m, are irreducible unitary representations of G. If &y and 7, are equivalent,then C(ry, m,); is one-
dimensional otherwise, C(ry, 1) = 0.

Definition 2.8. [3] A character y of an Abelian locally compact group G is a continuous function y : G — C, which
satisfies

@l =1, x(gi182) =x(€1)x(g2),

and for all gy, g» € G. That is, a character y is a one-dimensional continuous irreducible unitary representation of G.

2.3 Induced Representations

In this section, we describe the construction of induced representations [5, 16, 17]. Let G be a group H be a closed
subgroup of G; then X = G/H is the left coset space. For a character y : H — T, where y(hih;) = x(hy)x(hy) and
lx(h)| = 1, let V, be the vector space of functions F' : G — C having the property:

F(gh) = x(WF(g), VYgeG,heH. 2.2)
The space V), is invariant under the left action of G, that is

A@:Vy =V, [AQ@FIE)=Fg'e), ¢4¢€G. (2.3)

The restriction of the left action of G on the space V), is called the induced representation.
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An equivalent realisation of the above induced representation can be defined on the homogeneous space X = G/H. Let
s : X — G, be a section map that is a right inverse of the natural projection map p : G — X, that is

pos =Iy.
Then the left action of G on the homogeneous space X is given by:
g x =p(gstv)),
where g € G and x € X. Any element g € G can be uniquely decomposed as g = s(p(g))r(g) where the mapr: G — H is
given by r(g) = s(p(g)~'g.
Now, for a character y of the subgroup H, introduce the lifting map £, : W(X) — V,, as follows:
[L 1) = x(r(@)f(P(g)), [ e WX),

where W(X) := {f : X — C} is the vector space of all complex functions on the homogeneous space X = G/H. Let the
pulling map  : V,, — W(X), given by:
[PF1(x) = F(s(x)),

such that P o £, = [y ). and L, o P = Iy, .
Next, the operator 7, (g) on W(X) is given as follows:

7,(8) = P o A(g) 0 L. 2.4)
This can be represented by the following commutative diagram:

v Alg) v
X » Vy

LJ J”
Px(8)

W(X) —— W(X)

Figure 1: Induced representation from a character of a subgroup

Thus, the representation , acts on W(X) via the following explicit formula:
[ (9)f1(x) = X(r(g™" * s f(g™" ). 2.5)

3. The Group SL,(R)

The Lie group SL,(R) consists of 2 X 2 matrices with real entries and a determinant equal to one

SLy(R) = {(‘c’ Z) cad —be =1, a,b,c,deR}.

It acts on the upper half-plane by M&bius transformation

_az+b
= ara
where g € SLy(R) and z € {z € C : Imz > 0}.
The group SL,(RR) contains the following three subgroups:
cosf sinf
K_{(—siné? cost‘))‘eER}’ @.D

Az{(g ao_l);wo}, (3.2)
N:{((l) T):xeR}. (3.3)
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Hence,we have the Iwasawa decomposition SL,(R) = KAN. Therefore, every element g € SL,(R) has a unique represen-
tation as g = kan, where k € K, a € A and n € N. That is,

a b cos@® sinf@\fa O \(1 x
(c d)_(—sine cos@)(O a")(O 1)' 3.4)

The values of parameters in the above decomposition are as follows:

ab+cd —c
a=Va?+c2, x= —— 0=arctan—.
a+c a
a 1 —C
and sinf = —==.
Va2+c? a?+c?
Moreover, the affine group defined as follows:

1 (a b
Aﬂ:—{%(o 1),a>0,b€R},

is a subgroup of the S L,(R) group. That is because we can decompose the affine group as a semi-direct product of the
subgroups A and N i.e. Aff = A x N.

Consequently, cos 8 =

The Lie algebra s[,(R) is the set of all 2 X 2 real matrices of trace zero. It is a three-dimensional Lie algebra so we can
choose a basis{Z, A, B} of sl,(R) by setting

0 1 I(-1 0 1o 1
Note that .
[Z,A]=2B, [Z,B]=-2A, [A,B]= —EZ. (3.6)
The exponential map of each matrix Z, A and B forms a one-dimensional subgroup of the group S L,(R) given as follows:
cosf sinf
exp(6Z) € {(_ sind  cos 0) RS R} , (3.7
e 0
exp(fA) € {( 0) RS R} , (3.8)
0 ez
©0B) € cosh% sinh%) 0eR (3.9)
P sinh§ cosh§)" ' :

4. Irreducible Unitary Representations of SL,(R)

The irreducible unitary strongly continuous representation of SL,(R) was classified by Bargmann in 1947 [2], and his
approach has been used in different sources , such as [20, 25]. Suppose that p is an irreducible unitary strongly continuous
representation of SL,(R) on a Hilbert space H. The classification steps are as follows:

Step 1: Set the Garding space[6] for p,
Glo) ={p(Nu:ueH, feCyG)
where G = SL,(R). Denote the derived representations of the matrices Z, A, and B (3.5) by
dp(Z) = E, dp(A) = Ay, and dp(B) = B.
From (3.6), we find that
[E,A;]1=2B;, [E,B;]=-2A,, and [A,B|] = —%E. 4.1)
Step 2: Consider the ladder operators

L, = A] —1iBy, and L_ = A] +iBy. (42)
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Since p is unitary, then A| and B; are skew-symmetric. This implies that
L, =-L_.
From the commutator relation in (4.1), we have

[E,L.] = +2iL., [L.,L_]=—iE. 4.3)

Step 3: The Casimir operator given by C := Z? —4A% —4B, is an element of the centre of the universal enveloping algebra
for the Lie algebra sl,(R). Therefore, by Schur’s lemma (2.7), it acts as a scalar for the irreducible unitary representation

ps
dp(C) = Al 4.4)

Step 4: The decomposition into the irreducible subspace of the representation p(K) on the Hilbert space H leads to the
orthogonal sum, since K is a compact subgroup,
H =P Ve

The unitary irreducible representation on the subgroup K is the character e

iks

plexp sZ) = eI on V.

Thus,

d !
E =dp(Z) = %P(eéz)hzo

— ieikS| 0
ds =

=ik onV,.

4.5)

Moreover, for the Casimir operator C := 72 — 4A% — 4B2, we have

dp(C) := dp(Z)* — 4dp(A)* — 4dp(B)*
= E* - 4A] - 4B}
=E*-2(L,L_+L_L,).

From(4.3), we have

AL, L_ = E*> - 2iE -2,
AL L, = E*> + 2iE — A.

Then by (4.5),

—AL,L_=k*-2k+A,
—AL_L, = k* + 2k + A.

Since L} = —L_, then

1 1
Iz = 3L = 17+ 2=1] z,

1 1
Il zvien = L+ 17 + 2= 1] :,

From the commutator relation (4.3), we have
[E,L.] = +2iL, © EL, = L.E +2iL,.
Then by (4.5), forv € Vp,
E(L.v) = L.(Ev) £2iL.v = (k +2)i(L.v).

26



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 15, No. 5; 2023

Therefore, the ladder operators L. act as
Li . Vk — VkiZ'

Step 5: We have the commutator relation [L,,L_] = —iE. Then, for each vector v, € Vi, where k € spec(1/i)E, the
collection of vectors

Viwan 1= (L) "Vi,
Vieon = (L)'v, neZr,

is invariant under the operators L., L_, E. Therefore, V} is a one-dimensional space.

Step 6: The ladder operators act on the vector spaces V) where k € spec(1/i)E. There are only four possibilities for the
spectrum of the operator (1/i)E. First, if the ladder operators are two-sided infinite operators, given that the representation
p is irreducible, the spectrum is either in the even or odd integer set. That is,

spec(1/DE = (o —4,-2,0,2,4......},
spec(1/)E = {.....—5,-3,1,-1,3,5,.....}.

Second, if the ladder operators are one-sided infinite operators, then for V; # 0, we have the following sets of spectrum:

e ForL, =0onV,, spec(1/i))E={...n—4,n-2,n}, neZ'.
e ForL_=0onV,, spec(1/))E={nn+2,n+4,.... }, nezt.

Step 7: In each case above select a unit vector vy € Vi, k € spec(%)E . We have L,v; = axVvi4o. The absolute value of o is

1
lag| = 5[(k+1)2+/l— 12, “6)
The action of L_ on v, is given as follows:
L v = Bivi,  where By = —ax.

Therefore, the type of the spectrum together with the value of dp(C) = Al, fully determines the unitary irreducible
representation of SL,(R). This stated in the following theorem.

Theorem 4.1. [25] Any nontrivial irreducible unitary representation of SL,(IR) is unitary equivalent to one of the follow-
ing types:
e Members of the holomorphic discrete series, denoted by p; such that
dpt(C)=1-(n—-1)*, neZ",
when spec(1/D)E = {n,n+2,........ )
e Members of the anti-holomorphic discrete series, denoted by pZ, such that
dp~(C)=1-(n—-1)*, neZ",
when spec(1/D)E ={.....n—4,n—2,n}.
e Mock discrete series p7,o_,, forn = 1.
e A member of the first principal series, denoted by pf such that
dpé(C)=1+5% seR,
when spec(1/)E = {....... ,—4,-2,0,2,4,....}5.
e A member of the complementary series, denoted by p¢ such that
dpi(C) = 1=, s € (=1, D\{O},
when spec(1/D)E = {....... ,—4,-2,0,2,4,...... 1.
¢ A member of the second principal series, denoted by p¢. such that
dpo(C) = 1+ 5%, s € R\{0},
when spec(1/D)E ={...,-5,-3,-1,1,3,5, ...}
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5. Induced Representation of the Group SL,(R)

In this section, we induce a representation of the group SL,(R) from a trivial character of the subgroup N. We get a
representation on a space of functions with two variables. Then, we can have this representation on a space of functions
with one variable by using inducing in stages technique. That is, first induce a representation for the affine group from a
trivial character of the subgroup N. We get an affine group representation that can be decomposed into a one-dimensional
representation which is a complex character. Then, we induce a representation for the group SL,(R) from a complex
character of the affine group.

5.1 The SLy(R) Induced Representation from the Subgroup N

Let y. : N — T be a trivial character of the subgroup N. The character y, induces a linear representation of SL,(R). This
induced representation is constructed in the vector space V, which consists of the functions F, : SL,(R) — C with the

property
a b 1 & a 0
=l i) 2)

The space V is invariant under the left shift of the group SL,(R). The restriction of the left shift on V is the left regular
representation of the group SL,(R), which is given by

[AQ)FI(g) = Fo(g™ % g). (5.1)

In the following, we obtain an equivalent induced representation constructed in the left homogeneous space X = SL,(R)/N.

The Iwasawa decomposition SL,(R) = KAN implies that the homogeneous space X = SL,(R)/N topologically identifies
to KA ~ T x R, ~ R2\{0}. Hence we can choose the section map to be given by

s: X — SLy(R),

(u,v) o (: u(‘)l)’ u>0.

The natural projection map will be

p:SLyR) - X,

: ((CZ Z) - (a,c),

such that s is the right inverse of p. Therefore, the unique decomposition of g € SL,(R) is of the form

e a=( A6 1)

b
o0

The SL,(R) action on the space X = SL,(R)/N can be expressed in terms of p and s as follows:

-1 -1
TS O

Let W be a vector space of function f on the homogeneous space X. The lifting map for the subgroup N and its character

Xe 1s given by:
a b\ __((fa b a b
(L. f] (c d) = Xe (r (c d))f(p (c d)) (5.3)

= f(a,c).

The map r : SLy(R) — N is given by

Then, the pulling map # : V. — W, which is the right inverse of the lifting map, is given by

[PF1(u,v) := F(s(u,v)).
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Therefore, the representation U : W — W, which is induced by the character y., is

U@ =PoA(goL,,.

To calculate the explicit form of U(g), take the left action of the lifting map

ALy f1g) =L, fi(g™ &) = f(da’ - bc’,ac’ —d'c) = F(g).

Then, apply pulling for the function F,
[(PF1(u,v) = Fe(s(u,v))
ol )
vV ou
= f(du — bv,av — cu).
Hence, from(5.4), we obtain the following formula:

(U@ f1(u,v) = f(du - bv,av - cu),

where (u,v) € X and g = (Ccl Z,)

5.2 Affine Group Representation Induced From a Trivial Character

(5.4)

(5.5)

(5.6)

(5.7)

For the trivial character y., the induced representation of the subgroup N is py : Lr(R;) — L»(R;) and is expressed as

loy. (@, b)f1(x) = Vaf(ax), f € La(R.).

(5.8)

It is a reducible unitary representation. To decompose it into irreducible components, we will find the eigenfunction of

the operator py (a,b)f as follows:

loy, (@, D) 1) = Aupf() = Vaf(at) = A f(O).

Let f(¢) = t*, where a € C. Then, we obtain

[p;ﬂ(a, b)](l‘a) — \/a(at)a — aa+%ta.

Hence, the eigenfunction of p;e (a,b) is t*. Let the inverse Mellin transform be given by

= 1 o
[Milf](t) =f() = \/? f 2 f(s)ds, teR,,
JT J—c0

(5.9)

where a = —% + is. The function f(s) is the Mellin transform f(s) = [Mf](x) = fooo x5 fi (x)‘%. Therefore, we obtain

[y, (a, D) f1(1) = Vaf(ar)

1 f‘x’ a1,
— a’f(s)r:"ds
V2r J-w

%«/% f : Fls)ary Hisds

\/% I Ooxs(a, b)f(s)t *ds,

(5.10)

where y (a,b) = d* is a complex character of the affine group. Hence, the irreducible component of the representation

Py, (5.8) is the character y;.

5.3 Induction in Stages
Let P be the subgroup of SL,(IR), which is defined as follows:

p= {(g a’fl):aeR\{O},beR}.
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There exists a homomorphism 7' : P — Aff such that T~!(a, b) has two elements, one for @ > 0 and the other for a < 0.
The S L,(R) representations (5.7) can be obtained by induction in stages. That is

Ind>>®[Indhy.] = Ind} [y, ).

First induce the trivial character y, of the subgroup N to the affine group. We will obtain the co-adjoint representation
py + U — U, which is given as follows:

[p;p (8 aﬁ)g} (1) = Vag(ar).

The vector space U consists of all functions on the homogeneous space Aff/N = A. It is reducible, and from subsection
5.2 we can decompose it into irreducible component which is the following the character:

a 0 o
X“(O a_l)za, aeC.
Therefore, for the subgroup P = AN, the character is given by

a b s e _
Xs (O a‘l) = |a|’sgn(a), €=1{0,1},s€C.

Next, the character y; induces a representation of the group S L,(R). This representation is constructed on the vector space
V, which consist of the functions F : SL,(R) — C with the following property:

a b a b 1 0
oo d=rele )l )
This vector space is invariant under the left shift of the group SL,(R). The restriction of the left shift on this space is an

induced representation.

An equivalent form of the induced representation can be constructed on the homogeneous space X = SL,(R)/P. The
space of the left cosets X = SL,(R)/P can be defined by the following equivalence relation: g ~ g’ if and only if there
exists x € P such that g = g’x. Then, the equivalence class for all g € SL,(R) is given by the following:

Afa B\l _ . . 5:1],a¢0
[g]_[(c d)]‘[c'“]‘{n:m, a=0

Thus, we can identify the space X = SL,(R)/P by the real projective line P(R).
Next, let s : P(R) — SL,(R) be the section map given by

s(w) = (Vlv (1)) .11

The natural projection map will be

p : SLy(R) — P(R)

.(a b)Hg (5.12)
‘\e d

[}

a

where a # 0, and p o § = Ip). The unique decomposition of any g € SL,(IR) defined by s is of the form

a6k )
(6 )

The SL,(R) action on the left homogeneous space X = SL,(R)/P = P(R) is the Mobius transformation and we can
express it in terms of p and s as follows:

a b a b\ a b\ ax—c
(c d):wn—)(c d) ~w=p((c d) .S(x)]:d—bx’ (5.14)

30
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where (Z Z) € SL,(R), x € P(R) and - is the action of SL,(R) on P(R) from the left.

Let W be the vector space of all functions on the homogeneous space X = P(R). The lifting map £, : W — V for the
subgroup P and its character y; associates each function f on the projective line P(R) with a function F on the SL,(R)

group. That is
a b — (. [a D a b
e 2)-sle S)ble )
c d c d c d (5.15)
; c
= lasen‘(@)f (<),
a
where a # 0. Then, the pulling map # : V — W, which is the right inverse of the lifting map, is given as follows:
[PF1(x) := F(s(x)).
Therefore, the representation 7' : W — W that induced by the character y is given as follows:
T(g)=PoNg oL, (5.16)
The explicit formula of T'(g) is calculated as follows. First, take the left action of the lifting map

AL, f1g) = [£,.flg™"g)

! _ca 5.17
= |dd’ — be'|Psgn(da’ — be') f(u) = Fy(d). ©-17
da’ — bc’
Then, apply pulling to the function Fg
[PFs1(x) = Fy(s(x))
1 0
ZFA'(W 1) (5.18)
ax-c
= |d - bw|*sgn’(d — b ( )
d = bwl'sgn*(d - bx)f (7=
Hence, by (5.17) and (5.18) from(5.16), we obtain the formula
N ax—c
[T.(8)f1(x) = Id — bxP’sgn®(d — bx)f ( . bx), (5.19)

WherefEWandgz(Z 2)

6. Gelfand Method to Classify the Group SL,(R) Representation

In section 4, we present Bargmann’s classification for the SL,(R) representations which used the derived representation
and find the vector modules of the representations on the Lie algebra sl;(R). In [8, chapter VII], the representations for
the group SL,(R) have been classified by working on the Lie group instead of the Lie algebra. The method is based on
studying the invariance of bilinear functional on a normed space. Then, we move to study the invariance of the inner
product on a Hilbert space. The following sections explain the Gelfand method in details.

7. Invariant Bilinear Functionals

In section 5, the SL,(R) representations are constructed on the vector space of functions W, on the homogeneous space
X =SL,(R)/N = KAN/N. The space X can be topologically identified as follows:

X = KA =~ T xR, ~R?\{0}.

Definition 7.1. Consider pairs of numbers ¢ = (s, €), where s is any complex number and € = 0 or 1. Then associate each
such pair with the space W, that consists of functions f(x;, x,) with the following properties:

e Every function f(x;, x) € W, is homogeneous of degree s — 1, and it has even parity if € = 0 and odd parity if € = 1.

This means that for a # 0
flaxi,ax)) = |al*'sgn(a@) £ (x1, x2).
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e The function f(x, x,) is infinitely differentiable for every x; and x, except at the point (0, 0).

In subsection 5.3, the SL,(R) representations (5.19) have been constructed on the vector space of functions W, on the real
projective line P(R). We can realise the space W, as the space of one variable by associating a function f(x;,x;) € W,
with a function ¢(x) € W, as follows:

fx1,x0) = IX2IS_ISgHE(Xz)<P(%)- (7.1)

Definition 7.2. From the relation (7.1), every function ¢(x) € W, is given by ¢(x) = f(x, 1). Then, the function ¢(x) has
the following properties:

e o(x) is infinitely differentiable.

e The function @(x) = f(1,x) = |x|* 'sgn(x)¢ (}c) , s infinitely differentiable. Then, we obtain

1 1
e(x) = IXIs_lsgnE(X)sZ( ) = les_ISgnE(X)f(L ;)-

x
As |x] = oo, we have ¢(x) ~ |x*~'sgn(x) (1, 0).

This condition shows the behaviour of ¢(x) for large |x|. In particular, it implies that asymptotically as |x| — oo, the
function ¢(x) goes as

@(x) ~ ClxI*'sgn(x).

In this section, we will study the case of the SL,(R) representations (5.19) possessing an invariant bilinear functional.
Associate the pairs of numbers #; = (s, €) and 7, = (s2, &) with the spaces W,, and W,,,respectively. Then, consider the
following two representations of SL,(R):

_ q ax—c
[T @1) = Id = bat"sgn(d = by (T ). (1.2)
d—bx
511 e ax—c
[T (@100 = Id - bal"sgn®(d - b (T2, (1.3)
d— bx
acting on the spaces W, and W,,, respectively.
A bilinear functional (-, -) : W, x W,, — R, is called invariant if
(T5,(@)¢, Ty, (W) = (¢, ¥), (7.4)

forall g € SLy(R),p € W, and y e W,,,.

By the Iwasawa decomposition SL,(R) = KAN, every matrix g € SL,(R) can be written as a product of the following
three matrices:

1 0 a 0 0 1
81 _(xo 1)€N7 g2_(0 a—l)GA’ g3_(_1 O)EK (75)

Hence, the linear fractional transformation (5.14) can be obtained by combining the following three types of transforma-
tion:
e Translation: x — g;' - x = x — x.

e Dilation: x — g;l - x = a’x.

-1
—.

e Inversion: x — g;l Sx =

Therefore, in determining whether a bilinear functional is invariant, it is sufficient to consider the operators corresponding
to the three matrices g;, g and g3.
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7.1 Invariance Under Translation

For the matrix g;, the representations (7.2) and (7.3) are given as follows :

[T5,(g1)e](x) = ¢(x = x0), (7.6)
[Ts,(gDY1(x) = ¥(x = xo). (7.7)

We want to find a bilinear functional (¢, ¥) that satisfies the following condition :
(Ts, (80, Ts,(82)¥) = (@, ).

We shall restrict our considerations to the infinitely differentiable functions with bounded support in the spaces W,, and
W,,. Then, by the kernel theorem A.5 we can define an integral transform as follows:

Li:¢— Li(g) suchthat [Ligl(xs) = f k(xn, 3 )dar.

Hence, we obtain

(Lk(<ﬁ),!//)=f f k(x1, x2)(x )Y (x2)dx1dx;,

where x, x; € R and k(xy, x) is the kernel of the integral. We can consider

(o.0) = f f K, x)e (e ) doxa. (7.8)

Then, by using (7.6)and (7.7), we have
(Top Tutew = [ [ ke = = xodetor = )02 — xohdnd

= f f k(x| X)X (xy)dx dx),
= (. ¥)

where x| = x1 — X9, and x, = x2 — Xo.

Therefore, the kernel is invariant under translation. We may associate k(x;, x,) with a function of a single variable that is

k(x1,x2) = k(x1 = x2,0) = ko(x1 — x2).
Hence, every bilinear functional (¢, ) (7.8) invariant with respect to translation is of the form

(o, ¥) = f f ko(x1 — x2)(x W (x2)dxrdx; . (7.9)

7.2 Invariance Under Dilation

Now, we wish to further that (¢, i) be invariant under the representations (7.2) and (7.3) for g,. These operators are given
as follows:

[Ty, (82)¢)(x) = lal™**'sgn® (@)p(a*x),
[Ts,(g2)1¢(x) = o] sgn® (@) (a’x).

The condition that (¢, i) be invariant under these operators may consequently be written as
(.4) = la] ™"~ Zsgn 2 (@)(p(ax), Y@’ x). (7.10)

First, note that this requires that €; = &,.

Let x = x; — xp in the integral (7.9). The bilinear functional will be given as follows:

(90,!ﬁ)=f ko(X)f e(x)Y(x1 — x)dx dx = (ko, w) (7.11)
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where w(x) = f_z ex)(x; — x)dx;.
Next, substitute (ko, w) for (¢, ) in (7.10) considering that

aw(a*x) = f ) @(a®x (@ [x) — x]dx;.

00

We get
(ko, w) = |a™* =% (ko, w(@*x)).

Let @ > 0 and replace a by a?; then, the above equation becomes
(ko, ) = @217 ko, w(@x),

which shows that & is a homogeneous generalized function of degree A = —%(sl +5) — 1.

Recall one of the basic properties of homogeneous generalized functions of a single variable [10]. For every complex
number A, there exists one even and one odd homogeneous generalized function of degree A and every other homogeneous
generalized function of this degree is a linear combination of these. Hence, ko(x) is given by one of the two following
forms:

o If %(sl +5) #0,1,2....,n.., where n € Z, then

ko(x) = Cyla~ 26971 4 Oy 721+ 1gon (). (7.12)
o If %(sl +5)=0,1,2,3,....n... is a non-negative integer, then

ko(x) = C16261)(x) + Cox~21+52)-1 (7.13)

The function §2¢1%5)(x) is the derivative of the delta function. It is defined by
fso(xn)é%“'””(xn —x2) = @I ().

We established that an invariant bilinear functional (¢, i) can exist only if €; = e, for the representations (7.2) (7.3).
7.3 Invariance Under Inversion

Let us now use the condition of invariance under inversion in addition to the invariance under translation and dilation .
The operators T, (g) and T, (g) for the matrix g3 are given as follows:

1
[T, (g3)¢l(x) = le"‘lsgnf(x)QO( )

x
so—1 € -1
[Ts,(g3)¢](x) = [x|™" sgn(x)y =/
The invariant condition of bilinear functional (7.4) under T, (g3) and 7';,(g3) become

(Tsl (8%)90» Tsz (g3)¢) = (‘P, lﬂ)

Then,by using (7.9) and changing the variable, we get

f f fotxi — oG Ca)dndy = f f ko(XI ;f)mw'1|x2|-‘2‘sgnf(xln)go(x.ﬂz(xz)dxldxz. (7.14)

X

To find the value of s; and s, for which (7.14) is valid, we will consider the different forms of k¢(x), which are given by
(7.12) and (7.13).
In the first case ,(7.12) ko(x) is invariant if C; or C; is zero. Hence, we get

ko(x) = [x 20+ lgon¥(x), vy=0 or L.
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Then, we substitute |x|‘%(s'”2)‘1sgn"(x) for ky(x) in (7.14). We obtain that the bilinear functional is invariant if s; = s, #

0,1,2..,n,, . In this case the invariant bilinear functional is given as follows:

(p.¥) = f e = x|~ sgn(x = xa)@(x Y (x2)dx dx,. (7.15)

o

Similar, for (7.13) , ko(x) is invariant if C; or C; is zero. Then, we obtain
ko(x) = 62 (x), or ko(x) = x 2L

We substitute 62 *52)(x) for ko(x) in (7.14). We get the following invariant bilinear functionals:

e if 5; = s, is an integer but the representation is not holomorphic, we have
(o, 4) = f @™ (DY (x)dx, (7.16)

e if 51 = —s,, we have

(90,¢)=f e(x )Y (x2)dx dxs. (7.17)

For ky(x) = x‘%(S‘”ZH, the invariant bilinear functional is given as follows:

(90,1/1)=f (1 = x2) ™ o () dx  d (7.18)

where 5| = 5, € Z and the representation is holomorphic.

To conclude, the S L,(R) group representations 7, and T, given by (7.2), (7.3) have an invariant bilinear functional if and
only if ¢, = & = {0, 1} and either s; = s, or 51 = —s5, where s, s, € C.

8. Invariant Bilinear Functionals for Holomorphic Representations

In section 7, the bilinear functional (7.18) was invariant if s; = s, = n € Z. In this case, the representation operator is
given by

[Tn(g)‘p](X) = (d _ bx)n—l‘p(ax — C).

d—bx
In this section, we illustrated the invariant subspaces of the S L,(R) representation 7,,. The representation 7, is called
holomorphic because it is constructed in a space of holomorphic functions. This is explained in the following text.

(8.1)

Let p : H»(R) — H,(R) be the quasi-regular representation of the affine group given by

[o(a, ) f1(x) = a%'f(x;“).

Let the mother wavelet be c(x) := % ﬁ, and let the operator F. : L,(R) — C be defined by
1 (x)
P = o=~ [ {2
i Jritx
Then, from the Definition B.1, the covariant transform ’VV? : Lh(R) » H>(R) becomes
. _ 1 S0
WE f1(b + ai) = F.(p(a,b)" f(t =—f—dt
(W3 f1b+ ai) = Fulp(a b f0) = 52 | G-

The image space for this covariant transform consists of the null solution of the Cauchy-Riemann equation d; in the upper
half-plane. This has been explained in example B.5.

Also, for the affine group, consider the contravariant transform ( see subsection C) M : H,(R) — L,(R), which is given
by
(Mf1@) = (lll_)mo fla,n).
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Therefore, the composition M o (W; : H(R) — H,(R) is given as follows:

[Mo W, 1) = lim 40

_ 2
—»027n rt—(b+ia) ®2)

This shows that at a = 0, we get the boundary value of the Cauchy integral [Cf](b + ia), and the vector space of functions
[Cf1(b + i0) is the Hardy space on the real line.

Now, for nonnegative integer n, let D, be the space with the invariant bilinear functional
(p.¥) = f (1 = x2) ™" () (xp)dx dxcy. (8.3)

To find the invariant subspaces of D,, we choose the kernels ky(x) = (x — i0)™ ! and ko(x) = (x + i0)™"!. From (7.9), the
functionals corresponding to them are

(. ¥+ = I :(xl - xy = i0) ™" g Y (x2)dx 1 dxs, (8.4)
(. ¥)- = I:(Xl - x +i0) " () Y (x2)dx dxy, (8.5)
where ¢(x) and ¥(x) € D,. From (8.2), we associate every ¢(x) with the following two bounded support functions:
o= [, 86)
ot =g [, 87)

These functions are in the Hardy space on the upper and lower half planes, respectively, and we have ¢(x) = ¢, (x)+¢@_(x).

Then, the bilinear functional on the upper and lower half planes, respectively, are given by the following:

2ni (7,
(@)= — f o O, (8.8)
2ni [
(o9 == f ¢ (X (x)dx. (8.9)
The functions go(”) (x) and <p(_")(x) are the nth derivative of ¢, (x) and ¢_(x), respectively, and are given as follows:
o <P(x 1)
= — 8.10
» )= f (o= x— oy " (®10
o * 90(X1) d
= _ 8.11
) = Qi f (x1 — x + i0)yr*! aE @11

Theorem 8.1. [8, p.410] The integrals (¢, ¥), (8.8) and (¢, ¥)_ (8.9) converge for arbitrary ¢ and ¥ € D,, and hence, we
define invariant bilinear functionals on all of D,,.

Let D, c D, be a subspace of ¢(x) functions such that (¢, ), = O for every ¥ € D,. Equation (8.8) shows that D,
contains all ¢(x) functions such that <p(") (x) = 0. Hence, we obtain ¢"(x) = 90(_")()() on the space D,. Thus, ¢(x) is the
boundary value of a holomorphic function in the lower half-plane.

Similarly, (¢, ¥)- = 0 on a subspace D} c D, of the function ¢(x), which is the boundary value of a holomorphic function
in the upper half-plane.

The intersection of D) and D is the finite dimensional subspace E, of all polynomials of degree n — 1 and less. To
conclude, the space D, of analytic representation contains three invariant subspaces: one finite dimensional and two
infinite dimensional. In Lemma 9.4, we show that the quotient space D, /E, is the direct sum of the invariant subspaces
D} /E, and D, /E,,.

For —n € Z_, let F_, be the space where the invariant bilinear functional given by (8.3) is equal to zero . Hence, F_,
consists of functions ¢(x) that satisfy

f Fo(x)dx=0, k=0,..,-n—1. (8.12)
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Remark 8.2. For the homogeneous function ko(x) = x™!, let k;(x) = x™"~' In |x| be an associated homogeneous function
That is
ki(ax) = (@x)™" " In|ax]|
=a " ' In|a| + In|x|]
= o " " x" n x| + Injelx

= o[k (x) + In |alko(x)].
The bilinear functional of k;(x) = x™ ! In |x] is defined on the space F_, and is given by

= [ =5 Inl ~ salp(rutn)dndae (8.13)
By simple calculation, for g, (7.5) and T, (8.1), we have
(Ta(82)p, Ta(g2)1 = (901 + InleI(, w1, (8.14)
where (¢, ) is given by (8.3). On the space F_,, the invariant bilinear functional is (¢, ) = 0 . Hence, we obtain

(Th(g2)e, Tr(g2)¥)1 = (@, ¥)1.

Therefore, the bilinear functional (¢, ¢); is invariant under dilation on the space F_,,.

Also, by direct calculation, (¢, ) is invariant under inversion on F_,, that is,

(Tn(g3)0, Tu(g3 )1 = (@, )1,

where g3 is given in (7.5) and T, is (8.1). Hence, (¢, ), is an invariant bilinear functional on F_,.

Next, for k;(x) = x™"~ In |x|, there exists the following kernels:

ki (x) = lim x"nlx - iyl = x ' n|x - 0], (8.15)
y—+

ki (x) = lim x Mnlx + iyl = x I |x + 0] (8.16)
y——

The functionals corresponding to k' (x) and k] (x) are
(e, V)] = f (x1 = x2) " In(xy = x2 — i0)p(xy W (x2)dx1dxa,

(o, )| = f (x1 = x2) " In(xy + x2 — i0)(xy W (x2)dx1dxs.
Hence, F_, is an invariant space and contains two invariant subspaces:
o The subspace FZ, is the subspace of functions in F_,, which are the boundary values of the function in the upper
half plane, where (¢, )] = 0.
e The subspace FZ,, is the subspace of functions in F_,, which are the boundary values of function in the lower half
plane, where (¢, )] = 0.
Next, we want to show that the subspaces F*, and FZ, consist of the boundary values of holomorphic functions in the
upper and lower half-planes, respectively.

For ¢(z), a holomorphic function in the upper half-plane, we have lim,, _,o ¢(z) = ¢(x), where z = x + iy. Then, ¢(x) is the
boundary value for ¢(z).

Let ¢(0) = [ o:o @(x)e~ 2" be the Fourier transform of ¢(x). Then, we obtain

f ) Fo(x)dx = (-2mi)*@*(0). (8.17)

By Cauchy’s integral theorem for the function ¢(z), which is holomorphic in the upper half-plane, we get ({) = 0, > 0.
Hence, ¢*(0) = 0, and (8.17) is equal to zero. This implies that ¢(x) € F7,.

The same is noted for the boundary value of holomorphic function in the lower half-plane.
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9. Equivalence of the SL,(R) Representations
In this section, we study under which conditions the SL,(R) representations 77, (7.2) and T, (7.3) are equivalent.

Definition 9.1. For the representations 7, and T7,, an intertwining operator A is a continuous mapping of the space W,
onto the space W,,, that is,

AT, (8) = Ti(9)A.
The representations T}, and T;, are equivalent if there exists an intertwining operator A which is one-to-one continuous
mapping with the continuous inverse A~! such that:

T,(g) = AT, ()A™".

To obtain the conditions for the existence of an intertwining operator A, we establish a relation between the operator A
and the bilinear functional (¢, ¥). Let W_,, be the space of the representation 7_,, acting on. The space W_,, is associated
with the pair of number —#, = (=s, &). Then let B(y, ¢) be an invariant bilinear functional on the spaces W_,, and W,,. It
is shown in section 7 that if s; = —s, then the invariant bilinear functional is given by the following:

By, ¢) = f Y(x)p(x)dx. 9.1

Let A : W, — W,, be a linear operator. Then, we associate with A the bilinear functional (¢, ) on the spaces W,, and
W_,, as expressed by the following:

(0= BwAg) = [ g ©2)
where p e W,,, y e W_,,.

Lemma 9.2. The linear operator A : W,, — W,, intertwines with the representations 7, and T}, if and only if (¢,y) =
B(y, Ap) invariant under 7;, and 7_,,.

Proof. From equation (9.1), we obtain the following:

B(T*tz (g)lvb7 ATt| (g)¢) = B(T*tz (g)!/h th (g)ASD)’
where ¢ € W,, and ¢ € W_,,. The invariance of the bilinear functional B(y, ¢) implies that

B(T_,(e), T1,(8)Ap) = B(y, Ag),
for all ¥ and ¢. Then, we have
B(T_, (), AT, (8)¢) = B, Ap) = (¢, 4).
Therefore, (¢, ) is invariant under 74, (g) and 7_,,. O

In section 7, we found the conditions under which the invariant bilinear functionals (g, i) exist. By substituting —s; for s,
in these conditions, we get that the S L,(R) representations 7;, and T;, have an intertwining operator A, which maps W;,
continuously into W,, if and only if €, = & = {0, 1} and either s; = s, or s; = —s2, where sy, 5 € C.

To obtain the expression of such an operator A, first consider the case s; = s;, the invariant bilinear functional is given by

(e 0) =1 f ().

Comparing this with (9.2), we conclude that every operator A on W, follows the condition that AT, (g) = T,,(g)A is a
multiplier of the unit operator. This implies that A = AI, where A is constant. Therefore, by Schur’s lemma (2.7), all the
representations 7, and 7}, except the holomorphic representation are irreducible.

Next, for the case s; = —s,, we have two invariant bilinear functionals (7.15) and (7.16). For the functional given by
(7.15), the operator A is expressed as follows:

Ap) =2 [ b =7 s = g
For (7.16), the operator A is given as follows:

Ap(x) = ¢ (x).

Theorem 9.3. [8, p.416] Consider the representation operators 77 (g) and 74,(g) given by (7.2) and (7.3), respectively,
possessing an intertwining operator A maps W,, continuously into W,,. Then, A is a one-to-one map, and T}, (g),T4,(g) are
equivalent.
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9.1 Equivalence of the Holomorphic Representation of SL,(R)

Consider the analytic representations T, and T_,, given by (8.1) for n € Z*. From section 8, the bilinear invariant functional
is expressed as follows:

wwhjﬁdeH@wbwmm

where A; and A, are arbitrary constants. The functions ¢, " (x) and ¢_(x) are given by (8.10) and (8.11),respectively.
Hence, any operator intertwining with the holomorphic representations (8.1) is of the form
A7) bf“W%)
A’ = — ———dx; — — ———dx;.
() 2mi j:m x1—x—10 i 27 J_oo X1 — X+ 10 o
This shows that the holomorphic representations 7, and 7, are inequivalent.

Let us illustrate the relations between the analytic representations. As mentioned in section 8 that for the analytic repre-
sentations 7, and T_, acting on D, and D_,, respectively, where n € Z*, we have established the following:

e The space D, contains three invariant subspaces:

- E,, the space of all polynomials of degree n — 1 and less,

— D} ,the subspace of all functions ¢(x) that are boundary values of holomorphic functions on the upper half
plane such that A_¢(x) = 0, and

— D;,, the subspace of all functions ¢(x) that are boundary values of holomorphic functions on the lower half
plane such that A, ¢(x) = 0. The intersection of D} and Dj, is E,, and their sum is the entire space D,.

Here, A, and A_ maps D, onto D_, and are defined by

L% " (x)dx
A = — _ 3
+(0) 2mi Im x1 —x—1i0 ©-3)
1 " (x)dx
A =—— —_ 94
(0 2mi J;X, x; —x+1i0 ©-4)
o The space D_, contains three subspaces:
- F,, the space of all ¢(x) such that
f Fo(x)dx=0, k=0,.—n—1, (9.5)

- F*

—-ns

- F

—-ns

the subspace of functions that are boundary values of holomorphic functions on the upper half plane, and
the subspace of function that are the boundary values of holomorphic functions on the lower half plane.

Lemma 9.4. [8] The S L,(R) representations on the subspaces D,/E, and F_, are reducible. Also, D, /E, and F_, are
direct sums of two invariant subspaces.

Proof. The quotient space D, /E, is the space of functions in D, defined only up to the polynomial of degree n — 1 and
less. Consider the intertwining operators A, (9.3) and A_ (9.4) that maps the spaces D,, onto D_,. The operators A, and
A_ satisfy the following:

A Ty(8) = T-n(®)A+, and A_Tu(g) =T-n(g)A-.

Every other intertwining operator for 7,(g) and 7_,(g) is a linear combination of A, and A_.

Let ¢(x) be a function in the space D,,. In subsection 8, we show that
o(x) = @, (x) + @_(x),

where the functions ¢, (x) and ¢_(x) are the boundary values of some holomorphic functions in the upper and lower
half-planes, respectivly. That is ¢.(x) € D} and ¢_(x) € D;. The above implies that space D,/E, is a direct sum of the
form

D,/E, =D} /E,® D, E,.
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Hence, the representation on the space D,,/E,, is reducible.

Next, let the subspaces F¥, and FZ, be the images of the subspaces D; and D; under the covariant transforms A, and
A_, respectively. The subspaces FZ, and F—, are invariant under 7_, and F¥, N FZ, = {¢}, respectivly. Thus, we have the
direct sum

F_,=F"

-n

®F,
O

Remark 9.5. Since we have shown that the S L,(R) representations on the subspaces D} /E, and F*, are equivalent under

the covariant transforms A, we can realise the representation in the upper half plane ¢(z). Then, the S L,(R) representation
on D /E; = F*, is given by

[T.(9)¢l(z) = (d - bz)nq(p(az - c).

d—-bz

However, the subspace D /E, = FZ, does not consist of all analytic functions ¢(z) in the upper half-plane. The function
¢(2) must be infinitely differentiable together with @(z) = z”’lgo(‘?l) in the closed upper half-plane. The same is noted, for
the S L,(IR) representations on the subspaces D, /E, = F_,.

(9.6)

Lemma 9.6. [8] The equivalence of the holomorphic representations T, T—, in the following pairs of subspaces:

e FE, and D_,/F_,, where the intertwining operator is given by
Ago = [ =0 gt

e D,/E, and F_,, where A is the differential operator d" /dx".

e D} /E, and F¥, or D}, /E, and FZ,, where the intertwining operator is A, (9.3) or A_ (9.4).

—n°

10. Unitary Representations of the Group SL;(R)

Unitary representation is a representation on a Hilbert space with an invariant inner product. Hence we need to find the
conditions under which it is possible to define an invariant inner product under the SL,(R) representation. Recall that an
inner product is a positive definite non-degenerate Hermitian functional. Hence, we start by studying the invariance of the
Hermitian functional.

10.1 The Existence of an Invariant Hermitian Functional

Let W, be the space of the representation 7 (7.2) associated with the pair of numbers z = (s, €), s € C. Then, for 7 = (s, €),
we have the space Wj; of the representation 77, which is given as follows:

“x_c). (10.1)

[T =1d = bl sgn(d = b (5

The Hermitian functional is defined as (g, ) : W, x W; — R. The goal of this subsection is to find the conditions under
which this functional is invariant, that is

(o, ) =T (Q)p, THW).
From section 7, the bilinear functional (¢, ) is invariant if and only if s; = s, or s; = —s,. Let the number s, be

the complex conjugate of s;. Then, the bilinear functional (¢, ) will be converted to the Hermitian functional (¢, ).
Therefore, the Hermitian functional {p, ) is invariant if and only if s = 5 or s = 7.

The expressions of the invariant Hermitian functional will be as follows:

e For s = —, i.e. s is pure imaginary, we have:

00

(o) = f PO (x)dx. (10.2)
e For s =7, i.e. if s is real, we have:

(p.¥) = f ber — 2™ sgn(x1 = x)p(x) )Y (x2)dx d . (10.3)
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Also, if s is a nonnegative integer and the representation is not holomorphic, the invariant Hermitian functional is

(., ¥) = f W (Y (x)dx.

0o

o For the holomorphic representation (8.1) every invariant Hermitian functional is a linear combination of:
N f ¢z, (10.4)

(o ¢)- = f " (Y (x)dx. (10.5)

00

where go(f)(x) and go@(x) are given by (8.10) and (8.11), respectively.

10.2 Positive Definite Invariant Hermitian Functional

The invariant Hermitian bilinear functional given by (10.2), is positive definite for pure imaginary number s. The invariant
Hermitian bilinear functional given by (10.3), is positive definite if € = 0 and |s| < 1 [8, p.427].

Next, for the holomorphic representation, every invariant Hermitian bilinear functional is a linear combination of (10.4)
and (10.5). Consider (¢, ), # 0 as a Hermitian functional on the subspace D} /E,. We will show that (¢, ), is positive
definite.

The Fourier transform of ¢®(x) is given by F[¢"({)] = (=i)"{"@({), where ¢({) = [ O; o(x)eé*dx.

Note that since ¢, (x) is the boundary value of a holomorphic function on the upper half-plane, then the Fourier transform
of ¢, (x) is supported on —oo < ¢ < 0. Then, the Plancherel theorem implies that

—n * n v 1 0 na iy
=i [ dPmeode= 5 [ ureoiouac.
Thus, (@, ) is positive definite on D} /E,,.
Similarly, the invariant Hermitian functional (¢, )_ is positive definite on the subspace D}, /E, since we have

0 — 1 =
=i [ L= o [ cpoboa
— T Jo

o

For the case that n is a negative integer, we have shown in the proof of Theorem 9.4 that the subspaces D} /E, and D, /E,
map to the subspaces F*, and FZ, by the intertwining operator A, and A_, respectively. Hence, the invariant Hermitian
functionals on F7, and F—, are positive definite.

Recall in Remark 9.5 that we can realise F*, as the space of holomorphic function in the upper half-plane. The represen-
tation in this case is defined by

az—c
d-bz

The expression of the positive invariant Hermitian functionals for this model is of the form

[Tu(9)¢l2) = (d - bz)"_lsO( ) where z=x+ . (10.6)

(p.4) = fI Ocp(z)E(z)w(z)dde,

where w(z) is a positive function. To find the form of w(z), we apply T,,(g) (10.6) to ¢(z) and ¥(z). Then, by direct
calculation, the invariance condition is given by (T,,(g)@, T,.(g)¥) = (¢, W), which is valid if and only if w(z) = (Imz) ™! =
y—n—l .
10.3 Representations of SLy(R) on the Hilbert Space
We found in subsection 10.2 the condition under which there exists a positive definite Hermitian functional (¢, y) invariant
under T(g), that is

(T, Ti(W) = (¢, ¥).
We can consider such a Hermitian functional as an inner product in the space W,. Then, if W, is completed with respect
to the norm

el = <. 0,
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we obtain a Hilbert space H.

The operators T;(g) on W, can be extended uniquely to unitary operators on . We denote these unitary operators, as
before, by T;(g) such that they also satisfy the representation group property:

Ti(g182) = Ti(g1)T(g2).

Hence, these unitary operators form a representation of SL,(R).

Lemma 10.1. [8]. For every representation 7 that possesses a positive definite Hermitian functional, a corresponding rep-
resentation of SL,(RR) by unitary operators on the Hilbert space exists. In this correspondence, equivalent representations
correspond to unitary equivalent representations and inequivalent representations correspond to inequivalent ones.

Next, we wish to classify the unitary representation of the SL,(RR) group.

e Representations of the principal (continuous) series:
For s = ip where p € R and € = 0 or 1, the representations are defined by

Tp()e(x) = |d — bx[*~"sgn(d — bx)e (ax - c) .

10.7
d—bx ( )

From subsection 10.2 the inner product in this case is as follows:
(@, @) = f P(xX)p(x) < oo.

e Representations of the complementary series:
These representations are defined by a real parameter s # O in the interval —1 < s < 1. The inner product is given
by

() = f 1 = ol (B Ca)dx .

The representation is defined by

(10.8)

Ti(g)plx) = 1d - bx|°‘“so(ax T )

d—bx
e Representations of the discrete series:

For each integer number 7, the inner product on the space of holomorphic functions in the upper half plane is given

by
wor= [ [ ot iy iddy < oo (10.9)
y>0 JR
The representation is identified by
Tw(9)p(z) = (d - bz)""«,o(ﬂ), ne. (10.10)
d—-bz
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Appendices
A. Generalised Functions

A generalised function (also called a distribution) is a generalisation of the classical notion of a function. In the following,
we provide basic definitions. For more information, refer to [23, 10, 26].

Definition A.1. [23] Let Q be an open subset of R”. The set of test functions D(Q) consists of all real functions ¢(x)
defined in Q vanishing outside a bounded subset of Q that stays away from the boundary of €, such that all partial
derivatives of all order of ¢ are continuous.

Remark A.2. [14] We can define the test function to be the elements of the space C(€2).

Definition A.3. [23] The set of all continuous linear functional on P is denoted by 9, and its elements are called
generalised functions. By functional, we mean the real or complex valued function on D written (f, ¢) where ¢ € D.

A generalized function f is a linear functional if it satisfies the identity:
a(f, 1) + ax(f, 2) = (f,a11 + ax¢).
By continuous, we mean that if ¢; is close enough to ¢, then (f, ¢;) is close to (f, ¢).

Remark A.4. [23] If f is a function such that the integral f f(x)e(x)dx exists for every test function ¢, then:

(f.p) = f f)p(x)dx

defines a generalized function.

Theorem A.5. (The Kernel Theorem) [11, p.18]

Every bilinear functional (¢, ) on the space D of all infinitely differentiable functions that have bounded supports and
which is continuous in each of the arguments ¢ and ¢ has the form:

(@ ¥) = (k, o(x) ® Y(y)),

where k is a continuous linear functional on the space D(X X Y) of infinitely differentiable functions of two variables
having bounded supports.

Definition A.6. A function f(x) is called a homogeneous function of degree A if:

flax) = ' f(x), a#0.

A function fj(x) is called an associated homogeneous function of degree A if:

filax) = ' [fi(x) + Inlelfo(x)], @#0.

fo(x) is a homogeneous function of of degree A.

B. Covariant Transform

Definition B.1. [18] Let p be a representation of a group G in a space V and F be an operator acting from V to a space
U. We define a covariant transform W". acting from V to the space L(G, U) of U-valued functions on G by the formula:

Wh v #(g) = Flp(g™ ), veV,ged. (B.1)
The operator F is called a fiducial operator.

Example B.2. [18] Let V be a Hilbert space with an inner product (., .) and p be a unitary representation of a group G in
the space V. Let F' : V — C be the functional v — (v, vy) defined by a vector vy € V. The vector v is called the mother
wavelet. In the set-up, transformation (B.1) is the well-known expression for a wavelet transform

W v i(g) = (p(g Hu,vo) = (v, p(Qve), veV,geq. (B.2)

The family of the vectors v, = p(g)vg is called wavelets or coherent states. The image of (B.2) consists of scalar valued
functions on G.
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Proposition B.3. [18] Let G be a Lie group and p be a representation of G in a space V. Let [Wf](g) = F(o(g™' f) be
a covariant transform defined by a fiducial operator F : V — U. Then the right shift [Wf](gg’) by g’ is the covariant
transform

[W f1(g) = F'(p(g™") 1),

defined by the fiducial operator F’ = F o p(g™"). In other words, the covariant transform intertwines right shifts R(g) :
f(h) — f(gh) on the group G with the associated action

pp(g): F > Fop(g™,

on fiducial operators
R(g) o (Wp = (ng(g)]:, g € G.

Corollary B.4. [18] Let a fiducial operator F be a null solution for the operator A = }}; a jdp);’ , where X; € g and a; are
constants. Then the covariant transform ['Wr](g) = F(o(g™")f) for any f satisfies

DWrf)=0 where D= Za,zxf.
J

Here, £% are the left invariant fields (Lie derivatives) on G corresponding to X;.
Example B.5. Consider the representation

-1 —-b
[7,(a, b)F1(x) = wf(xT), (B.3)

of the affine group on the space L,(R) with p = 1.

Let X4 = ((1) 8) and Xy = (8 (1)) be the basis of the Lie algebra g of the affine group. They generate one-parameter

a(z)z(‘(") (1)) and n(t):((l) i)

[dr(Xa)f1(x) = =f(x) — xf" (),

subgroups of g

then the derived representations are

[dr(Xn) f1(x) = = f ().

The corresponding left invariant vector fields on the affine group are
£ =ad,, LY =ao,.

The mother wavelet E is a null solution of the operator

—dn(Xy) — idn(Xy) = I + (x + i)%.

Therefore, the image of the covariant transform with the fiducial operator

F)= f Iy,

consists of the null solutions to the operator
— X 18X = a(), + id,),

that is essence of the Cauchy-Riemann operator 9z = % +i {;’—‘ in the upper half-plane.
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C. The Contravariant Transform

Define the left action A of a group G on a space of functions over G by

A(g) : f(h) - f(g'h).

An object invariant under the left action A is called left invariant. In particular, let L and L’ be two left invariant spaces of
functions on G. We say that a pairing (.,.) : L X L’ — C is a left invariant if

AL ARQS ) = )
forall feL, f'el.

Definition C.1. [18] Let (., .) be a left pairing on L X L’ as above, let p be a representation of G in a space V, we define
the function w(g) = p(g)wo for wy € V such that w(g) € L’ in a suitable sense. The contravariant transform M, is a map
L — V defined by the pairing

M, f = (fiw), wheref € L.

Definition C.2. Let H?(R2), 1 < p < oo, be the space of all holomorphic functions f which satisfy the following norm:

1
e ;
1 =t 2 [ If(a,b)l”db) .

Example C.3. [18] Let G be the affine group with measure d,(a, b) = and the representation x, (B.3). The following
invariant pairing on G is called Hardy pairing:

oty =tim [ i@ bpan .

where f; € H?(R3) and f, € HY(R2) such that L + 5 -1,

In this case, we can choose the function vy(x) = € L,(R). Then, the contravariant transform is

m X+l

(M, £10x) = (f, mp(a, byvo)

7+1

—hmf fa, )7rl(x+la b) db (C.D)

ar 7t f(a b)db
i Jow b—(x+ia)

The contravariant transform (C.1) is the boundary value of the the Cauchy integral as a — 0.
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