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Abstract

In this work, we give a characterization of the control for ill-posed problems. We propose the regularization method
which consists in improving the data in order to obtain a well-posed problems. As the problem is nonlinear, we will use
the adapted low-regret control method in order to be able to respectively determine the charaterization of the low-regret
and no-regret control of the problem.
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1. Statement of the Problem

Let Q be an open bounded subset of RV, N € N* with a boundary 0Q =T =T UT] .
we consider, the state z € L>(Q) and the control v = {vy, v;} € L*(T'y) x L*(Ty) linked by:

—Az—-72=0 in Q,

0z (L
Z=Vy,— =V on Io.

v

Problem (1) is a cauchy problem. In general, problem (1) does not admit a solution and there is instability of the solution
when it exists, see for instance (J. L. Lions, 1983), (J. Smoler, 1983).
0
Consider the space U defined by: U = {((vo,vl),z) e (AT X LA(Q),-rz-22=0 in Q,z=vy and (9_Z =v, on Fo},
%

and suppose that U is convex and not empty (U # 0).
The couples ((vg, v1),z) € U are admissible couples and U is the admissible set.
Let J be a strictly convex cost functional, defined for all admissible control-state couples (vg, v, z) by:

J0.v1,2) = llz = 2all}2 gy + Nolvolfa gy + NillvillZs s )
where (Mo, N1) € R, xR} and z; € L*(Q) the desired state. We are then interested in the problem:

inf {J(vo, v1,2), (vo,v1,2) € U}. €)]

According to the properties of J and those of U, problem (3) admits a unique solution (ug, u;, z) that we should character-
ize. To obtain a singular optimality system (SOS) associated with (ug, 11, z), (J. L. Lions, 1983), (J. L. Lions, 1968) has
proposed a method of approximation by penalization-adapted. He obtained SOS under the supplementary hypothesis of
slater type:

The admissible set of controls v has a nonempty interior (lofqt(/)). 4)

So, regularization methods may be considered. Theoretical concepts and also computational implementation related to
the Cauchy problem have been discussed by many authors.

In the parabolic and hyperbolic cases, we can quote ( M. Barry, O. Nakoulima, & G. B. Ndiaye, 2013), (M. Barry, &
G. B. Ndiaye, 2014),(0. Nakoulima, A. Omrane, & J. Velin, 2003), (J. P. Kernevez, 1980) and (G. Mophou, R. G. Foko
Tiomela, & A. Seibou, 2020).
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In the elliptic case, we can cite (J. L. Lions, 1983), (J. Velin, 2004), (O. Nakoulima, 1994), (S. Sougalo, & O. Nakoulima,
1998). (C. Kenne, G. Leugering, & G. Mophou, 2020), consider a model of population dynamics with age dependence
and spatial structure but unknown birth rate and use the notion of low-regret to prove that we can bring the state of the
system to desired state by acting on the system via a distributed control.

Lions used the notions of Pareto control (Lions, 1986) and equivalently the no-regret control (Lions, 1992) in application
to the control of systems having missing data.

In this paper, we will do the regularization of the problem and use the control method to be able to characterize the control.

. . 0z .
Thus, as z is unknown on I'} we define the fonction g = {g¢, g1}, such as z = gy and 7 = g on I'; and we consider the
%

following systems :

-Az—72=0 in Q,
[ . aZ —_—
Z =0, ? =WV on I, (5)
Z
Z= 80, a— =41 on Iy,
4

where gy and g; belong to G and represents “the pollution” that is unknown (incomplete data), with G a closed space of
L*(T')) endowed with the norm of L2(T)).

‘We use here a method that we find well adapted: the low-regret control concept, introduced by Lions. Lions was the first to
use it to control distributed systems of incomplete data, motivated by a number of applications in economics and ecology.
Lions in (J. L. Lions, 1983) proposed a method of approximation by penalization and obtained a singular optimality
system, under a supplementary hypothesis of slater type. In (T. Tindano, S. Tao, & S. Sawadogo, 2022), T. Tindano, S.
Tao and S. Sawadogo use the regularization method to control a time-dependent missing data problem. In (O. Nakoulima,
& G. M. Mophou, 2009), O. Nakoulima and G. M. Mophou use a regularization method which consists in viewing a
singular problem as a limit of a family of well-posed problems. They have obtained a singular optimality system for the
considered control problem, also assuming the slater condition.

In (A. Berhail, & A. Omrane, 2015), A. Berhail and A. Omrane use a regularization approach which generates incomplete
information. They get a singular optimality system characterizing the no-regret control for a Cauchy elliptic problem but
in linear case.

In (O. Nakoulima, A. Omrane, & J. Velin, 2002), O. Nakoulima, A. Omrane and J. Velin study No-regret control for
nonlinear distributed systems with incomplete data using the adapted low-regret control method.

In (LOUISON Lo?c, 2015), LOUISON Lo?c uses the adapted low-regret control method to study nonlinear Nye-Tinker-
Barber systems.

In the present paper, we shall study the control of a nonlinear problem where the control v is a couple (v = (vg,v;)) and g
is also a couple (g = (go, g1)) using the adapted low-regret control method. As far as we know, this problem has not yet
been treated, therefore this work is a contribution.

The rest of this paper is organized as follows. In section 2, we will give the characterization of the low-regret and no-regret
control. So, in the subsection 2.3-2.4 and subsection 2.5, the optimal control of the regularized system is discussed and
the characterization of adapted low-regret control is determined. In the subsection 2.6 and subsection 2.7, we obtain a
singular optimality system for the low-regret and when y — 0 we obtain no-regret control to the original problem, where
vy is strictly positive parameters. In section 3, we will end with a conclusion.

2. The Low-Regret and No-Regret Control

The problem being with incomplete data, it is impossible to solve it directly, this is how we use the regularization technique
which consists in transforming the problem (1) into a complete data problem.

Therefore, we consider the following regularized problem:

—p2z7, — zg —&gz.=0 in Q,
aAZE aZg
Ze — —— = Vo, — 4+ AZe =V on I,
Qv ov “ (6)
0AZ, ) Ze
8l = —5 = T 880, &7 +AZe =681 on Iy,

where & is a strictly positive parameter(e > 0); v = (vo, v1) € (L*>(T'p))> and g = (g0, 1) € (L*(T'}))%.

Remark 2.1. For any fixed €go and £g,, we assume the existence of solution to (6). In The rest of work, gy and g, are
considered as data perturbations.
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Indeed, if € — 0, z. — z and by making the change of variable = Az, the system (6) becomes:

—-An — 2=0 in Q,
on 0z
za—gzvo, 5+n=v1 on Iy, (7)
oan _ 0; =0 on I;.
ov

7]
From (7) we have: B_n =np=0onTj.
1%

0
By using the unique continuation theorem of Mizohata (S. Mizohata, 1958), we deduce from (7): (’)_n =n=0onT).
%

In substitute in I'y, we obtain:

Z = Vo; g—i =V on Lo, ®)
that is, the same conditions of the original problem (1).
2.1 Cost Function and Low-Regret Control
Consider the cost functional J, defined by:

Je(v, 8) = ze(v, 8) = 2allja ) + NollvollZa ) + NilvilZsr, - Q)

Lemma 2.1. Consider the cost functional J given by (9). For any v € (LA(To))? and for any
g€ (LX), we have:

0z 0ze
Jo(v,8) = Jo(0.8) = Jo(v,0) = J,(0,0) +2 <zg(v, 0) = 24: 52 (1,0) + == (v, 0>> -
ag() agl LZ(Q)
0 0
-2 <z8<0, 0) = 24. 7-2(0,0) + 2=(0, 0>> . (10)
ago 881 LZ(Q)
Proof : we can refer to (T. Tindano, S. Tao, & S. Sawadogo, 2022) by replacing z.(v, g) by
0ze 0z
261, 0) + 2 (1,0) + = (v, 0).
980 981
|
Lemma 2.2. We consider the fonction J defined by (9). For any v € (L*(T'y))* and for any
g € (L2(T'))?, we have:
_ 0L, 9,
Je(v,8) = J£(0,8) = Jo(v,0) = J5(0,0) + 2& [ (Le(v) = £:(0), 800 12(r,) + a_(V) - 3—(0), g ; (11)
v v ()
where {(v) solution of:
_Azéla - 34&: (Z£)2 —&ly = — (ze(ug, 0) — Zd) in Q,
e e
e — ot =0 ! + 2 =0 on Io, (12)
i &
&le — L =0; aﬁ +AL:=0 on I,.
ov ov

Let us give some preliminary results which will be used for the proof of Lemma 2.2 :
7:(v, g) is differentiable on (L*(I")))*:
0ze

g1

07
2V, g+ h) —z:(v, @) = h0~TgO(V, &)+ hi— v, &)+ |l (ho, ) llzaa,yye €Cho, h),

Proposition 2.1. z.(v,0) is solution of systems:
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0z

—AZ—(V 0) - 3( < in  Q
0
62&( ,0) — a (%(v, 0)) _o, 2 (‘%( 0)) + A( % (v, 0)) -0 on T, (13)
Bgo a g()
‘%g(v 0) - a (%(V,O))=Ego; 83(%(v,0))m(%<v,0>)=0 on Ty,
dgo A 0go
_A2 aZ8( .0) — ( % (1,0) = in  Q,
0g 6
6Z8( L0) — ﬁA a_( 0| = 9 (9 walZewo) =0 on T, (14)
dv 981
815 0 [0z 0Z¢
_9 (% _ Re - r.
sagl ,0) 6VA(6g1 (v, O)) 0; 861/ (6g1 (v, 0)) + A(@gl (v, O)) gg1 on 1
Proof :
® Let us show that z.(v, 0) is a solution of (13):

._Az(‘% v, )—3(‘% )zi(v,O) o5 (v 0) = -2 (~8%2,(r,0) — 22,0) — £2,(,0)) = 0,
6g0 6g0 gO

because, —A2z,(v,0) — (z:(v,0))* —ez,(»n,0)=0 in Q. Thus,

—AZ([)ZS v, )—3(8Z‘g )Zi(V,O)—s(az‘g )=0 in Q.
0go 080 980
eFor boundary conditions T :

as a 88 . £ ,/1 _50,0 (9 . & ,ﬂ _50,0

%% .0y - 2 z(vo): (v, 480) =2:(0.00) 0 (. Ze(v2A80) — Ze( )’

0go ov /1—>0 A v \1—0 pl

0
2e(v, A80) = 6—Azs(v, A80) 26(0,0) — —AZF(O 0)
= | lim u - lim =0,
1—0 A 1—0 /1

0 (828( O)) +A (_( 0)) aav (11 2e(v, 480) — z£(0, 0)) +A ( lim 2e(v, 480) — 2¢(0, 0)) ,

av 1—0 A 1—0 A
aZ; azs
a—(v , A80) — AzZ.(v, 180) 6_(0’ 0) — 2z,(0,0)
= lim & —| lim &~ =0.
1—0 A 1—0 A
eFor boundary conditions T :
a £ 6 ~ & /l — Le 090 a . e\ Vs /l — Le 0’0
Z(VO)——A z(v 80 =200} 9 (. 20180~z )’
A ov A1—0 A
&z:(v, Ag0) — —Azs(v Ag0) £7:(0,0) — —Azg(O 0)
lim —| lim = £80,
1—0 /l 1—0 /1
ﬁ aZe( O) + A (V O) 1 Zs(v /lgO) - Ze(o O) + Al lim Zs(v7 /lg()) - 15(07 0) ,
a A A1—0 A
Ze 0z¢
8a—(v, A80) — Az¢(v, 180) 86_(0’ 0) — 2z,(0,0)
= | lim —* —| lim - =0.
1—0 A 1—0 A

® Using similar reasoning as before, we show that z.(v, 0) is solution of (14).
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Proposition 2.2. z.(0,0) is solution of systems:

222 0.0y - 3( ‘e in  Q
P o0 3 ago 9 (o2
Z’f 5o 0.0~ ( “ (0, 0)) ( “ (0, 0)) + A( % (0, 0)) -0 on Ty
a Va }% a 5"z o0 P
Z(c; Zé‘
—_— = M —_— = F
(0 0) - Ew (ago ) £80; sav (ago )+ A(ago ) 0 on 1
az‘p (0.0 - 3( 22(0,0) 5o in  Q
aZE (0 0) - (GZ‘E o, 0)) 0 (aZE o, 0)) + A( % (0, 0)) -0 on T,
0 dv g1
azg (0.0 - ﬁ 0. &2 62’8 0.0+ 0z —sg; on T
ov ov 0g1
Proof :
® Let us show that z.(0, 0) is a solution of (15):
(9Zp Zf 2 0 2 3
-2} 550.0)- 22(0,0) — (=2%2:(0,0) - 22(0,0) - £2,(0,0)) = 0
dgo dgo

because, —A2z.(0,0) — (z:(0,0))* = £z.(0,0) =0 in  Q, thus,

A (azs(o 0)) ( ‘o )zi(O,O)—s(aZe
0go dgo

eFor boundary conditions T :

0 .0 2 A(% o 0)) _ ( Jim, 220480 = 0, 0)) a A(Hm 25(0, Ag0) — 2:(0, 0>)’

)=O in Q.

dgo A Ay~ \1—0 1
d d
z:(0, A80) — Azg(O 180) 2£(0,0) — a—Azg(O, 0)
=| lim —| lim Y =0,
1—0 /l 1—0 A

9 (619 o, 0)) (3& ©. 0)) 4 (limo 25(0, 480) — z:(0, 0)) N A(lim 2£(0, 480) — z:(0, 0))’

6v 0 g0 191/ A A A—0 A
E a E
S50, 280) = 22,0, Ag0) 52(0.0) - 22,(0,0)
=| lim & —| lim & =0.
1—0 A 1—0 A
eFor boundary conditions T :
as a (9.9 li go’/l - gOyO 6 . 80’/1 - 50,0
Z(o 0) - ( Z(OO)) ( 2:(0, 480) — ze(( ))__A(hmz( 80) — zs( ))’
/l—>0 A dv \1—0 A
0 0
£7:(0, 4go) — Aza(O 180) £7¢(0,0) — —Azs(o 0
=1 lim —| lim = &80,
1—0 /l 1—0 /1
0 0z, 07 0 (.. z:0,4g0) — z:(0, O) . 7:(0,g0) — z:(0,0)
o5 (Gec0.0) o Ge0.0) = o7 1m0 o fim, HOAEOD)

50
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oz, 9z
£22(0, Ag0) — £2,(0, Ago) £22(0,0) — £2,(0,0)

= | lim -~ —| 1im =9~

=50 A 1—0 A =0.

® Using similar reasoning as before, we show that z.(0, 0) is solution of (16).

Proof of Lemma 2.2: P
o By multiplying the first equation of (12) by f(v, 0), we have:
80

9z
(=8%0:(0) = 3L:(0) (z6) - 842(V) (v 0))a = (- (zg(ul, 0) - zd), a—zo(v, 0)a,

and that (»® é“s(V) (V 0)a + 3(L(v), (Zs)2 0e (v 0))a + <§s(V) (V 0)a = ((ze(us, 0) = z4) , %(v, 0)a,

Applying Green’s formulatlon to the first membrer, we have.

N o\ o
A = (X)), Z>F‘<§f()av(a§0)> <§()A(

07 y
ago Q b

0z¢ 00, d [0z 0ze
o, — (40 (Z )>r.—( 2o, 8‘/(?;))%1—({8(\’),5(;;)%#

)) - (L. 5 (azg ))r+
dgo 80

HLe(v), &7 (

[ ONS 0z,
(Ae“)() Z

=

9z,
HLe ), £80)r, + (Le(v), A ( ;)m,

=(—F—W- é“a(V) > r —(ALv) + £

a E & a E
(A“ % -0, —( ¢ )>r] (L), 800, +

07
(), & ( ))g,
0go
0Z¢
ago))n,

)>Q-<§g(v> A (6 ) 3(8)2(6ZS)+8(%)>Q+
dgo dgo 080

+(L:(v), £8o)r, -

= (L), 880)r, + (Le(v), A (

= (A’ é“s(V) )Q +3(0:(v), (23)2( ))Q +(L:(v), 8(

0z
hence  ((za(tg, 0) = 24) » 6i(v, 0))a = (L), £80)r, -
80
e By multiplying the first equation of (12) by %(v, 0), we have:
0z
(—022(v) = 3L(v) (2) — s§s<v) (v 0 = (— @ 0) — 24). a—i(v, 0))a.

0z¢
= (s’ é“s(V) (V 0)a + 3(L(v), (Zs)2 (v 0)a + <4(V) (v 0)a = ((ze(ue, 0) — za) a—g(v, 0)a.
By again applying Green s formulation to the ﬁrst membrer as before, we obtain:

9z
(B4 5 < 5o -0 =

+ (L), A (gz )>g.
81

As a result: P o
(261, 0) = 20) , == (v, 0))a = (==(v), 881,
0g v
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0
o By multiplying the first equation of (12) for the case v = 0 by aﬁ(o, 0), we have:
80

,0) -

(=122:(0) = 32:(0) (z2)* — &Ls

0z¢

£:(0), (zg)2

= (A’ (0 0)a + (s (ue, 0) — 2a) —2(0, 0)a.

Applying Green’s formulatlon to the first membrer, we have:

[ONS 02
(Aé)(o) Z

0L 0z 0 [0z
)) <—(0) A (ago)>r —(£:(0), 32 (ago )>r+

0
(8%£.(0), ) —(2Z:(0), 8_(

=

07
+(£:(0), & ( )) o
020

(a(Agg)(O) [ >F1 <A§E(O)’§ (azg )>rl <3{s(0) aﬁ(azg ))r1 (Z:(0), 6( go))rl

0

0z
+Zo(0), 801, + (£+(0), 22 ( az )>Q,
80

a%)(m— @(0) T, = (80) + ﬁ(O) —(‘%

iy )>n (6 (0), sg0)r, +
L0, 2 (‘9 )>Q
go

0z,
= (£.(0), £80)r, + (£:(0), A2 (8i)>g,
80

oz, 0z 0z 9z, 0z
= (1%.0). 5 < o+ 300, (zg)z( )>Q+<§g(0> s( < )>Q = ((0), & ( < ) 3<z5>2( < )+s( < )>Q+
0go dgo 080

+(§s(0) 8g0>r,

= ((2s(us, 0) = £:(0), £go)r, -

(=4%2:(0) = 3/(0) (z0)” — &Le .0) =

0z

(0), (zg)2 ,0) = 24), —(0 0))a.

= (8%,(0),

(0 0)a + (£:(0),

By again Applylng Green s formulation to the ﬁrst membrer as before, we obtain:

(a? 48(0) 0 (0 0)a = (i(O) eg)r, +(£(0), A (22: )>Q.
As aresult:
((zs(ug, 0) -
In summary:
<Z£(V, 0) > - <Za(0, 0) > = <§5(V) — 58(0), gg())l_l +
@ Q
<3{g . )_

52
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0L 0L, >
v 2y

Thus, Jo(v, g) — J(0, 8) = Je(v,0) = J(0,0) + 2(L:(v) — £c(0), £80) 121, + 2 <—(v) - E(O)’ &g

Hence the result.

[ |
Remark 2.2.
sup  (J(v,8) —J(0,8)) = J:(v,0) — J(0,0)+
ge(L2('))?
0 0
+2  sup (({s(V) = 4(0), £80) 21y + <§(V) - ?(0), 8gl> ],
ge(L(T))? v v L))
0
= Je(v,0) = J.(0,0) + 2 sup ((g“s(V) = 4(0), 80) 2,y + <6_ (Le(v) = £:(0)), g1> ] ,
ge(L2 T v L2(T))
it is deduced that:
oS (v)
Sup (J(V, g) - ](07 g)) = JE(Vs O) - JE(O, O) + 28 Sup <S (V), g0>L2(]"1) + 6_7g1 ) (17)
SE(LA(T)))? SEULA(I))? v L2I)
with S(v) = {(v) — £(0) and,
. S (v)
8S (v) +oo if ((S (), 8012y + <8_f/’ g1> J #0,
sup [(S s, 8od 2y + <W’ g1> J = 35 () L2(T'y)
gL PO o if SW Lgo and — = Lg Vg e (PT))
%
To give meaning to the following minimization problem:
inf sup  (J(v,g) = J(O,2)], (18)
ve(L2(Ty))? ge(L2())?
we consider:
_ 2 2 s (v) _ 2 2
O = {v € (L*(lp))” such as (S(v), go)r2r,) + W’gl =0, VgeLTy));. (19)
LX(Ty)

2.2 Low-Regret Control

However, to make the resolution of (18) simpler as, J.L.Lions we introduce the parameter
-y 1l go IIi2 ) and —y || g ||i2 ) where vy is a positive parameter and means a relaxation parameter (y > 0). Thus, we
obtain :

inf sup  (Je(v,8) — Jo(0,8) — S~ ) | 20
VG(LZ(F()))Z ge(Lz(?l))z( 8( g) 8( g) 7 ” gO ||L2(F|) 7 || gl ||L~(F|)) ( )

the control u solution of (20) is a low-regret control, see (Nakoulima O., Omrane A.,& Dorville R, 2004).

Indeed, the concept of <« low-regret control > depends on y and the norm || g ||. It is interpreted as an approximation
no-regret control.

With low-regret control, we admit the possibility to make a choice of control u slightly catastrophic than the ground state
with a margin of error that must not exceed /| glli2 e

Lemma 2.3. Foranyv e (LA(Ty))?, relaxed problem (20) becomes:

2 2
) £ ) g 05w ,
inf Js(va O) - J8(07 O) + 7 || S(V) ”LZ(F]) +7 ” W ||L2(F1) .

21
ve(L*(T))? @D
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Proof :
From (11),
— Y 4 658 g.s
Tv.8) = Jo(0.8) = Jo(v,0) = Jo(0,0) + 2 (L) = 1 (O).£80) 1, +( 520 = S O)ega) .
L2('y)
S0,

sup  (Jo(v.8) = Jo(0.8) = ¥ 11 g0 I, =7 11 81 IPar,)) = Je(v, 0) = Jo(0.0)+

ge(L*(I')))?
<§F(>— éVf(O) g1>

Y Y
+2 sup ((§Z(v>—43<0>,sgo) = 280l ~2 e ||§2(m).

2
(T2 o

LX)

According to Fenchel transformation,

gs é/s Y 2 Y 2
sup (L) = £(0), e80 < W-3 (0, g1> =580 N2, =5 181 |l
gE(LA())? [< >L2(F) 2ry 2 ™ 2 B
& 6 &
-2 || EW-LO I, +5 || % -2 0)
we obtain the result.
|
Finally, we can reformulate the problem (20) as follows :
For any y > 0, find u € (L*(T'y))? such as:
Jiw) = inf JI(v), (22)

Vve(L(Tp))>

. 82 oSv) ,
with  JU() = J,(v,0) = J,(0, 0)+ Z S0 Iy, + S5 ey -

The problem (22) is a low-regret problem and its solution, if it exists, will be the low-regret control.

Remark 2.3. Contrary to the linear case, the function JY is not convex, so we do not necessarily have the uniqueness of
us. Moreover, we are not sure that u, converges in Q. Thus, we use the adapted penalization method defined by J. L Lions
in (J. L. Lions, 1968) for the search for low-regret control.

2.3 Adapted Low-Regret Control

In this part, we are interested in finding a solution of the following minimization problem:

inf  J2(), (23)
ve(L*(Tp))*
where
- . 82 oS (v)
Jé}:/a(v) = JS(V? 0) - JS(O, 0)+ ” Vo — Up ”iZ(rl) + ” Vi —Up ”iZ(r]) ” S(V) ”LZ(r ) y ” ”LZ(r ) (24)

with &t = (iip, 1h;) € (L*(T'9))? is a no-regret control and the control #) solution of (23) will be the adapted low-regret
control .

2.4 Existence of Adapted Low-Regret Control

The following proposition shows the existence of an adapted low-regret control.

Proposition 2.3. There is at least a low-regret adapted control u) € (L*(T'y))* solution of (23).

Proof :

From the definition of J2,, we have:
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TL(v) 2 =J:(0,0),Yv € (L*(Ty))%,

thus :
S (v) ~ -
_JS(O’ 0) < JE(V, 0) J (0 0) + - ” S(V) ”LZ(F) y ” ||L7(F) + ” Vo — Up ”iza"l) + || VI — Uy ”22(1"]) .
Let’s define J2, by:
Tl LP(T)) — R,
(o, vi) > JL(vo, vi).
We denote by:
A= {v e (LAT)% T2, (v) = —J(0,0)}.
We have :
0S(0)
24 _ -
Jea(o) || S(O) ”L2(1" ) 7 ” 6V ”LZ(I‘ )— J(O 0)
We assume A # (. Therefore:
d’= inf JL()
ve(L2(I))?
exists.
Let v, = v,(&,y) be a minimizing sequence such as,
dl = lim J,(vy), (25)
n—0o0
then, —J(0,0) < J2,(v,) < dJ + 1.
AS T2(00) = o, 0) = Jo(0, 00+ Il vou =t I + Il vin = i1 (o, + || SO o, +
g2 S (vy)
+; ” 6V ”LZ(FI)’

2 2 2 2
:” Za(vmo) —Zd ||L2(Q) +N0||v0n||L2(F0) + N1”v1n”L2(r0)_ ” Z8(03 0) —2d ||L2(Q) +

BS(V )
~ 112 ~ 2 n
+ [l von — 1o “Lz(ﬂ) + [ vip — i “Lz(ﬂ) “ S(va) ”LZ(rl) y ” ||L2(F1)
Jean) < df +1 =>|| 2e(Vn, 0) = za IILZ(Q) +Nollvonlljar,, + Nl”Vln”Lz(l-) Il 26(0,0) = za 2y + Il Vou = tdo [,y + |l
aS(Vn)
y
Vl ul ||L7(r ) || S(vﬂ) ”LZ(F ) y || “LZ(F )S d + 1
Y
CE
IVorllzry) < 4[>
L . NollvoulI* <c}, 0 Ny
Therefore, it exists a constant ¢} independent of n such as: " L2T) i =
N1||vln||L2(r y = Ces Cy
IViallzay < A=

and so we can extract sequences v, such as v,(g,y) — ul in (LA(Tp))>.

Give some preliminary results that will be used for the characterization of the control :

7:(v", g) is differentiable on (L*(T))*:
y

Z 0z
(1,8 + Wi (", @)+ Il (wo, w1) llz2aryy €wo, wi),
6\11

ze(V +w, g) — z:(v", 8) = wo.
6\/0
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24
gl S e T
(i) i) o) o >
eZiz-%A(Ziz)ﬂ; “ilow) 20 o
Z’f—%&(iﬁ?)” i) (o) =0 o >
y y
el e

Proof :

® Let us show that 7 is a solution of (26):

; ; Y (v, 0) = £:(0,0
.—Az%_?, (9{8 Z§—8%=—A2 hmg(VO ) g( ) _
6\/0 6\/0 6\10 1—0 A

s

b _ " —
3 ( lim Le(Avy, 0) — £:(0, 0)) (zZ)2 ~ 8( lim Le(Avy, 0) — £:(0, 0))
1—0 A

1—0 A

A—0 A

) (—Azgg(/lvg,O)—3(8(/lvg,0)(z8)2—s{g(/lvg,O)] ) [—AZ{S(O,O)
= Jim - fim

—32,0,0) ()] - £4.(0, 0)]
- ,

. (Za(/lvg, 0) — z:(0, 0)) 0z
= lim
1—0 A

( ,0),
thus,

orY oLy al 0z, .
_AZ(a_i(,))_3(8_iO)(ZZ)2_S(6€O)=_ai0( ,00 in Q.

eFor boundary conditions T :

A )% 1—0 A

>

Y _ Y _
) A(agg) _ (hm £, 0) = £.(0, 0)) ) A(hm L. 0) = Z.(0, 0))
(9v0 ov (’9v0 A—0

9
Ze(Av],0) - Aig(ﬂvo,) £:(0,0) — a—Ms(O, 0)
= }imo ﬂ —| lim 14

=0,
A1—0 A

a4 A

>

i) (653) (agg) d ( L, 0) = £:(0, 0)) ( . L, 0) = £:(0, 0))
- +Al=]=—=—|lim + A lim
v 8vo aV() Ov | 1—0 A—0

e A7.0) = 2LV 0) % (0,0) - 2£,(0,0)
= | lim -2 N | tim -9~

1—0 A =0.

eFor boundary conditions T’y :

ol 0 (agg) ( (A, 0) = 2:(0, 0)] 0 ( L), 0) = Z:(0, 0))
& - —A =¢g| lim — —A| Iim s
6\/0 ov 6\/0 A—0 A ov A—0 A
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0
£4e(Av,0) = Aauvo,O) £4:(0,0) = =-4£:(0,0)
=| lim —| lim v =0,
A—0 ﬂ 1—0 4

Ze(Av],0) = £:(0, 0)) ( Q(/U%,O)—{s((),o))
A ,}lno ’

LAV AN
ay oo ave | = Zov 250 2 1
C,f“:u 0) = ALV 0) C,f“:(o 0) - AZ,(0.0)
=|lim & —| lim & =0.
ﬂ, 1—0 /l

1—0

® Using similar reasoning as before, we show that /7 is solution of (27)

[ |
Proposition 2.5. 72 := 7,(v",0) is solution of systems:
(91 oz} 2 07
£ _3(=2|(2) - £ =0 Q,
aV() (6\/0) (Z ) 8(9\1() n
dzL 9 (0z) 0 (92 0z,
=& _ - =V, — +al—]=0 T, 28
vy Ov 8\}02 Yo v ((9v0 vy on 0 (28)
azg d (0] 9 [0z 0z}
— — —A — | = 0, —_— -+ A -1=0 r 5
61/0 ov (6\/0 ) “ov (ﬁvo ) (6\/0 ) o !
o) oz I T oA
-0 = -3 () e =0 Q,
6\/1 (9v1 (ZS) 86\/1 "
0L 8 (07 0 (07 0z’
= _ = 0, — = T s 29
oy BVA(GVID ov 3v1)+A(6v1) " o 0 29)
azg d [0z 9 [0z 9zt
— - = =0; — A =0 I.
c’)vl [9)% (6\/1) 861/ ((9\/1 * ov; on !
Proof :
® Let us show that 7 is a solution of (28):
oz 072 2 8z 6 3
2 & & Y £ 2.y Y o
- A -3 9 . (_A e~ \Ke) T 5) - 07
¢ (8v0) ((9V()) (Z ) 8(91)0 aV() ¢ (Z ) &
because —A%z) — (zg)3 —ez2=0 in Q, thus,
z) oz, 2 o7k
2 £ £ & .
A2 =22 - —egl=1]=0 Q.
(Bvo) (3V0)<Z ) g(aV()) "
eFor boundary conditions T :
0 8 (02\ (. 250 -z0,00) 4 (. z(0],0)-2(0,0)
- —A =| lim - —All s
dvg dv \dw 1—0 A dv (1—o0 A
0
(V] 0) - Azg(/lv 0) 2(0.0) = =-22,(0,0)
=| lim —| lim 4 = v,
1—0 /l 1—0 A
0 azg 7L 0 26(Avy, 0) — 25(0,0) 2], 0) = 25(0,0)
+Al=—]=—] lim + A lim ,
dv 6v0 Mo v \1—0 A — A
07 0z¢
SEA.0) - 22,1}, 0) Z2(0.0) - 22,(0,0)
=|lim % —| lim & =0.
/l 1—0 /l

1—0
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eFor boundary conditions T :

L 8 [(dz) . 2,00 =20,00) 9 (.. z:(Av],0) = z:(0,0)
e— — —A =gl lim — —A| lim
dvg 9dv \dwy 1—0 A =50 A

k)

av

sza(/lvo,O) Azg(/lvo,O) ez:(0,0) — —Azg(O 0)

li =
~ 12 /l o

= lim
1—0

s

85 a_V() 8v0 _SE/ 1—0

0z
86—5(/%, 0) — Aze(/lvo, 0)

8%(0 0) — 2z:(0,0)

li =0.
Alno A 0

=1 lim
A1—0

8 (azg) (azz) p ( zguvo,(» 20, 0) [ 2e(A], 0) - zg<0,0)]
+Al— = lim

® Using similar reasoning as before, we show that z} is solution of (29).

2.5 Characterization of Adapted Low-Regret Control

Proposition 2.6. The adapted low-regret control ul = (“2)/3’ u?g) solution to (23) is characterized by a unique solution
(2,22, BY, pL}), of the system:

—a2 -3¢ (Zg) —ell =~ (ZZ - Zd) in Q,
ongY or’
- 64‘9 —o; % a0 on To,
A4 v
ongY or’
ell - be _ 0; 8£ +A2=0 on I,
ov s %
-A7) — gz}/) —e2,=0 in Q,
aAZg BZ
- ?; s (59; + 2z = uj, on Ty
A 8
el - ot =0, et 4l =0 on I
ov 5 ov
—a%BL - 3BY (L) —&BL =0 n Q
Y
ﬂz—,‘/ - aAﬂb = O’ 6133 + Aﬁg - on Fo,
Do 2% . L) - 4:0)
& eUg) — Ce
Bt - 3 ——(&:(u ) — £:(0)); et ABY = (—) I,
% y ov
~82¢) = 3() ¢l oY =L 24— B n o
BN gl
oL — afa =0 ;8 + AP = on To,
N 0Pl
8¢Z - & = Oa gi + A¢s = on Fl,
ov av
¢ + Noup, + Nyuy, = iy — ul + i — u{g in L*(Ty),

where 7! := z.(u’, 0).

Proof :

Let u be the solution of (11)-(22) on (L*(I'y))>. The Euler-Lagrange necessary condition gives for every
w = (wo, wy) € (L*(T))* :

oz ozl 0L, 0fe

(avO,Zg Zd)9+< ,Zg Zd>Q+<NoM0€+MOS i, Woyry +H(N1u) +uy i, wi)r, + 7(—(W0) S(M08)>r,++ <—(W1) S (u} ))r, +
ac. aS( i 6S(u )

(D (%) g, Blae)y —<— %) ), 0y, =0

v ov \dvy

Indeed, Sl + Awo,ul + Awy) — Za(ugg, ul) = Jg(ugs + Awg, 0) + Jo(u] + Awy, 0) = Jo (], 0) — Jo(u] , 0) +
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+ |l u + Awg — 1l ”iz(r]) +l MTE + Awy — iy ”L’(F | uy, — i ”iz(r - ul - ||Lz(m
2 &2 oSl + Awp) 2 S+ Awy) 2
& Oc 0 8 le 1 &
+ 5 | S (u, + Awo) ”Lz(r) || S(u), + Awy) ”Lz(r) 5 — rw ||Lz(m 5 [ o ||Lz(m 5 I
g (uop) g oS (ulp)
S (u,) ||L2(F) || Su,) ”Lz(r) Y | —— ||Lz(m Y | —— ||L2(F]),

zg(u()s + Awg, 0) — 2. (1., 0)
1 re ¥

2
Sl + Awo,ul + Awy) = () uy ) = A% ||

2e(u], + w1, 0) — z5(u],, 0)

+22 | 2 720y +AWNo + D) 1 wo o,y +A N+ D)l wi [, +
(e1)? (” S (ug, + Awo) = S () | Sul, +Awy) =S (ul) i
+ 2 + 2 +
y 1 L2(Q) 1 L2(Q)
X 38 (up, + Awo) ~ a8 (ug,) 38 (u], + Awy) ~ a8 (u],)
(ed)
o P g + I T g |+

+2(z (), + A, 0) = zg(ug . 0), 22 — zada + 2ze(u], + Awy, 0) — zo(u] ., 0), 2 — zZa)a +
- - 2g 282
+ 2ANou, + u, — o, wodr, + 2AN\uy, + uj,_ — iiy, wi)r, + 7(5 (up, + Awp, 0) = S (u]_, 0), S () )r, + 7<S (u), +

262 0S(u! + Aw, oS’ ) 6Su’
w1, 0) = Sl 0), Sl Y, ++——( (g, + Awo) _ 351 08), (t,)
e & y av av ov

or, +

262 OS(ul_+Awy)  OS(u]) OS(u],)
22 -

ov ov v -

Dividing by 4 and applying the limit , we obtain:

JY(u! 4+ Awg,ul 4+ Awy) = JL () ul 87 87
fim Jeeloe = A0+ A0 = ety 1) 2<ﬁ ~ 2o + A5 2,7~ 2dat
A—0 A ovy
. . 282 9SY 262 9SY
+2(Nouy, + uf — i, wo)r, + 2{Nuj, + uj, — iy, wi)r, + — v D+ — v, .S Dr, +
22 9 [0S\ 8SY 26 9 (8SY\ 8SY
—— =, =n+—A= 5| =
y ov\dvy | Ov vy ov\dvy ] ov
y y y y
z:(u +/lw,0 —z:(u; ,0 o7 S, + Awy) —S(u as?”
because lim (o, 0-0) = g, 0) % ot lim (g, 0) = 5 (g, = —=,
A— O (9\/() A—0 A (9v0
(9
The terms || || 2@ || §g || 2@ Are bounded and tend to O when A — 0.
As S (u), + /lwo) -Su),) = {(uos + Awg) — {(u},), then:
JY(u! 4 Awg,u] 4+ Awy) = JL (] Ul 87 87
fim e e T b he) _ = 2352 - wa + NG - wat
A1—0 A 6\)1
_ _ 2er 97 2e2 0
F2Noul, + 1, — iy wory + 2N+, = i, widr, + 7<a—f*("), Shr+ -G 4 SDr+
L2 0 () as " L2 0 (o) aS)
v Ov\dvg) v y “av\ov ) oy "

The Euler-Lagrange condition becomes:
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0z} y 9z} y y y
<8V0’Z€ - Zd)Q + <_17Z8 - Zd)ﬂ + <N0M08 + u() - I/[() WO)FU + <N]I/[]F + uls - Hl,W1>FU+
g ot g ag oY\ s’ oY\ as?
—(Z=8 Dy + —(, 51 = ° =0.
+7 vy o < v S+ <6 (8\/0) )% o n y<6v(6v ) v o
Consider 7 solution of the following system:
—A%BL - 38! (z?;)z -gB2=0 in Q,
OnBY opY
B - Blf =0; éﬁ/ +ABL = on Iy, (30)
Y Y
gy - 2o _ —‘9—@8( D=t o2y gy = S (LD GO0,
av y ov
By multiplying the first equation of (30) by ﬁ(w 0), we have:
(-0 - 31 () - o8 500, 00 =
& a &
= (2B, 22 . 0 — OB () 50000 = e 3w, O =

and applying Green formulation to the first member, we have:

. APV O , BL) oL
(28, éV( L0 = ¢ (Aﬁ @) g( O)r — (8L, 2 (i( 0))>r (LD 2 % (w0
—(B7(v). — ﬁ 4 2 45
B, o (a2 =000 P -+ (BL0). 5252 O
O 0l - aB; 0 [0
= ¢ (A‘;‘”("” 4( 0)>r,—<Aﬂa()—(i( 0>)>r,—< Be) —( et (w,0>)>r,—
\% v \ dvy
0l &
—(BL), si(w O, + (BL(v), &2 éV( 0o,
Y 4
=<6(A§8(”)) BLO) 5 4 w0, — (A1) + £ 22 9 (‘%8( 0)))r1
v 6v 61/
B, 875 Oc. . 00
2 . 2 (6 (Ul (0 0 (0 -
- ) - 4.0, i( .0, +8—<(M) ( % 0))>r1 B, 275 oc (.00
Y y v v vy
& 2 & 6 & - sO 6 a &
(-0%1 - 361 () - o8 500, 000 = -S - o) 2 o, _ & D)~ &) —( e, 0)))r1—
0% ov v
(B0 67 00, 0 = 3L 000 (2 e = (B o0 O

= (-2, - 381 () - ﬁg

<(a(§g<ug> - 4-(0))) a (ags
7

ov > ov \ov o, O))>r‘_

2 0
=) = G0) G0 O, + (8252 0,00 = 32000 () = 25206, 01 BLO
Y 6 Vo 6\1()
we obtain: 5 (’) » 6 5 7
£ S & E
—<SY éV( O, + 5 (i( O))>r1 + (G AW = 0
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0L,

By again multiplying the first equation of (30) by 8_(W ,0) and using a similar reasoning as before, we get:
v

As & oS! 9 (9L
—wVi> ay&(i(m%w«—mmm—
The Euler-Lagrange condition becomes:
5Z8 627 Yy Y Y ~ Y Y ~
<(9v % =2~ B+ <— =24 — Beda + (Nouy, + uy, — tio, wo)r, + (Nyuj, +uj, — i1, wi)r, = 0.

Let us now introduce the adjoint ¢} defined by:

2 -3(2) et =B i Q

Y

oL — 049; =0; 0¢: + AQY = on Ty,
Bar

Pl — 2 0; 99e + AQL = on T.
ov (91/

0ze .
e By multiplying the first equation of ¢, by ai(w, 0), we obtain :
Vo

eﬁﬂ—3@fd—wé 2 B G0 O,

)>r+

and by using again similar reasoning as before, we get:

5(A¢s (v)) azg

( e =(————

(n? ¢s’ ( ,0)r = (agl(v), —( ig

gL (v) Rz
ov 6

9z
+ (w m»—<ww>—( gimxﬁ»+<g
Vo
-<Wme+mMA2%,w@

:«ﬁ&—()%—wm =(v. 0)a = (4. wobr, =

9z
%%wxﬁgimumg—xﬂxi) —@%@) (wmm,
Vo
2y Ny 76Z8 — Y
iFA%—3@)%—wwa(M®m—@N%%m+
Vo

& aE
-wm>ﬁzwm 3() G0 -

9z
=wmpwm=%—m—@ﬁiwmm
Vo

0z¢
By again multiplying the first equation of ¢} by ﬁz
Vi

9z,
<awmm—m—mﬁuzwmm

From the Euler-Lagrange condition, we finally get:
(@Y + Nouj +ul — iy + Nyud_+ul_— iy, wir, = 0,Yw € (L*(T))?,
the adapted low-regret control 2, is characterized by:

Y

Y Y Yoo o~ Y
¢g + Noug, + Nyuy, = tlp + 1l — uy, — Uy,
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2.6 Singular Optimality System (SOS)

In this section, we give the SOS for low-regret control for the problem (1)
Lemma 2.4. [t exists constant C > 0 such as:
Il u, 2@y < G,

Il u, 2@y < G,
Il 22 2 < C,

(€29)
— || & Neza)y< G,
& 0"58
\/_ I lz2arp< C,
Proof :
ul is a solution of (25), therefore:
Joel) < Joe0). ¥ v € (L(To)).
In the particular case where v = 0, we obtain:
|| ZF Zd ”LZ(Q) +N0||u2)/8||L2(F0) + NIHMTEHIZAZ([‘O)-}_ ” MOE l/l ||L2(F]) +
& §g
” (F ”LZ(Fl) y ” ||L2(F])_|| Zd ||L2(r1) C;
hence the result.
|
Theorem 2.1. The low-regret control u” for problem (1) is characterized by {7, 7",57, 9"} :
0
{~a0r- 3&@)2 —-@-w o Q0=0 =0 on To
v
-0 = () = in Q,
3 7
o il =u on To,
—0p = 3[7” (zy)2 0 in Q,
B =0; =0 on Lo,
—AgY = 3¢7 (z”’)2 =7 —z—p in Q,
8¢7
Y =0; =0 on Io,
¢ + Nou + Nyu)| = iy — ul) + i — ) in L*(T). (32)
Proof :
From the Proposition 2.6, we deduce that z) is solution of the system:
3
—n2zl - (ZZ) —e7,=0 in Q,
JIIN A z2
- 7 - Uy 7 +az =uy,  on To, (33)
A & £
ezl — e _ o, si+Azl=O on .
ov ov
By changing variable, 7 = Az}, thus the system (33) becomes:
3
—anl = () —el =0 in Q
y o Y 9zl y _ .y
Tg — av = 08; a— + e = Mlg on FO, (34)
onl 0z
ezl - e _ 8i+nZ=0 on I.
ov ov
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2
L2(Q)

3
We deduce from the first equation in (34) that: || An} + (zZ) 2=l €22 llr2)< €C — 0.
Therefore,

From the Lemma 2.3, || Z || < C, therefore 7 converges weakly in L?(Q) and tends to z” when & — 0.

ml— @) i A,

on;.
Az 0 on LX),
ov
n —0 on L*T)).
When & — 0. We recap that:
—a = (@)} =0 in Q,
o
6_71 =0 on Iy,
7 =0 on I;.
By using the unique continuation theorem of Mizohata (S. Mizohata, 1958), we deduce from (36) that we also have:
on”
i n’ =0 on T.
ov

On the other hand, Lemma 2.3 also gives: || u}_ ll;2r,)< C and || u}, ll;2qr)< C, therefore,

(U 1) = g ) in L*(To) X L*(Ty).
From (34)-(35)-(38) we obtain:
—A7 = (@) =0 in Q,
07r
V= ug; o u, on Iy.
Again, we use the estimate of Lemma 2.3, we deduce the following limits:
) Y
%{g — A} weakly in L*(I') and %/ 6% — A7 weakly in L*(I')).
g 0!
Thus —¢¥ — 0and ——== — 0 when & — 0.
y v ov
We obtain:
0
{ro0-30@r=-@-w i  er=0 %<0 on T,
%
and ¢} = —Nouj — Nyul, + iig — up_ +1iy —u),_ in L*(Ty).
Finally, from (23) and (38), we have:
¢Z - ¢y = —N()I/lg - N MT + Uy — ug +u — MT in LZ(FO).

2.7 Characterization of the No-Regret Control

Now, we give optimality System for no-regret control.

(35)

(36)

(37

(38)

(39)

(40)

(41)

Theorem 2.2. The no-regret control ii = (fiy, ity) for problem (1) is characterized by the unique {(, z, 3, ¢}, solution to:

—N =32 = — (2 2) in Q,
0
g = 0’ —( = 0 on FO’
ov
—Az—-722=0 in Q,
Lk -
Z = Ug; 9y uj on 0»
—Aﬁ - 3Z2ﬁ =0 in Q»
0
ﬂ = 0, —ﬂ = 0 on rO?
ov
—A¢—3z2¢=z—zd—ﬁ in Q,
¢ =0; 6_(15 =0 on Io,
v
& + Noitg + Nyit; =0 in LX(Ty).
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Proof :
From Theorem 2.1 and we go to the limit in y — 0, we obtain:
7 —=¢=0,
B —=p=0, (42)
¢ —¢=0
on Ty,
well; From (32), we have:
(g, u}) — (ito, iiy) in L*(T'g) x L*(Tp), (43)
Therefore:
7' — z = i,
07 0z 44)
_—— — =
ov v !
on Ty,

From what precedes, it exists a unique i characterized by {{, z, 5, ¢} solution of the system (1).

[ |
3. Conclusion

In this work, we have examined a ill-posed problem with incomplete data using the regularization method and the adapted
low-regret control method. This method allowed us to generate the missing information on I'; without which the control
of the system was delicate and the adapted low-regret control method allowed us to obtain the characterization of the
control of problem (1). By using the low-regret method and by moving to the limit on y — 0, we obtain the no-regret
control.
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