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Abstract

In this work, we give a characterization of the control for ill-posed problems. We propose the regularization method
which consists in improving the data in order to obtain a well-posed problems. As the problem is nonlinear, we will use
the adapted low-regret control method in order to be able to respectively determine the charaterization of the low-regret
and no-regret control of the problem.
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1. Statement of the Problem

Let Ω be an open bounded subset of RN , N ∈ N∗ with a boundary ∂Ω = Γ = Γ0 ∪ Γ1 .
we consider, the state z ∈ L2(Ω) and the control v = {v0, v1} ∈ L2(Γ0) × L2(Γ0) linked by:−4z − z3 = 0 in Ω,

z = v0,
∂z
∂ν

= v1 on Γ0.
(1)

Problem (1) is a cauchy problem. In general, problem (1) does not admit a solution and there is instability of the solution
when it exists, see for instance (J. L. Lions, 1983), (J. Smoler, 1983).

Consider the space U defined by: U =

{
((v0, v1), z) ∈ (L2(Γ0))2 × L2(Ω),−4z − z3 = 0 in Ω, z = v0 and

∂z
∂ν

= v1 on Γ0

}
,

and suppose that U is convex and not empty (U , ∅).

The couples ((v0, v1), z) ∈ U are admissible couples and U is the admissible set.
Let J be a strictly convex cost functional, defined for all admissible control-state couples (v0, v1, z) by:

J(v0, v1, z) = ‖z − zd‖
2
L2(Ω) + N0‖v0‖

2
L2(Γ0) + N1‖v1‖

2
L2(Γ0), (2)

where (N0,N1) ∈ R∗+ × R∗+ and zd ∈ L2(Ω) the desired state. We are then interested in the problem:

inf {J(v0, v1, z), (v0, v1, z) ∈ U} . (3)

According to the properties of J and those of U, problem (3) admits a unique solution (u0, u1, z) that we should character-
ize. To obtain a singular optimality system (SOS) associated with (u0, u1, z), (J. L. Lions, 1983), (J. L. Lions, 1968) has
proposed a method of approximation by penalization-adapted. He obtained SOS under the supplementary hypothesis of
slater type:

The admissible set o f controls v has a nonempty interior (Ů , ∅). (4)

So, regularization methods may be considered. Theoretical concepts and also computational implementation related to
the Cauchy problem have been discussed by many authors.

In the parabolic and hyperbolic cases, we can quote ( M. Barry, O. Nakoulima, & G. B. Ndiaye, 2013), (M. Barry, &
G. B. Ndiaye, 2014),(O. Nakoulima, A. Omrane, & J. Velin, 2003), (J. P. Kernevez, 1980) and (G. Mophou, R. G. Foko
Tiomela, & A. Seibou, 2020).
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In the elliptic case, we can cite (J. L. Lions, 1983), (J. Velin, 2004), (O. Nakoulima, 1994), (S. Sougalo, & O. Nakoulima,
1998). (C. Kenne, G. Leugering, & G. Mophou, 2020), consider a model of population dynamics with age dependence
and spatial structure but unknown birth rate and use the notion of low-regret to prove that we can bring the state of the
system to desired state by acting on the system via a distributed control.

Lions used the notions of Pareto control (Lions, 1986) and equivalently the no-regret control (Lions, 1992) in application
to the control of systems having missing data.

In this paper, we will do the regularization of the problem and use the control method to be able to characterize the control.

Thus, as z is unknown on Γ1 we define the fonction g = {g0, g1}, such as z = g0 and
∂z
∂ν

= g1 on Γ1 and we consider the
following systems : 

−4z − z3 = 0 in Ω,

z = v0;
∂z
∂ν

= v1 on Γ0,

z = g0;
∂z
∂ν

= g1 on Γ1,

(5)

where g0 and g1 belong to G and represents ”the pollution” that is unknown (incomplete data), with G a closed space of
L2(Γ1) endowed with the norm of L2(Γ1).

We use here a method that we find well adapted: the low-regret control concept, introduced by Lions. Lions was the first to
use it to control distributed systems of incomplete data, motivated by a number of applications in economics and ecology.
Lions in (J. L. Lions, 1983) proposed a method of approximation by penalization and obtained a singular optimality
system, under a supplementary hypothesis of slater type. In (T. Tindano, S. Tao, & S. Sawadogo, 2022), T. Tindano, S.
Tao and S. Sawadogo use the regularization method to control a time-dependent missing data problem. In (O. Nakoulima,
& G. M. Mophou, 2009), O. Nakoulima and G. M. Mophou use a regularization method which consists in viewing a
singular problem as a limit of a family of well-posed problems. They have obtained a singular optimality system for the
considered control problem, also assuming the slater condition.

In (A. Berhail, & A. Omrane, 2015), A. Berhail and A. Omrane use a regularization approach which generates incomplete
information. They get a singular optimality system characterizing the no-regret control for a Cauchy elliptic problem but
in linear case.

In (O. Nakoulima, A. Omrane, & J. Velin, 2002), O. Nakoulima, A. Omrane and J. Velin study No-regret control for
nonlinear distributed systems with incomplete data using the adapted low-regret control method.

In (LOUISON Lo?c, 2015), LOUISON Lo?c uses the adapted low-regret control method to study nonlinear Nye-Tinker-
Barber systems.

In the present paper, we shall study the control of a nonlinear problem where the control v is a couple (v = (v0, v1)) and g
is also a couple (g = (g0, g1)) using the adapted low-regret control method. As far as we know, this problem has not yet
been treated, therefore this work is a contribution.

The rest of this paper is organized as follows. In section 2, we will give the characterization of the low-regret and no-regret
control. So, in the subsection 2.3-2.4 and subsection 2.5, the optimal control of the regularized system is discussed and
the characterization of adapted low-regret control is determined. In the subsection 2.6 and subsection 2.7, we obtain a
singular optimality system for the low-regret and when γ → 0 we obtain no-regret control to the original problem, where
γ is strictly positive parameters. In section 3, we will end with a conclusion.

2. The Low-Regret and No-Regret Control

The problem being with incomplete data, it is impossible to solve it directly, this is how we use the regularization technique
which consists in transforming the problem (1) into a complete data problem.

Therefore, we consider the following regularized problem:
−42zε − z3

ε − εzε = 0 in Ω,

zε −
∂4zε
∂ν

= v0;
∂zε
∂ν

+ 4zε = v1 on Γ0,

εzε −
∂4zε
∂ν

= εg0; ε
∂zε
∂ν

+ 4zε = εg1 on Γ1,

(6)

where ε is a strictly positive parameter(ε > 0); v = (v0, v1) ∈ (L2(Γ0))2 and g = (g0, g1) ∈ (L2(Γ1))2.

Remark 2.1. For any fixed εg0 and εg1, we assume the existence of solution to (6). In The rest of work, εg0 and εg1 are
considered as data perturbations.
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Indeed, if ε→ 0, zε → z and by making the change of variable η = 4z, the system (6) becomes:
−4η − z3 = 0 in Ω,

z −
∂η

∂ν
= v0;

∂z
∂ν

+ η = v1 on Γ0,

∂η

∂ν
= 0; η = 0 on Γ1.

(7)

From (7) we have:
∂η

∂ν
= η = 0 on Γ1.

By using the unique continuation theorem of Mizohata (S. Mizohata, 1958), we deduce from (7):
∂η

∂ν
= η = 0 on Γ0.

In substitute in Γ0, we obtain:

z = v0;
∂z
∂ν

= v1 on Γ0, (8)

that is, the same conditions of the original problem (1).

2.1 Cost Function and Low-Regret Control

Consider the cost functional Jε defined by:

Jε(v, g) = ‖zε(v, g) − zd‖
2
L2(Ω) + N0‖v0‖

2
L2(Γ0) + N1‖v1‖

2
L2(Γ0). (9)

Lemma 2.1. Consider the cost functional Jε given by (9). For any v ∈ (L2(Γ0))2 and for any
g ∈ (L2(Γ1))2, we have:

Jε(v, g) − Jε(0, g) = Jε(v, 0) − Jε(0, 0) + 2
〈
zε(v, 0) − zd,

∂zε
∂g0

(v, 0) +
∂zε
∂g1

(v, 0)
〉

L2(Ω)
−

−2
〈
zε(0, 0) − zd,

∂zε
∂g0

(0, 0) +
∂zε
∂g1

(0, 0)
〉

L2(Ω)
. (10)

Proof : we can refer to (T. Tindano, S. Tao, & S. Sawadogo, 2022) by replacing zε(v, g) by

zε(v, 0) +
∂zε
∂g0

(v, 0) +
∂zε
∂g1

(v, 0).

�

Lemma 2.2. We consider the fonction Jε defined by (9). For any v ∈ (L2(Γ0))2 and for any
g ∈ (L2(Γ1))2, we have:

Jε(v, g) − Jε(0, g) = Jε(v, 0) − Jε(0, 0) + 2ε
〈ζε(v) − ζε(0), g0〉L2(Γ1) +

〈
∂ζε
∂ν

(v) −
∂ζε
∂ν

(0), g1

〉
L2(Γ1)

 , (11)

where ζε(v) solution of: 
−42ζε − 3ζε (zε)2 − εζε = − (zε(uε, 0) − zd) in Ω,

ζε −
∂4ζε
∂ν

= 0;
∂ζε
∂ν

+ 4ζε = 0 on Γ0,

εζε −
∂4ζε
∂ν

= 0; ε
∂ζε
∂ν

+ 4ζε = 0 on Γ1.

(12)

Let us give some preliminary results which will be used for the proof of Lemma 2.2 :
zε(v, g) is differentiable on (L2(Γ1))2:

zε(v, g + h) − zε(v, g) = h0.
∂zε
∂g0

(v, g) + h1
∂zε
∂g1

(v, g)+ ‖ (h0, h1) ‖(L2(Γ1))2 ε(h0, h1),

Proposition 2.1. zε(v, 0) is solution of systems:
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

−42 ∂zε
∂g0

(v, 0) − 3
(
∂zε
∂g0

(v, 0)
)

z2
ε(v, 0) − ε

∂zε
∂g0

(v, 0) = 0 in Ω,

∂zε
∂g0

(v, 0) −
∂

∂ν
4

(
∂zε
∂g0

(v, 0)
)

= 0;
∂

∂ν

(
∂zε
∂g0

(v, 0)
)

+ 4

(
∂zε
∂g0

(v, 0)
)

= 0 on Γ0,

ε
∂zε
∂g0

(v, 0) −
∂

∂ν
4

(
∂zε
∂g0

(v, 0)
)

= εg0; ε
∂

∂ν

(
∂zε
∂g0

(v, 0)
)

+ 4

(
∂zε
∂g0

(v, 0)
)

= 0 on Γ1,

(13)



−42 ∂zε
∂g1

(v, 0) − 3
(
∂zε
∂g1

(v, 0)
)

z2
ε(v, 0) − ε

∂zε
∂g1

(v, 0) = 0 in Ω,

∂zε
∂g1

(v, 0) −
∂

∂ν
4

(
∂zε
∂g1

(v, 0)
)

= 0;
∂

∂ν

(
∂zε
∂g1

(v, 0)
)

+ 4

(
∂zε
∂g1

(v, 0)
)

= 0 on Γ0,

ε
∂zε
∂g1

(v, 0) −
∂

∂ν
4

(
∂zε
∂g1

(v, 0)
)

= 0; ε
∂

∂ν

(
∂zε
∂g1

(v, 0)
)

+ 4

(
∂zε
∂g1

(v, 0)
)

= εg1 on Γ1.

(14)

Proof :

⊗ Let us show that zε(v, 0) is a solution of (13):

• − 42
(
∂zε
∂g0

(v, 0)
)
− 3

(
∂zε
∂g0

(v, 0)
)

z2
ε(v, 0) − ε

∂zε
∂g0

(v, 0) =
∂

∂g0

(
−42zε(v, 0) − z3

ε(v, 0) − εzε(v, 0)
)

= 0,

because, −42zε(v, 0) − (zε(v, 0))3 − εzε(v, 0) = 0 in Ω. Thus,

−42
(
∂zε
∂g0

(v, 0)
)
− 3

(
∂zε
∂g0

(v, 0)
)

z2
ε(v, 0) − ε

(
∂zε
∂g0

(v, 0)
)

= 0 in Ω.

•For boundary conditions Γ0 :

∂zε
∂g0

(v, 0) −
∂

∂ν
4

(
∂zε
∂g0

(v, 0)
)

=

(
lim
λ−→0

zε(v, λg0) − zε(0, 0)
λ

)
−
∂

∂ν
4

(
lim
λ−→0

zε(v, λg0) − zε(0, 0)
λ

)
,

=

 lim
λ−→0

zε(v, λg0) −
∂

∂ν
4zε(v, λg0)

λ

 −
 lim
λ−→0

zε(0, 0) −
∂

∂ν
4zε(0, 0)

λ

 = 0,

∂

∂ν

(
∂zε
∂g0

(v, 0)
)

+ 4

(
∂zε
∂g0

(v, 0)
)

=
∂

∂ν

(
lim
λ−→0

zε(v, λg0) − zε(0, 0)
λ

)
+ 4

(
lim
λ−→0

zε(v, λg0) − zε(0, 0)
λ

)
,

=

 lim
λ−→0

∂zε
∂ν

(v, λg0) − 4zε(v, λg0)

λ

 −
 lim
λ−→0

∂zε
∂ν

(0, 0) − 4zε(0, 0)

λ

 = 0.

•For boundary conditions Γ1 :

ε
∂zε
∂g0

(v, 0) −
∂

∂ν
4

(
∂zε
∂g0

(v, 0)
)

= ε

(
lim
λ−→0

zε(v, λg0) − zε(0, 0)
λ

)
−
∂

∂ν
4

(
lim
λ−→0

zε(v, λg0) − zε(0, 0)
λ

)
,

=

 lim
λ−→0

εzε(v, λg0) −
∂

∂ν
4zε(v, λg0)

λ

 −
 lim
λ−→0

εzε(0, 0) −
∂

∂ν
4zε(0, 0)

λ

 = εg0,

ε
∂

∂ν

(
∂zε
∂g0

(v, 0)
)

+ 4

(
∂zε
∂g0

(v, 0)
)

= ε
∂

∂ν

(
lim
λ−→0

zε(v, λg0) − zε(0, 0)
λ

)
+ 4

(
lim
λ−→0

zε(v, λg0) − zε(0, 0)
λ

)
,

=

 lim
λ−→0

ε
∂zε
∂ν

(v, λg0) − 4zε(v, λg0)

λ

 −
 lim
λ−→0

ε
∂zε
∂ν

(0, 0) − 4zε(0, 0)

λ

 = 0.

⊗ Using similar reasoning as before, we show that zε(v, 0) is solution of (14).
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�

Proposition 2.2. zε(0, 0) is solution of systems:



−42 ∂zε
∂g0

(0, 0) − 3
(
∂zε
∂g0

(0, 0)
)

z2
ε(0, 0) − ε

∂zε
∂g0

(0, 0) = 0 in Ω,

∂zε
∂g0

(0, 0) −
∂

∂ν
4

(
∂zε
∂g0

(0, 0)
)

= 0;
∂

∂ν

(
∂zε
∂g0

(0, 0)
)

+ 4

(
∂zε
∂g0

(0, 0)
)

= 0 on Γ0,

ε
∂zε
∂g0

(0, 0) −
∂

∂ν
4

(
∂zε
∂g0

(0, 0)
)

= εg0; ε
∂

∂ν

(
∂zε
∂g0

(0, 0)
)

+ 4

(
∂zε
∂g0

(0, 0)
)

= 0 on Γ1,

(15)



−42 ∂zε
∂g1

(0, 0) − 3
(
∂zε
∂g1

(0, 0)
)

z2
ε(0, 0) − ε

∂zε
∂g1

(0, 0) = 0 in Ω,

∂zε
∂g1

(0, 0) −
∂

∂ν
4

(
∂zε
∂g1

(0, 0)
)

= 0;
∂

∂ν

(
∂zε
∂g1

(0, 0)
)

+ 4

(
∂zε
∂g1

(0, 0)
)

= 0 on Γ0,

ε
∂zε
∂g1

(0, 0) −
∂

∂ν
4

(
∂zε
∂g1

(0, 0)
)

= 0; ε
∂

∂ν

(
∂zε
∂g1

(0, 0)
)

+ 4

(
∂zε
∂g1

(0, 0)
)

= εg1 on Γ1.

(16)

Proof :

⊗ Let us show that zε(0, 0) is a solution of (15):

• − 42
(
∂zε
∂g0

(0, 0)
)
− 3

(
∂zε
∂g0

(0, 0)
)

z2
ε(0, 0) − ε

∂zε
∂g0

(0, 0) =
∂

∂g0

(
−42zε(0, 0) − z3

ε(0, 0) − εzε(0, 0)
)

= 0.

because, −42zε(0, 0) − (zε(0, 0))3 − εzε(0, 0) = 0 in Ω, thus,

−42
(
∂zε
∂g0

(0, 0)
)
− 3

(
∂zε
∂g0

(0, 0)
)

z2
ε(0, 0) − ε

(
∂zε
∂g0

(0, 0)
)

= 0 in Ω.

•For boundary conditions Γ0 :

∂zε
∂g0

(0, 0) −
∂

∂ν
4

(
∂zε
∂g0

(0, 0)
)

=

(
lim
λ−→0

zε(0, λg0) − zε(0, 0)
λ

)
−
∂

∂ν
4

(
lim
λ−→0

zε(0, λg0) − zε(0, 0)
λ

)
,

=

 lim
λ−→0

zε(0, λg0) −
∂

∂ν
4zε(0, λg0)

λ

 −
 lim
λ−→0

zε(0, 0) −
∂

∂ν
4zε(0, 0)

λ

 = 0,

∂

∂ν

(
∂zε
∂g0

(0, 0)
)

+ 4

(
∂zε
∂g0

(0, 0)
)

=
∂

∂ν

(
lim
λ−→0

zε(0, λg0) − zε(0, 0)
λ

)
+ 4

(
lim
λ−→0

zε(0, λg0) − zε(0, 0)
λ

)
,

=

 lim
λ−→0

∂zε
∂ν

(0, λg0) − 4zε(0, λg0)

λ

 −
 lim
λ−→0

∂zε
∂ν

(0, 0) − 4zε(0, 0)

λ

 = 0.

•For boundary conditions Γ1 :

ε
∂zε
∂g0

(0, 0) −
∂

∂ν
4

(
∂zε
∂g0

(0, 0)
)

= ε

(
lim
λ−→0

zε(0, λg0) − zε(0, 0)
λ

)
−
∂

∂ν
4

(
lim
λ−→0

zε(0, λg0) − zε(0, 0)
λ

)
,

=

 lim
λ−→0

εzε(0, λg0) −
∂

∂ν
4zε(0, λg0)

λ

 −
 lim
λ−→0

εzε(0, 0) −
∂

∂ν
4zε(0, 0)

λ

 = εg0,

ε
∂

∂ν

(
∂zε
∂g0

(0, 0)
)

+ 4

(
∂zε
∂g0

(0, 0)
)

= ε
∂

∂ν

(
lim
λ−→0

zε(0, λg0) − zε(0, 0)
λ

)
+ 4

(
lim
λ−→0

zε(0, λg0) − zε(0, 0)
λ

)
,
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=

 lim
λ−→0

ε
∂zε
∂ν

(0, λg0) − 4zε(0, λg0)

λ

 −
 lim
λ−→0

ε
∂zε
∂ν

(0, 0) − 4zε(0, 0)

λ

 = 0.

⊗ Using similar reasoning as before, we show that zε(0, 0) is solution of (16).

�
Proof of Lemma 2.2:
• By multiplying the first equation of (12) by

∂zε
∂g0

(v, 0), we have:

〈−42ζε(v) − 3ζε(v) (zε)2 − εζε(v),
∂zε
∂g0

(v, 0)〉Ω = 〈−
(
zε(u

γ
ε , 0) − zd

)
,
∂zε
∂g0

(v, 0)〉Ω,

and that 〈42ζε(v),
∂zε
∂g0

(v, 0)〉Ω + 3〈ζε(v), (zε)2 ∂zε
∂g0

(v, 0)〉Ω + 〈ζε(v),
∂zε
∂g0

(v, 0)〉Ω = 〈(zε(uε, 0) − zd) ,
∂zε
∂g0

(v, 0)〉Ω,

Applying Green’s formulation to the first membrer, we have:

〈42ζε(v),
∂zε
∂g0

(v, 0)〉Ω = 〈
∂(4ζε)
∂ν

(v),
∂zε
∂g0
〉Γ − 〈4ζε(v),

∂

∂ν

(
∂zε
∂g0

)
〉Γ + 〈

∂ζε
∂ν

(v),4
(
∂zε
∂g0

)
〉Γ − 〈ζε(v),

∂

∂ν
4

(
∂zε
∂g0

)
〉Γ+

+〈ζε(v),42
(
∂zε
∂g0

)
〉Ω,

= 〈
∂(4ζε)
∂ν

(v),
∂zε
∂g0
〉Γ1 − 〈4ζε(v),

∂

∂ν

(
∂zε
∂g0

)
〉Γ1 − 〈

∂ζε
∂ν

(v), ε
∂

∂ν

(
∂zε
∂g0

)
〉Γ1 − 〈ζε(v), ε

(
∂zε
∂g0

)
〉Γ1+

+〈ζε(v), εg0〉Γ1 + 〈ζε(v),42
(
∂zε
∂g0

)
〉Ω,

= 〈
∂(4ζε)
∂ν

(v) − εζε(v),
∂zε
∂g0
〉Γ1 − 〈4ζε(v) + ε

∂ζε
∂ν

(v),
∂

∂ν

(
∂zε
∂g0

)
〉Γ1 + 〈ζε(v), εg0〉Γ1+

+〈ζε(v),42
(
∂zε
∂g0

)
〉Ω,

= 〈ζε(v), εg0〉Γ1 + 〈ζε(v),42
(
∂zε
∂g0

)
〉Ω,

⇒ 〈42ζε(v),
∂zε
∂g0
〉Ω + 3〈ζε(v), (zε)2

(
∂zε
∂g0

)
〉Ω + 〈ζε(v), ε

(
∂zε
∂g0

)
〉Ω = 〈ζε(v),42

(
∂zε
∂g0

)
+ 3 (zε)2

(
∂zε
∂g0

)
+ ε

(
∂zε
∂g0

)
〉Ω+

+〈ζε(v), εg0〉Γ1 .

hence 〈(zε(uε, 0) − zd) ,
∂zε
∂g0

(v, 0)〉Ω = 〈ζε(v), εg0〉Γ1 .

• By multiplying the first equation of (12) by
∂zε
∂g1

(v, 0), we have:

〈−42ζε(v) − 3ζε(v) (zε)2 − εζε(v),
∂zε
∂g1

(v, 0)〉Ω = 〈− (zε(uε, 0) − zd) ,
∂zε
∂g1

(v, 0)〉Ω,

⇒ 〈42ζε(v),
∂zε
∂g1

(v, 0)〉Ω + 3〈ζε(v), (zε)2 ∂zε
∂g1

(v, 0)〉Ω + 〈ζε(v),
∂zε
∂g1

(v, 0)〉Ω = 〈(zε(uε, 0) − zd) ,
∂zε
∂g

(v, 0)〉Ω.

By again applying Green’s formulation to the first membrer as before, we obtain:

〈42ζε(v),
∂zε
∂g1

(v, 0)〉Ω = 〈
∂ζε
∂ν

(v), εg1〉Γ1 + 〈ζε(v),42
(
∂zε
∂g1

)
〉Ω.

As a result:
〈(zε(uε, 0) − zd) ,

∂zε
∂g1

(v, 0)〉Ω = 〈
∂ζε
∂ν

(v), εg1〉Γ1 .
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• By multiplying the first equation of (12) for the case v = 0 by
∂zε
∂g0

(0, 0), we have:

〈−42ζε(0) − 3ζε(0) (zε)2 − εζε(0),
∂zε
∂g0

(0, 0)〉Ω = 〈− (zε(uε, 0) − zd) ,
∂zε
∂g0

(0, 0)〉Ω,

⇒ 〈42ζε(0),
∂zε
∂g0

(0, 0)〉Ω + 3〈ζε(0), (zε)2 ∂zε
∂g0

(0, 0)〉Ω + 〈ζε(0),
∂zε
∂g0

(0, 0)〉Ω = 〈(zε(uε, 0) − zd) ,
∂zε
∂g0

(0, 0)〉Ω.

Applying Green’s formulation to the first membrer, we have:

〈42ζε(0),
∂zε
∂g0

(0, 0)〉Ω = 〈
∂(4ζε)
∂ν

(0),
∂zε
∂g0
〉Γ − 〈4ζε(0),

∂

∂ν

(
∂zε
∂g0

)
〉Γ + 〈

∂ζε
∂ν

(0),4
(
∂zε
∂g0

)
〉Γ − 〈ζε(0),

∂

∂ν
4

(
∂zε
∂g0

)
〉Γ+

+〈ζε(0),42
(
∂zε
∂g0

)
〉Ω,

= 〈
∂(4ζε)
∂ν

(0),
∂zε
∂g0
〉Γ1 − 〈4ζε(0),

∂

∂ν

(
∂zε
∂g0

)
〉Γ1 − 〈

∂ζε
∂ν

(0), ε
∂

∂ν

(
∂zε
∂g0

)
〉Γ1 − 〈ζε(0), ε

(
∂zε
∂g0

)
〉Γ1+

+〈ζε(0), εg0〉Γ1 + 〈ζε(0),42
(
∂zε
∂g0

)
〉Ω,

= 〈
∂(4ζε)
∂ν

(0) − εζε(0),
∂zε
∂g0
〉Γ1 − 〈4ζε(0) + ε

∂ζε
∂ν

(0),
∂

∂ν

(
∂zε
∂g0

)
〉Γ1 + 〈ζε(0), εg0〉Γ1+

+〈ζε(0),42
(
∂zε
∂g0

)
〉Ω,

= 〈ζε(0), εg0〉Γ1 + 〈ζε(0),42
(
∂zε
∂g0

)
〉Ω,

⇒ 〈42ζε(0),
∂zε
∂g0
〉Ω + 3〈ζε(0), (zε)2

(
∂zε
∂g0

)
〉Ω + 〈ζε(0), ε

(
∂zε
∂g0

)
〉Ω = 〈ζε(0),42

(
∂zε
∂g0

)
+ 3 (zε)2

(
∂zε
∂g0

)
+ ε

(
∂zε
∂g0

)
〉Ω+

+〈ζε(0), εg0〉Γ1 ,

=⇒ 〈(zε(uε, 0) − zd) ,
∂zε
∂g0

(0, 0)〉Ω = 〈ζε(0), εg0〉Γ1 .

• By multiplying the first equation of (12) by
∂zε
∂g1

(0, 0), we have:

〈−42ζε(0) − 3ζγε (0) (zε)2 − εζε(0),
∂zε
∂g1

(0, 0)〉Ω = 〈− (zε(uε, 0) − zd) ,
∂zε
∂g1

(0, 0)〉Ω,

⇒ 〈42ζε(0),
∂zε
∂g1

(0, 0)〉Ω + 3〈ζε(0), (zε)2 ∂zε
∂g1

(0, 0)〉Ω + 〈ζε(0),
∂zε
∂g1

(0, 0)〉Ω = 〈(zε(uε, 0) − zd) ,
∂zε
∂g

(0, 0)〉Ω.

By again Applying Green’s formulation to the first membrer as before, we obtain:

〈42ζε(0),
∂zε
∂g1

(0, 0)〉Ω = 〈
∂ζε
∂ν

(0), εg1〉Γ1 + 〈ζε(0),42
(
∂zε
∂g1

)
〉Ω.

As a result:
〈(zε(uε, 0) − zd) ,

∂zε
∂g1

(0, 0)〉Ω = 〈
∂ζε
∂ν

(0), εg1〉Γ1 .

In summary:〈
zε(v, 0) − zd,

∂zε
∂g0

(v, 0) +
∂zε
∂g1

(v, 0)
〉

Ω

−

〈
zε(0, 0) − zd,

∂zε
∂g0

(0, 0) +
∂zε
∂g1

(0, 0)
〉

Ω

= 〈ζε(v) − ζε(0), εg0〉Γ1+

+〈
∂ζε
∂ν

(v)−
∂ζε
∂ν

(0), εg1〉Γ1 .
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Thus, Jε(v, g) − Jε(0, g) = Jε(v, 0) − Jε(0, 0) + 2 〈ζε(v) − ζε(0), εg0〉L2(Γ1) + 2
〈
∂ζε
∂ν

(v) −
∂ζε
∂ν

(0), εg1

〉
L2(Γ1)

.

Hence the result.

�

Remark 2.2.
sup

g∈(L2(Γ1))2
(J(v, g) − J(0, g)) = Jε(v, 0) − Jε(0, 0)+

+2 sup
g∈(L2(Γ1))2

〈ζε(v) − ζε(0), εg0〉L2(Γ1) +

〈
∂ζε
∂ν

(v) −
∂ζε
∂ν

(0), εg1

〉
L2(Γ1)

 ,
= Jε(v, 0) − Jε(0, 0) + 2ε sup

g∈(L2(Γ1))2

〈ζε(v) − ζε(0), g0〉L2(Γ1) +

〈
∂

∂ν
(ζε(v) − ζε(0)) , g1

〉
L2(Γ1)

 ,
it is deduced that:

sup
g∈(L2(Γ1))2

(J(v, g) − J(0, g)) = Jε(v, 0) − Jε(0, 0) + 2ε sup
g∈(L2(Γ1))2

〈S (v), g0〉L2(Γ1) +

〈
∂S (v)
∂ν

, g1

〉
L2(Γ1)

 , (17)

with S (v) = ζ(v) − ζ(0) and,

sup
g∈(L2(Γ1))2

〈S (v), g0〉L2(Γ1) +

〈
∂S (v)
∂ν

, g1

〉
L2(Γ1)

 =


+∞ i f

〈S (v), g0〉L2(Γ1) +

〈
∂S (v)
∂ν

, g1

〉
L2(Γ1)

 , 0,

0 i f S (v) ⊥ g0 and
∂S (v)
∂ν

⊥ g1 ∀ g ∈ (L2(Γ1))2.

To give meaning to the following minimization problem:

inf
v∈(L2(Γ0))2

 sup
g∈(L2(Γ1))2

(J(v, g) − J(0, g))

 , (18)

we consider:

O =

v ∈ (L2(Γ0))2 such as 〈S (v), g0〉L2(Γ1) +

〈
∂S (v)
∂ν

, g1

〉
L2(Γ1)

= 0, ∀g ∈ (L2(Γ1))2

 . (19)

2.2 Low-Regret Control

However, to make the resolution of (18) simpler as, J.L.Lions we introduce the parameter
−γ ‖ g0 ‖

2
L2(Γ1) and −γ ‖ g1 ‖

2
L2(Γ1) where γ is a positive parameter and means a relaxation parameter (γ > 0). Thus, we

obtain :

inf
v∈(L2(Γ0))2

 sup
g∈(L2(Γ1))2

(Jε(v, g) − Jε(0, g) − γ ‖ g0 ‖
2
L2(Γ1) −γ ‖ g1 ‖

2
L2(Γ1))

 , (20)

the control u solution of (20) is a low-regret control, see (Nakoulima O., Omrane A.,& Dorville R, 2004).

Indeed, the concept of � low-regret control � depends on γ and the norm ‖ g ‖. It is interpreted as an approximation
no-regret control.

With low-regret control, we admit the possibility to make a choice of control u slightly catastrophic than the ground state
with a margin of error that must not exceed γ‖g‖2L2(Γ1).

Lemma 2.3. For any v ∈ (L2(Γ0))2, relaxed problem (20) becomes:

inf
v∈(L2(Γ0))2

(
Jε(v, 0) − Jε(0, 0) +

ε2

γ
‖ S (v) ‖2L2(Γ1) +

ε2

γ
‖
∂S (v)
∂ν

‖2L2(Γ1)

)
. (21)
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Proof :

From (11),

Jε(v, g) − Jε(0, g) = Jε(v, 0) − Jε(0, 0) + 2
〈ζγε (v) − ζγε (0), εg0

〉
L2(Γ1)

+

〈
∂ζ

γ
ε

∂ν
(v) −

∂ζ
γ
ε

∂ν
(0), εg1

〉
L2(Γ1)

 ,
so,

sup
g∈(L2(Γ1))2

(Jε(v, g) − Jε(0, g) − γ ‖ g0 ‖
2
L2(Γ1) −γ ‖ g1 ‖

2
L2(Γ1)) = Jε(v, 0) − Jε(0, 0)+

+2 sup
g∈(L2(Γ1))2

〈ζγε (v) − ζγε (0), εg0

〉
L2(Γ1)

+

〈
∂ζ

γ
ε

∂ν
(v) −

∂ζ
γ
ε

∂ν
(0), εg1

〉
L2(Γ1)

−
γ

2
‖ g0 ‖

2
L2(Γ1) −

γ

2
‖ g1 ‖

2
L2(Γ1)

 .
According to Fenchel transformation,

sup
g∈(L2(Γ1))2

〈ζγε (v) − ζγε (0), εg0

〉
L2(Γ1)

+

〈
∂ζ

γ
ε

∂ν
(v) −

∂ζ
γ
ε

∂ν
(0), εg1

〉
L2(Γ1)

−
γ

2
‖ g0 ‖

2
L2(Γ1) −

γ

2
‖ g1 ‖

2
L2(Γ1)


=
ε2

2γ
‖ ζ

γ
ε (v)−ζγε (0) ‖2L2(Γ1) +

ε2

2γ
‖
∂ζ

γ
ε

∂ν
(v)−

∂ζ
γ
ε

∂ν
(0) ‖2L2(Γ1),

we obtain the result.

�
Finally, we can reformulate the problem (20) as follows :

For any γ > 0, find uγε ∈ (L2(Γ0))2 such as:

Jγε (uγ) = inf
v∈(L2(Γ0))2

Jγε (v), (22)

with Jγε (v) = Jε(v, 0) − Jε(0, 0) +
ε2

γ
‖ S (v) ‖2L2(Γ1) +

ε2

γ
‖
∂S (v)
∂ν

‖2L2(Γ1) .

The problem (22) is a low-regret problem and its solution, if it exists, will be the low-regret control.

Remark 2.3. Contrary to the linear case, the function Jγε is not convex, so we do not necessarily have the uniqueness of
uε. Moreover, we are not sure that uε converges in O. Thus, we use the adapted penalization method defined by J. L Lions
in (J. L. Lions, 1968) for the search for low-regret control.

2.3 Adapted Low-Regret Control

In this part, we are interested in finding a solution of the following minimization problem:

inf
v∈(L2(Γ0))2

Jγεa(v), (23)

where

Jγεa(v) = Jε(v, 0) − Jε(0, 0)+ ‖ v0 − ũ0 ‖
2
L2(Γ1) + ‖ v1 − ũ1 ‖

2
L2(Γ1) +

ε2

γ
‖ S (v) ‖2L2(Γ1) +

ε2

γ
‖
∂S (v)
∂ν

‖2L2(Γ1), (24)

with ũ = (ũ0, ũ1) ∈ (L2(Γ0))2 is a no-regret control and the control uγε solution of (23) will be the adapted low-regret
control .

2.4 Existence of Adapted Low-Regret Control

The following proposition shows the existence of an adapted low-regret control.

Proposition 2.3. There is at least a low-regret adapted control uγε ∈ (L2(Γ0))2 solution of (23).

Proof :

From the definition of Jγεa, we have:
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Jγεa(v) ≥ −Jε(0, 0),∀v ∈ (L2(Γ0))2,

thus :

−Jε(0, 0) ≤ Jε(v, 0) − Jε(0, 0) +
ε2

γ
‖ S (v) ‖2L2(Γ1) +

ε2

γ
‖
∂S (v)
∂ν

‖2L2(Γ1) + ‖ v0 − ũ0 ‖
2
L2(Γ1) + ‖ v1 − ũ1 ‖

2
L2(Γ1) .

Let’s define Jγεa by:

Jγεa : L2(Γ0) −→ R,

(v0, v1) 7−→ Jγεa(v0, v1).

We denote by:
A = {v ∈ (L2(Γ0))2, Jγεa(v) ≥ −J(0, 0)}.

We have :

Jγεa(0) =
ε2

γ
‖ S (0) ‖2L2(Γ1) +

ε2

γ
‖
∂S (0)
∂ν

‖2L2(Γ1)≥ −J(0, 0).

We assume A , ∅. Therefore:
dγε = inf

v∈(L2(Γ0))2
Jγεa(v)

exists.

Let vn = vn(ε, γ) be a minimizing sequence such as,

dγε = lim
n−→∞

Jγεa(vn), (25)

then, −J(0, 0) ≤ Jγεa(vn) ≤ dγε + 1.

As Jγεa(vn) = Jε(vn, 0) − Jε(0, 0)+ ‖ v0n − ũ0 ‖
2
L2(Γ1) + ‖ v1n − ũ1 ‖

2
L2(Γ1) +

ε2

γ
‖ S (vn) ‖2L2(Γ1) +

+
ε2

γ
‖
∂S (vn)
∂ν

‖2L2(Γ1),

=‖ zε(vn, 0) − zd ‖
2
L2(Ω) +N0‖v0n‖

2
L2(Γ0) + N1‖v1n‖

2
L2(Γ0)− ‖ zε(0, 0) − zd ‖

2
L2(Ω) +

+ ‖ v0n − ũ0 ‖
2
L2(Γ1) + ‖ v1n − ũ1 ‖

2
L2(Γ1) +

ε2

γ
‖ S (vn) ‖2L2(Γ1) +

ε2

γ
‖
∂S (vn)
∂ν

‖2L2(Γ1) .

Jγεa(vn) ≤ dγε + 1 ⇒‖ zε(vn, 0) − zd ‖
2
L2(Ω) +N0‖v0n‖

2
L2(Γ0) + N1‖v1n‖

2
L2(Γ0)− ‖ zε(0, 0) − zd ‖

2
L2(Ω) + ‖ v0n − ũ0 ‖

2
L2(Γ1) + ‖

v1n − ũ1 ‖
2
L2(Γ1) +

ε2

γ
‖ S (vn) ‖2L2(Γ1) +

ε2

γ
‖
∂S (vn)
∂ν

‖2L2(Γ1)≤ dγε + 1.

Therefore, it exists a constant cγε independent of n such as:

N0‖v0n‖
2
L2(Γ0) ≤ cγε ,

N1‖v1n‖
2
L2(Γ0) ≤ cγε ,

⇒


‖v0n‖L2(Γ0) ≤

√
cγε
N0
,

‖v1n‖L2(Γ0) ≤

√
cγε
N1
,

and so we can extract sequences vn such as vn(ε, γ) ⇀ uγε in (L2(Γ0))2.

�
Give some preliminary results that will be used for the characterization of the control :

zε(vγ, g) is differentiable on (L2(Γ0))2:

zε(vγ + w, g) − zε(vγ, g) = w0.
∂zγε
∂v0

(v, g) + w1
∂zε
∂v1

(vγ, g)+ ‖ (w0,w1) ‖(L2(Γ0))2 ε(w0,w1),
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Proposition 2.4. ζγε := ζε(v, 0) is solution of systems:

−42 ∂ζ
γ
ε

∂v0
− 3

(
∂ζ

γ
ε

∂v0

) (
zγε

)2
− ε

∂ζ
γ
ε

∂v0
= −

∂zε
∂v0

(uγε , 0) in Ω,

∂ζ
γ
ε

∂v0
−
∂

∂ν
4

(
∂ζ

γ
ε

∂v0

)
= 0;

∂

∂ν

(
∂ζ

γ
ε

∂v0

)
+ 4

(
∂ζ

γ
ε

∂v0

)
= 0 on Γ0,

ε
∂ζ

γ
ε

∂v0
−
∂

∂ν
4

(
∂ζ

γ
ε

∂v0

)
= 0; ε

∂

∂ν

(
∂ζ

γ
ε

∂v0

)
+ 4

(
∂ζ

γ
ε

∂v0

)
= 0 on Γ1.

(26)



−42 ∂ζ
γ
ε

∂v1
− 3

(
∂ζ

γ
ε

∂v1

) (
zγε

)2
− ε

∂ζ
γ
ε

∂v1
= −

∂zε
∂v1

(uγε , 0) in Ω,

∂ζ
γ
ε

∂v1
−
∂

∂ν
4

(
∂ζ

γ
ε

∂v1

)
= 0;

∂

∂ν

(
∂ζ

γ
ε

∂v1

)
+ 4

(
∂ζ

γ
ε

∂v1

)
= 0 on Γ0,

ε
∂ζ

γ
ε

∂v1
−
∂

∂ν
4

(
∂ζ

γ
ε

∂v1

)
= 0; ε

∂

∂ν

(
∂ζ

γ
ε

∂v1

)
+ 4

(
∂ζ

γ
ε

∂v1

)
= 0 on Γ1.

(27)

Proof :

⊗ Let us show that ζγε is a solution of (26):

• − 42
(
∂ζ

γ
ε

∂v0

)
− 3

(
∂ζ

γ
ε

∂v0

)
z2
ε − ε

∂ζ
γ
ε

∂v0
= −42

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

−
−3

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 (zγε)2
− ε

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 ,
= lim

λ−→0

−42ζε(λvγ0, 0) − 3ζε(λvγ0, 0) (zε)2 − εζε(λvγ0, 0)
λ

 − lim
λ−→0

−4
2ζε(0, 0) − 3ζε(0, 0)

(
zγε

)2
− εζε(0, 0)

λ

 ,
= lim

λ−→0

 zε(λvγ0, 0) − zε(0, 0)
λ

 = −
∂zε
∂v0

(uγε , 0),

thus,

−42
(
∂ζ

γ
ε

∂v0

)
− 3

(
∂ζ

γ
ε

∂v0

) (
zγε

)2
− ε

(
∂ζ

γ
ε

∂v0

)
= −

∂zε
∂v0

(uγε , 0) in Ω.

•For boundary conditions Γ0 :

∂ζ
γ
ε

∂v0
−
∂

∂ν
4

(
∂ζ

γ
ε

∂v0

)
=

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 − ∂

∂ν
4

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 ,

=

 lim
λ−→0

ζε(λvγ0, 0) −
∂

∂ν
4ζε(λvγ0, )

λ

 −
 lim
λ−→0

ζε(0, 0) −
∂

∂ν
4ζε(0, 0)

λ

 = 0,

∂

∂ν

(
∂ζ

γ
ε

∂v0

)
+ 4

(
∂ζ

γ
ε

∂v0

)
=

∂

∂ν

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 + 4

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 ,
=

 lim
λ−→0

∂ζε
∂ν

(λvγ0, 0) − 4ζε(λvγ0, 0)

λ

 −
 lim
λ−→0

∂ζε
∂ν

(0, 0) − 4ζε(0, 0)

λ

 = 0.

•For boundary conditions Γ1 :

ε
∂ζ

γ
ε

∂v0
−
∂

∂ν
4

(
∂ζ

γ
ε

∂v0

)
= ε

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 − ∂

∂ν
4

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 ,
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=

 lim
λ−→0

εζε(λvγ0, 0) −
∂

∂ν
4ζε(λvγ0, 0)

λ

 −
 lim
λ−→0

εζε(0, 0) −
∂

∂ν
4ζε(0, 0)

λ

 = 0,

ε
∂

∂ν

(
∂ζ

γ
ε

∂v0

)
+ 4

(
∂ζ

γ
ε

∂v0

)
= ε

∂

∂ν

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 + 4

 lim
λ−→0

ζε(λvγ0, 0) − ζε(0, 0)
λ

 ,
=

 lim
λ−→0

ε
∂ζε
∂ν

(λvγ0, 0) − 4ζε(λvγ0, 0)

λ

 −
 lim
λ−→0

ε
∂ζε
∂ν

(0, 0) − 4ζε(0, 0)

λ

 = 0.

⊗ Using similar reasoning as before, we show that ζγε is solution of (27).

�

Proposition 2.5. zγε := zε(vγ, 0) is solution of systems:

−42 ∂zγε
∂v0
− 3

(
∂zγε
∂v0

) (
zγε

)2
− ε

∂zγε
∂v0

= 0 in Ω,

∂zγε
∂v0
−
∂

∂ν
4

(
∂zγε
∂v0

)
= v0;

∂

∂ν

(
∂zγε
∂v0

)
+ 4

(
∂zγε
∂v0

)
= 0 on Γ0,

ε
∂zγε
∂v0
−
∂

∂ν
4

(
∂zγε
∂v0

)
= 0; ε

∂

∂ν

(
∂zγε
∂v0

)
+ 4

(
∂zγε
∂v0

)
= 0 on Γ1,

(28)



−42 ∂zγε
∂v1
− 3

(
∂zγε
∂v1

) (
zγε

)2
− ε

∂zγε
∂v1

= 0 in Ω,

∂zγε
∂v1
−
∂

∂ν
4

(
∂zγε
∂v1

)
= 0;

∂

∂ν

(
∂zγε
∂v1

)
+ 4

(
∂zγε
∂v1

)
= v1 on Γ0,

ε
∂zγε
∂v1
−
∂

∂ν
4

(
∂zγε
∂v1

)
= 0; ε

∂

∂ν

(
∂zγε
∂v1

)
+ 4

(
∂zγε
∂v1

)
= 0 on Γ1.

(29)

Proof :
⊗ Let us show that ζγε is a solution of (28):

• − 42
(
∂zγε
∂v0

)
− 3

(
∂zγε
∂v0

) (
zγε

)2
− ε

∂zγε
∂v0

=
∂

∂v0

(
−42zγε −

(
zγε

)3
− εzγε

)
= 0,

because −42zγε −
(
zγε

)3
− εzγε = 0 in Ω, thus,

−42
(
∂zγε
∂v0

)
− 3

(
∂zγε
∂v0

) (
zγε

)2
− ε

(
∂zγε
∂v0

)
= 0 in Ω.

•For boundary conditions Γ0 :

∂zγε
∂v0
−
∂

∂ν
4

(
∂zγε
∂v0

)
=

 lim
λ−→0

zε(λvγ0, 0) − zε(0, 0)
λ

 − ∂

∂ν
4

 lim
λ−→0

zε(λvγ0, 0) − zε(0, 0)
λ

 ,
=

 lim
λ−→0

zε(λvγ0, 0) −
∂

∂ν
4zε(λvγ0, 0)

λ

 −
 lim
λ−→0

zε(0, 0) −
∂

∂ν
4zε(0, 0)

λ

 = v0,

∂

∂ν

(
∂zγε
∂v0

)
+ 4

(
∂zγε
∂v0

)
=

∂

∂ν

 lim
λ−→0

zε(λvγ0, 0) − zε(0, 0)
λ

 + 4

 lim
λ−→0

zε(λvγ0, 0) − zε(0, 0)
λ

 ,
=

 lim
λ−→0

∂zε
∂ν

(λvγ0, 0) − 4zε(λvγ0, 0)

λ

 −
 lim
λ−→0

∂zε
∂ν

(0, 0) − 4zε(0, 0)

λ

 = 0.
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•For boundary conditions Γ1 :

ε
∂zγε
∂v0
−
∂

∂ν
4

(
∂zγε
∂v0

)
= ε

 lim
λ−→0

zε(λvγ0, 0) − zε(0, 0)
λ

 − ∂

∂ν
4

 lim
λ−→0

zε(λvγ0, 0) − zε(0, 0)
λ

 ,

=

 lim
λ−→0

εzε(λvγ0, 0) −
∂

∂ν
4zε(λvγ0, 0)

λ

 −
 lim
λ−→0

εzε(0, 0) −
∂

∂ν
4zε(0, 0)

λ

 = 0,

ε
∂

∂ν

(
∂zγε
∂v0

)
+ 4

(
∂zγε
∂v0

)
= ε

∂

∂ν

 lim
λ−→0

zε(λvγ0, 0) − zε(0, 0)
λ

 + 4

 lim
λ−→0

zε(λvγ0, 0) − zε(0, 0)
λ

 ,
=

 lim
λ−→0

ε
∂zε
∂ν

(λvγ0, 0) − 4zε(λvγ0, 0)

λ

 −
 lim
λ−→0

ε
∂zε
∂ν

(0, 0) − 4zε(0, 0)

λ

 = 0.

⊗ Using similar reasoning as before, we show that zγε is solution of (29).

�

2.5 Characterization of Adapted Low-Regret Control

Proposition 2.6. The adapted low-regret control uγε = (uγ0ε, u
γ
1ε) solution to (23) is characterized by a unique solution

{ζ
γ
ε , z

γ
ε , β

γ
ε , φ

γ
ε}, of the system:

−42ζ
γ
ε − 3ζγε

(
zγε

)2
− εζ

γ
ε = −

(
zγε − zd

)
in Ω,

ζ
γ
ε −

∂4ζ
γ
ε

∂ν
= 0;

∂ζ
γ
ε

∂ν
+ 4ζ

γ
ε = 0 on Γ0,

εζ
γ
ε −

∂4ζ
γ
ε

∂ν
= 0; ε

∂ζ
γ
ε

∂ν
+ 4ζ

γ
ε = 0 on Γ1,

−42zγε −
(
zγε

)3
− εzγε = 0 in Ω,

zγε −
∂4zγε
∂ν

= uγ0ε;
∂zγε
∂ν

+ 4zγε = uγ1ε on Γ0,

εzγε −
∂4zγε
∂ν

= 0; ε
∂zε
∂ν

+ 4zγε = 0 on Γ1,
−42β

γ
ε − 3βγε

(
zγε

)2
− εβ

γ
ε = 0 in Ω,

β
γ
ε −

∂4β
γ
ε

∂ν
= 0;

∂β
γ
ε

∂ν
+ 4β

γ
ε = 0 on Γ0,

εβ
γ
ε −

∂4β
γ
ε

∂ν
= −

ε2

γ
(ζε(u

γ
ε) − ζε(0)); ε

∂β
γ
ε

∂ν
+ 4β

γ
ε = −

ε2

γ

(
∂(ζε(u

γ
ε) − ζε(0))
∂ν

)
on Γ1,

−42φ
γ
ε − 3

(
zγε

)2
φ
γ
ε − εφ

γ
ε = zγε − zd − β

γ
ε in Ω,

φ
γ
ε −

∂4φ
γ
ε

∂ν
= 0;

∂φ
γ
ε

∂ν
+ 4φ

γ
ε = 0 on Γ0,

εφ
γ
ε −

∂4φ
γ
ε

∂ν
= 0; ε

∂φ
γ
ε

∂ν
+ 4φ

γ
ε = 0 on Γ1,

φ
γ
ε + N0uγ0ε + N1uγ1ε = ũ0 − uγ0ε + ũ1 − uγ1ε in L2(Γ0),

where zγε := zε(u
γ
ε , 0).

Proof :

Let uγε be the solution of (11)-(22) on (L2(Γ0))2. The Euler-Lagrange necessary condition gives for every
w = (w0,w1) ∈ (L2(Γ0))2 :

〈
∂zγε
∂v0

, zγε−zd〉Ω+〈
∂zγε
∂v1

, zγε−zd〉Ω+〈N0uγ0ε+uγ0ε−ũ0,w0〉Γ0+〈N1uγ1ε+uγ1ε−ũ1,w1〉Γ0+
ε2

γ
〈
∂ζε
∂v0

(w0), S (uγ0ε)〉Γ1++
ε2

γ
〈
∂ζε
∂v1

(w1), S (uγ1ε)〉Γ1+

ε2

γ
〈
∂

∂ν

(
∂ζε
∂v0

)
(w0),

∂S (uγ0ε)
∂ν

〉Γ1 +
ε2

γ
〈
∂

∂ν

(
∂ζε
∂v1

)
(w1),

∂S (uγ1ε)
∂ν

〉Γ1 = 0.

Indeed, Jγεa(uγ0ε + λw0, u
γ
1ε + λw1) − Jγεa(uγ0ε, u

γ
1ε) = Jε(u

γ
0ε + λw0, 0) + Jε(u

γ
1ε + λw1, 0) − Jε(u

γ
0ε, 0) − Jε(u

γ
1ε, 0) +
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+ ‖ uγ0ε + λw0 − ũ0 ‖
2
L2(Γ1) + ‖ uγ1ε + λw1 − ũ1 ‖

2
L2(Γ1) − ‖ uγ0ε − ũ0 ‖

2
L2(Γ1) − ‖ uγ1ε − ũ1 ‖

2
L2(Γ1) +

+
ε2

γ
‖ S (uγ0ε + λw0) ‖2L2(Γ1) +

ε2

γ
‖ S (uγ1ε + λw1) ‖2L2(Γ1) +

ε2

γ
‖
∂S (uγ0ε + λw0)

∂ν
‖2L2(Γ1) +

ε2

γ
‖
∂S (uγ1ε + λw1)

∂ν
‖2L2(Γ1) −

ε2

γ
‖

S (uγ0ε) ‖
2
L2(Γ1) −

ε2

γ
‖ S (uγ1ε) ‖

2
L2(Γ1) −

ε2

γ
‖
∂S (uγ0ε)
∂ν

‖2L2(Γ1) −
ε2

γ
‖
∂S (uγ1ε)
∂ν

‖2L2(Γ1),

Jγεa(uγ0ε + λw0, u
γ
1ε + λw1) − Jγεa(uγ0ε, u

γ
1ε) = λ2 ‖

zγε(uγ0ε + λw0, 0) − zε(u
γ
0ε, 0)

λ
‖2L2(Ω) +

+λ2 ‖
zε(u

γ
1ε + λw1, 0) − zε(u

γ
1ε, 0)

λ
‖2L2(Ω) +λ2(N0 + 1) ‖ w0 ‖

2
L2(Γ0) +λ2(N1 + 1) ‖ w1 ‖

2
L2(Γ0) +

+
(ελ)2

γ

‖ S (uγ0ε + λw0) − S (uγ0ε)
λ

‖2L2(Ω) + ‖
S (uγ1ε + λw1) − S (uγ1ε)

λ
‖2L2(Ω)

 +

+
(ελ)2

γ

‖
∂S (uγ0ε + λw0)

∂ν
−
∂S (uγ0ε)
∂ν

λ
‖2L2(Ω) + ‖

∂S (uγ1ε + λw1)
∂ν

−
∂S (uγ1ε)
∂ν

λ
‖2L2(Ω)

 +

+2〈zγε(uγ0ε + λw0, 0) − zε(u
γ
0ε, 0), zγε − zd〉Ω + 2〈zε(u

γ
1ε + λw1, 0) − zε(u

γ
1ε, 0), zγε − zd〉Ω +

+ 2λ〈N0uγ0ε + uγ0ε − ũ0,w0〉Γ0 + 2λ〈N1uγ1ε + uγ1ε − ũ1,w1〉Γ0 +
2ε2

γ
〈S (uγ0ε + λw0, 0) − S (uγ0ε, 0), S (uγ0ε)〉Γ1 +

2ε2

γ
〈S (uγ1ε +

λw1, 0) − S (uγ1ε, 0), S (uγ1ε)〉Γ1 + +
2ε2

γ
〈
∂S (uγ0ε + λw0)

∂ν
−
∂S (uγ0ε)
∂ν

,
∂S (uγ0ε)
∂ν

〉Γ1+

+
2ε2

γ
〈
∂S (uγ1ε + λw1)

∂ν
−
∂S (uγ1ε)
∂ν

,
∂S (uγ1ε)
∂ν

〉Γ1 .

Dividing by λ and applying the limit , we obtain:

lim
λ−→0

Jγεa(uγ0ε + λw0, u
γ
1ε + λw1) − Jγεa(uγ0ε, u

γ
1ε)

λ
= 2〈

∂zγε
∂v0

, zγε − zd〉Ω + 2〈
∂zγε
∂v1

, zγε − zd〉Ω+

+2〈N0uγ0ε + uγ0ε − ũ0,w0〉Γ0 + 2〈N1uγ1ε + uγ1ε − ũ1,w1〉Γ0 +
2ε2

γ
〈
∂S γ

ε

∂v0
, S γ

ε〉Γ1 +
2ε2

γ
〈
∂S γ

ε

∂v1
, S γ

ε〉Γ1+

+
2ε2

γ
〈
∂

∂ν

(
∂S γ

ε

∂v0

)
,
∂S γ

ε

∂ν
〉Γ1 +

2ε2

γ
〈
∂

∂ν

(
∂S γ

ε

∂v1

)
,
∂S γ

ε

∂ν
〉Γ1

,

because lim
λ−→0

zε(u
γ
0ε + λw0, 0) − zε(u

γ
0ε, 0)

λ
=
∂zγε
∂v0

et lim
λ−→0

S (uγ0ε + λw0) − S (uγ0ε)
λ

=
∂S γ

ε

∂v0
.

The terms ‖
∂zγε
∂v0
‖2L2(Ω), ‖

∂ζ
γ
ε

∂v0
‖2L2(Ω) are bounded and tend to 0 when λ→ 0.

As S (uγ0ε + λw0) − S (uγ0ε) = ζ(uγ0ε + λw0) − ζ(uγ0ε), then:

lim
λ−→0

Jγεa(uγ0ε + λw0, u
γ
1ε + λw1) − Jγεa(uγ0ε, u

γ
1ε)

λ
= 2〈

∂zγε
∂v0

, zγε − zd〉Ω + 2〈
∂zγε
∂v1

, zγε − zd〉Ω+

+2〈N0uγ0ε + uγ0ε − ũ0,w0〉Γ0 + 2〈N1uγ1ε + uγ1ε − ũ1,w1〉Γ0 +
2ε2

γ
〈
∂ζ

γ
ε

∂v0
, S γ

ε〉Γ1 +
2ε2

γ
〈
∂ζ

γ
ε

∂v1
, S γ

ε〉Γ1+

+
2ε2

γ
〈
∂

∂ν

(
∂ζ

γ
ε

∂v0

)
,
∂S γ

ε

∂ν
〉Γ1 +

2ε2

γ
〈
∂

∂ν

(
∂ζ

γ
ε

∂v1

)
,
∂S γ

ε

∂ν
〉Γ1

.

The Euler-Lagrange condition becomes:
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〈
∂zγε
∂v0

, zγε − zd〉Ω + 〈
∂zγε
∂v1

, zγε − zd〉Ω + 〈N0uγ0ε + uγ0ε − ũ0,w0〉Γ0 + 〈N1uγ1ε + uγ1ε − ũ1,w1〉Γ0+

+
ε2

γ
〈
∂ζ

γ
ε

∂v0
, S γ

ε〉Γ1 +
ε2

γ
〈
∂ζ

γ
ε

∂v1
, S γ

ε〉Γ1 +
ε2

γ
〈
∂

∂ν

(
∂ζ

γ
ε

∂v0

)
,
∂S γ

ε

∂ν
〉Γ1 +

ε2

γ
〈
∂

∂ν

(
∂ζ

γ
ε

∂v1

)
,
∂S γ

ε

∂ν
〉Γ1 = 0.

Consider βγε solution of the following system:
−42β

γ
ε − 3βγε

(
zγε

)2
− εβ

γ
ε = 0 in Ω,

β
γ
ε −

∂4β
γ
ε

∂ν
= 0;

∂β
γ
ε

∂ν
+ 4β

γ
ε = 0 on Γ0,

εβ
γ
ε −

∂4β
γ
ε

∂ν
= −

ε2

γ
(ζε(u

γ
ε) − ζε(0)); ε

∂β
γ
ε

∂ν
+ 4β

γ
ε = −

ε2

γ

(
∂(ζε(u

γ
ε) − ζε(0))
∂ν

)
on Γ1.

(30)

By multiplying the first equation of (30) by
∂ζε
∂v0

(w, 0), we have:

〈−42β
γ
ε − 3βγε

(
zγε

)2
− εβ

γ
ε ,
∂ζε
∂v0

(w, 0)〉Ω = 0,

⇒ 〈−42β
γ
ε ,
∂ζε
∂v0

(w, 0)〉Ω − 〈3β
γ
ε

(
zγε

)2
,
∂ζε
∂v0

(w, 0)〉Ω − 〈εβ
γ
ε ,
∂ζε
∂v0

(w, 0)〉Ω = 0,

and applying Green formulation to the first member, we have:

〈42β
γ
ε ,
∂ζε
∂v0

(w, 0)(w)〉Ω = 〈
∂(4βγε(v))

∂ν
,
∂ζε
∂v0

(w, 0)〉Γ − 〈4β
γ
ε(v),

∂

∂ν

(
∂ζε
∂v0

(w, 0)
)
〉Γ + 〈

∂β
γ
ε(v)
∂ν

,4
∂ζε
∂v0

(w, 0)〉Γ−

−〈β
γ
ε(v),

∂

∂ν

(
4
∂ζε
∂v0

(w, 0)
)
〉Γ + 〈β

γ
ε(v),42 ∂ζε

∂v0
(w, 0)〉Ω,

= 〈
∂(4βγε(v))

∂ν
,
∂ζε
∂v0

(w, 0)〉Γ1 − 〈4β
γ
ε(v),

∂

∂ν

(
∂ζε
∂v0

(w, 0)
)
〉Γ1 − 〈

∂β
γ
ε(v)
∂ν

, ε
∂

∂ν

(
∂ζε
∂v0

(w, 0)
)
〉Γ1−

−〈β
γ
ε(v), ε

∂ζε
∂v0

(w, 0)〉Γ1 + 〈β
γ
ε(v),42 ∂ζε

∂v0
(w, 0)〉Ω,

= 〈
∂(4βγε(v))

∂ν
− εβ

γ
ε(v),

∂ζε
∂v0

(w, 0)〉Γ1 − 〈4β
γ
ε(v) + ε

∂β
γ
ε(v)
∂ν

,
∂

∂ν

(
∂ζε
∂v0

(w, 0)
)
〉Γ1+

+〈β
γ
ε(v),42 ∂ζε

∂v0
(w, 0)〉Ω,

=
ε2

γ
〈ζε(u

γ
ε) − ζε(0),

∂ζε
∂v0

(w, 0)〉Γ1 +
ε2

γ
〈

(
∂(ζε(u

γ
ε) − ζε(0))
∂ν

)
,
∂

∂ν

(
∂ζε
∂v0

(w, 0)
)
〉Γ1 + 〈β

γ
ε(v),42 ∂ζε

∂v0
(w, 0)〉Ω,

〈−42β
γ
ε − 3βγε

(
zγε

)2
− εβ

γ
ε ,
∂ζε
∂v0

(w, 0)〉Ω = −
ε2

γ
〈ζε(u

γ
ε) − ζε(0),

∂ζε
∂v0

(w, 0)〉Γ1 −
ε2

γ
〈
∂(ζε(u

γ
ε) − ζε(0))
∂ν

,
∂

∂ν

(
∂ζε
∂v0

(w, 0)
)
〉Γ1−

−〈β
γ
ε(v),42 ∂ζε

∂v0
(w, 0)〉Ω − 3〈βγε ,

∂ζε
∂v0

(w, 0)
(
zγε

)2
〉Ω − 〈εβ

γ
ε ,
∂ζε
∂v0

(w, 0)〉Ω,

⇒ 〈−42β
γ
ε − 3βγε

(
zγε

)2
− εβ

γ
ε ,
∂ζε
∂v0

(w, 0)〉Ω = −
ε2

γ
〈

(
∂(ζε(u

γ
ε) − ζε(0))
∂ν

)
,
∂

∂ν

(
∂ζε
∂v0

(w, 0)
)
〉Γ1−

−
ε2

γ
〈ζε(u

γ
ε) − ζε(0),

∂ζε
∂v0

(w, 0)〉Γ1 + 〈−42 ∂ζε
∂v0

(w, 0) − 3
∂ζε
∂v0

(w, 0)
(
zγε

)2
− ε

∂ζε
∂v0

(w, 0), βγε(v)〉Ω,

we obtain:
ε2

γ
〈S γ

ε ,
∂ζε
∂v0

(w, 0)〉Γ1 +
ε2

γ
〈
∂S γ

ε

∂ν
,
∂

∂ν

(
∂ζε
∂v0

(w, 0)
)
〉Γ1 + 〈

∂zγε
∂v0

, β
γ
ε(v)〉Ω = 0.
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By again multiplying the first equation of (30) by
∂ζε
∂v1

(w, 0) and using a similar reasoning as before, we get:

ε2

γ
〈S γ

ε ,
∂ζε
∂v1
〉Γ1 +

ε2

γ
〈
∂S γ

ε

∂ν
,
∂

∂ν

(
∂ζε
∂v1

(w, 0)
)
〉Γ1 + 〈

∂zγε
∂v1

, β
γ
ε(v)〉Ω = 0.

The Euler-Lagrange condition becomes:

〈
∂zγε
∂v0

, zγε − zd − β
γ
ε〉Ω + 〈

∂zγε
∂v1

, zγε − zd − β
γ
ε〉Ω + 〈N0uγ0ε + uγ0ε − ũ0,w0〉Γ0 + 〈N1uγ1ε + uγ1ε − ũ1,w1〉Γ0 = 0.

Let us now introduce the adjoint φγε defined by:
−42φ

γ
ε − 3

(
zγε

)2
φ
γ
ε − εφ

γ
ε = zγε − zd − β

γ
ε in Ω,

φ
γ
ε −

∂4φ
γ
ε

∂ν
= 0;

∂φ
γ
ε

∂ν
+ 4φ

γ
ε = 0 on Γ0,

εφ
γ
ε −

∂4φ
γ
ε

∂ν
= 0; ε

∂φ
γ
ε

∂ν
+ 4φ

γ
ε = 0 on Γ1.

• By multiplying the first equation of φγε by
∂zε
∂v0

(w, 0), we obtain :

〈−42φ
γ
ε − 3

(
zγε

)2
φ
γ
ε − εφ

γ
ε ,
∂zε
∂v0

(w, 0)〉Ω = 〈zγε − zd − β
γ
ε ,
∂zε
∂v0

(w, 0)〉Ω,

and by using again similar reasoning as before, we get:

〈42φ
γ
ε ,
∂zε
∂v0

(w, 0)〉Ω = 〈
∂(4φγε(v))

∂ν
,
∂zε
∂v0

(w, 0)〉Γ − 〈4φ
γ
ε(v),

∂

∂ν

(
∂zε
∂v0

(w, 0)
)
〉Γ+

+〈
∂φ

γ
ε(v)
∂ν

,4
∂zε
∂v0

(w, 0)〉Γ − 〈φ
γ
ε(v),

∂

∂ν

(
4
∂zε
∂v0

(w, 0)
)
〉Γ + 〈φ

γ
ε(v),42 ∂zε

∂v0
(w, 0)〉Ω,

= 〈−φ
γ
ε(v),w0〉Γ0 + 〈φ

γ
ε(v),42 ∂zε

∂v0
(w, 0)〉Ω,

⇒ 〈−42φ
γ
ε − 3

(
zγε

)2
φ
γ
ε − εφ

γ
ε ,
∂zε
∂v0

(w, 0)〉Ω = 〈φ
γ
ε(v),w0〉Γ0−

−〈φ
γ
ε(v),42 ∂zε

∂v0
(w, 0)〉Ω − 3〈φγε ,

(
zγε

)2 ∂zε
∂v0

(w, 0)〉Ω − 〈εφ
γ
ε(v),

∂zε
∂v0

(w, 0)〉Ω,

⇒ 〈−42φ
γ
ε − 3

(
zγε

)2
φ
γ
ε − εφ

γ
ε ,
∂zε
∂v0

(w, 0)〉Ω = 〈φ
γ
ε(v),w0〉Γ0+

+〈φ
γ
ε(v),−42 ∂zε

∂v0
(w, 0) − 3

(
zγε

)2 ∂zε
∂v0

(w, 0) − ε
∂zε
∂v0

(w, 0)〉Ω,

⇒ 〈φ
γ
ε(v),w0〉Γ0 = 〈zγε − zd − β

γ
ε ,
∂zε
∂v0

(w, 0)〉Ω.

By again multiplying the first equation of φγε by
∂zε
∂v1

(w, 0), we have :

〈φ
γ
ε(v),w1〉Γ0 = 〈zγε − zd − β

γ
ε ,
∂zε
∂v1

(w, 0)〉Ω.

From the Euler-Lagrange condition, we finally get:

〈φ
γ
ε + N0uγ0ε + uγ0ε − ũ0 + N1uγ0ε + uγ1ε − ũ1,w〉Γ0 = 0,∀w ∈ (L2(Γ0))2,

the adapted low-regret control uγε is characterized by:

φ
γ
ε + N0uγ0ε + N1uγ1ε = ũ0 + ũ1 − uγ0ε − uγ1ε.

�
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2.6 Singular Optimality System (SOS)

In this section, we give the SOS for low-regret control for the problem (1)

Lemma 2.4. It exists constant C > 0 such as: 

‖ uγ0ε ‖L2(Γ0)≤ C,
‖ uγ1ε ‖L2(Γ0)≤ C,
‖ zγε ‖L2(Ω)≤ C,
ε
√
γ
‖ ζ

γ
ε ‖L2(Γ1)≤ C,

ε
√
γ
‖
∂ζ

γ
ε

∂ν
‖L2(Γ1)≤ C,

(31)

Proof :

uγε is a solution of (25), therefore:
Jγaε(u

γ
ε) ≤ Jγaε(v),∀ v ∈ (L2(Γ0))2.

In the particular case where v = 0, we obtain:

‖ zγε − zd ‖
2
L2(Ω) +N0‖u

γ
0ε‖

2
L2(Γ0) + N1‖u

γ
1ε‖

2
L2(Γ0)+ ‖ uγ0ε − ũ ‖2L2(Γ1) +

+
ε2

γ
‖ ζ

γ
ε ‖

2
L2(Γ1) +

ε2

γ
‖
∂ζ

γ
ε

∂ν
‖2L2(Γ1)≤‖ zd ‖

2
L2(Γ1)= c;

hence the result.

�

Theorem 2.1. The low-regret control uγ for problem (1) is characterized by {ζγ, zγ, βγ, φγ} :{
−4ζγ − 3ζγ (zγ)2 = − (zγ − zd) in Ω, ζγ = 0;

∂ζγ

∂ν
= 0 on Γ0,−4zγ − (zγ)3 = 0 in Ω,

zγ = uγ0;
∂zγ

∂ν
= uγ1 on Γ0,−4β

γ − 3βγ (zγ)2 = 0 in Ω,

βγ = 0;
∂βγ

∂ν
= 0 on Γ0,−4φ

γ − 3φγ (zγ)2 = zγ − zd − β
γ in Ω,

φγ = 0;
∂φγ

∂ν
= 0 on Γ0,

φγ + N0uγ0 + N1uγ1 = ũ0 − uγ0 + ũ1 − uγ1 in L2(Γ0). (32)

Proof :
From the Proposition 2.6, we deduce that zγε is solution of the system:

−42zγε −
(
zγε

)3
− εzγε = 0 in Ω,

zγε −
∂4zγε
∂ν

= uγ0ε;
∂zγε
∂ν

+ 4zγε = uγ1ε on Γ0,

εzγε −
∂4zγε
∂ν

= 0; ε
∂zε
∂ν

+ 4zγε = 0 on Γ1.

(33)

By changing variable, ηγε = 4zγε , thus the system (33) becomes:
−4η

γ
ε −

(
zγε

)3
− εzγε = 0 in Ω,

zγε −
∂η

γ
ε

∂ν
= uγ0ε;

∂zγε
∂ν

+ η
γ
ε = uγ1ε on Γ0,

εzγε −
∂η

γ
ε

∂ν
= 0; ε

∂zε
∂ν

+ η
γ
ε = 0 on Γ1.

(34)
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From the Lemma 2.3, ‖ zγε ‖2L2(Ω)≤ C, therefore zγε converges weakly in L2(Ω) and tends to zγ when ε −→ 0.

We deduce from the first equation in (34) that: ‖ 4ηγε +
(
zγε

)3
‖L2(Ω)=‖ εzγε ‖L2(Ω)≤ εC −→ 0.

Therefore, 
4η

γ
ε −→ −

(
zγε

)3
in L2(Ω),

∂η
γ
ε

∂ν
−→ 0 on L2(Γ1),

η
γ
ε −→ 0 on L2(Γ1).

(35)

When ε −→ 0. We recap that: 
−4ηγ − (zγ)3 = 0 in Ω,
∂ηγ

∂ν
= 0 on Γ1,

ηγ = 0 on Γ1.

(36)

By using the unique continuation theorem of Mizohata (S. Mizohata, 1958), we deduce from (36) that we also have:

∂ηγ

∂ν
= ηγ = 0 on Γ0. (37)

On the other hand, Lemma 2.3 also gives: ‖ uγ0ε ‖L2(Γ0)≤ C and ‖ uγ1ε ‖L2(Γ0)≤ C, therefore,

(uγ0ε, u
γ
1ε) ⇀ (uγ0, u

γ
1) in L2(Γ0) × L2(Γ0). (38)

From (34)-(35)-(38) we obtain: −4zγ − (zγ)3 = 0 in Ω,

zγ = uγ0;
∂zγ

∂ν
= uγ1 on Γ0.

(39)

Again, we use the estimate of Lemma 2.3, we deduce the following limits:
ε
√
γ
ζ
γ
ε ⇀ λ

γ
0 weakly in L2(Γ1) and

ε
√
γ

∂ζ
γ
ε

∂ν
⇀ λ

γ
1 weakly in L2(Γ1).

Thus
ε2

γ
ζ
γ
ε ⇀ 0 and

ε2

γ

∂ζ
γ
ε

∂ν
⇀ 0 when ε −→ 0.

We obtain:{
−4ζγ − 3ζγ (zγ)2 = − (zγ − zd) in Ω, ζγ = 0;

∂ζγ

∂ν
= 0 on Γ0, (40)

and φγε = −N0uγ0ε − N1uγ1ε + ũ0 − uγ0ε + ũ1 − uγ1ε in L2(Γ0).
Finally, from (23) and (38), we have:

φ
γ
ε ⇀ φγ = −N0uγ0 − N1uγ1 + ũ0 − uγ0 + ũ1 − uγ1 in L2(Γ0). (41)

�

2.7 Characterization of the No-Regret Control

Now, we give optimality System for no-regret control.

Theorem 2.2. The no-regret control ũ = (ũ0, ũ1) for problem (1) is characterized by the unique {ζ, z, β, φ}, solution to:−4ζ − 3z2ζ = − (z − zd) in Ω,

ζ = 0;
∂ζ

∂ν
= 0 on Γ0,−4z − z3 = 0 in Ω,

z = ũ0;
∂z
∂ν

= ũ1 on Γ0,−4β − 3z2β = 0 in Ω,

β = 0;
∂β

∂ν
= 0 on Γ0,−4φ − 3z2φ = z − zd − β in Ω,

φ = 0;
∂φ

∂ν
= 0 on Γ0,

φ + N0ũ0 + N1ũ1 = 0 in L2(Γ0).
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Proof :
From Theorem 2.1 and we go to the limit in γ −→ 0, we obtain:

ζγ ⇀ ζ = 0,
βγ ⇀ β = 0,
φγ ⇀ φ = 0

(42)

on Γ0,

well; From (32), we have:

(uγ0, u
γ
1) ⇀ (ũ0, ũ1) in L2(Γ0) × L2(Γ0), (43)

Therefore: zγ ⇀ z = ũ0,
∂zγ

∂ν
⇀

∂z
∂ν

= ũ1
(44)

on Γ0,

From what precedes, it exists a unique ũ characterized by {ζ, z, β, φ} solution of the system (1).

�

3. Conclusion

In this work, we have examined a ill-posed problem with incomplete data using the regularization method and the adapted
low-regret control method. This method allowed us to generate the missing information on Γ1 without which the control
of the system was delicate and the adapted low-regret control method allowed us to obtain the characterization of the
control of problem (1). By using the low-regret method and by moving to the limit on γ −→ 0, we obtain the no-regret
control.
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