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Abstract

We suggest a new approach to the Some Blaise Abbo (SBA) method for solving systems of nonlinear fractional partial
differential equations and we have tested it with two examples.
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1. Introduction

In general, there are several numerical methods for solving systems of nonlinear fractional partial differential equations.
Among these different methods we will suggest a new approach of the SBA method for solving these systems.

2. Definitions and Basic Properties
2.1 Gamma Function
2.1.1 Definition

One of the basic functions of fractional calculus is Euler’s Gamma function I'(@). It is defined by the following integral
(Harrat A., 2018; Nebie, A.W., 2022; Khalouta, A.; Tellab, B., 2018; Ouedraogo, S., Abbo, B., Yaro, R., & Pare, Y.,2020;
Sahadevan, R., & Bakkyaraj,T., 2015 ).

Ia) = f ~ e dr (1)
0

where « is any complex number such Re(a) > 0. The Gamma function I' is decreasing on [0, 1]
2.1.2 Properties

An important property of the Gamma function I'(@) is the following recurrence relation (Nebie, A.W., 2022; Khalouta,
A.; Tellab, B., 2018).

(@ + 1) = al'(a) with a >0 (2)

2.2 Mittag-Leffler Function

For z € C, the Mittag-Leffler function E,(z) is defined as follows (Harrat A., 2018; Nebie, A.W., 2022; Khalouta, A.;
Tellab, B., 2018).

o k
z
E()=Y —— with a
(2) kZ:(; Tka + 1) with a >0 3)

particular case
Ei(z) =€

This function can be generalized for two positive parameters a and S as follows:

b k
Z
Ees® = 2 a v ) @
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3. Fractional Integral

A primitive of a continuous function on [a; b] is given by the expression (Harrat A., 2018; Nebie, A.W., 2022; Khalouta,
A.; Tellab, B., 2018).

Uol)(1) = fo h(x)dx 5)

For a primitive of order 2, we have:

(Igh)(t) = f (fx h(s)ds)dx = f(t—x)h(x)dx (6)
0 \Jo 0

If h(¢) = C with a constant C, then we have:

Vo
Ia(C)—m @)

4. Convergence and Uniqueness

Consider the general form of the following fractional order partial differential equation:

O"ui(X1, ooy Xy 1)
(P) . T —R(ui(xlw'-’xnat))+N(ui(xl,-~,xn,t)) , Vi= 1’.._”1 (8)
Ui(X15 eeer X5 0) = fiX1,5 000y Xn)
withO<a<1. P
* i 5 eees n’t
Put Liu;(xq, ..., x,, 1) = % Then we have
Liui(xq, .oy Xp, 1) = R(ui(x1, ooy X4, ) + Ni(X1, 00 X, 1), Yi=1,..,n &)

Applying L;1(.) = I () the fractional integral to (9), we have:

Ui (X1 wes Xy 1) = fil(X15 00y Xn) + L5 (R(ui(X1,5 -y X, 1))+

I§(N(ui(xys ooy X0, 1)), Yi=1,.,n (10)
Applying the method of successive approximations to (10), we have
UKLy ooy Xy 1) = S0, ooy ) + ISR (X1, oy X D)+ (11
IENGE (s e X, D)), Vi=1,n k> 1
From (11), we obtain the following SBA algorithm:
W (X1 s X ) = (X1, ey X)) +F ICN@E (20, o, X0, D), Vi=1,um; k> 1
. 1,0 b 9 ns l 9 b n 0 1 b b ns 9 b 9 9 -
(SBA): { uﬁnﬂ(xl, vy X 1) = Ig(R(uﬁn(xl, X, D), Yi=1,..,n,n>0 (12)
Theorem
Suppose that Yk > 1, N(uf.“l(xl, e X, 1)) =0, 'ﬁ <1, fi e CR"), ui(xy, ..., x5, 1) € C(Q), f; and u; are respectively
a

bounded by m; and M; such that
Am; =  sup |fi(xi,....,x)land A M; = sup  |ui(x1,.., %, )| >00r Q=R" X [0; T]; Vi=1,...,n.

(X1 50000 X ) ER? (X1 5eees Xy, )EQ
then the SBA algorithm is convergent and the problem (P) admits a unique solution.

Proof: we have the following SBA algorithm:

uﬁo(xl, s Xy 1) = [i(X1 ey X)) + I(‘)’(N(uf.“l(xl, X)), Yi=1,..,n k>1 (13)
uif,nﬂ(xl, vy X, 1) = Ig(R(uﬁn(xl, X)), Yi=1,..,n,n>0
or again
ufio(xl,...,xn,l) = filx1, X)), Yi=1,.,n k> 1 14
u§n+l(x1, s Xy 1) = Ig(R(uffn(xl, vnXn, ), Yi=1,..,n;n>0 (14)

14
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lfilx1y e x) <my; i=1,..,m; k> 1

Iuﬁo(xl, ey Xy t)|

. M;T*
Iuﬁl(xl,...,x,,,t)| = |IO(R(uﬁo(x1,...,xn,t)))| < m; i=1,.,n k>1

. M;T® .
Iuﬁz(xl,...,xn,t)| = |IO(R(uﬁl(x1,...,xn,t)))| < (m) si=1,.,nm k>1

N M,T® ) (15)
|uﬁ3(x1,...,x,,,t)| = |I0 (R(uﬁz(xl,...,x,,,t)))i < (m) si=1,.,n k=1

M;T®
T(a+ 1)

Iuﬁn(xl, ey Xy t)|

’ n
|I(‘)’(R(ufn_l(x1,...,xn,t)))| < ( ) ci=1,..,nk>1;, n>0

Summing member by member of (15) we get:

+00
M;T? .
Z qun(xl,...,x,,,t)l =mj+ —-—--—i=1,.,mk>1; n>0
per INa+1)—- MT®
400 +00
hence Z Iuﬁn(xl , .-» X, )| 18 absolutely convergent as a result Z ufn(xl , -es X, 1) 1 simply convergent.
n=0 n=0

Uniqueness of the solution

Let uf.‘n(xl, wees Xpb 1), vffn(xl, ..., X, 1) be two solutions of (8) with uf.‘n(xl, ..., X, 1) and for u and v we have the following
algorithms:

WX 1 ooy X 1) = fiX1s s X)s Vi = 1, k> 1
{ W (X1 oo X, ) = TSRO (X1 s s D)), Vi = 1, imy n> 0 (16)
and
vﬁo(xl,...,x,,,t) = filxy, 0 xn), Yi=1,.,m k>1 17
{ v§n+1(x1, vy X 1) = Ig(R(vffn(xl, X)), Yi=1,.,n,n>0 a7

by making the difference (16) and (17) we obtain

uio(xl,...,xn,t) —vﬁo(xl,...,x,,,t) = fi(x1y o0, Xp) — filx1, .0 ) =0
= uﬁo(xl, vy Xy 1) = vﬁo(xl, ooy Xy 1)
uﬁl(xl, ey Xy 1) — vﬁl(xl, v X, 1) = Ig(R(uﬁo(xl, vy Xy 1)) — Ig(R(vﬁO(xl, e X, 1)) =0

=3 uff’l(xl, v Xy 1) = vf{l(xl, cees Xy 1)
I(‘)’(R(ui.‘,l(xl sy Xy 1)) — Ig(R(vf’l(x] e X, 1)) =0
= uﬁz(xl, v Xy 1) = vﬁz(xl, ey X 1)
Ig(R(uﬁz(xl, s Xy 1)) — Ig(R(vffz(xl, e X, 1)) =0
= uﬁ3(x1, vy Xy 1) = vﬁ3(x1, ooy Xy 1)

uiz(xl s eees Xns t) - Vﬁz(xl 5 eees Xy t)

uf.‘ﬁ(xl, R ) vﬁ3(x1, ey Xy 1)

IS (RS, (X1, ooy Xy 1)) = Ig(R(fo,,_l(xl, o X, 1)) =0
= uF (X1 eeey X, 1) = Wk (X1 eees Xy 1)

in in

uiin(xl, cees Xps t) - Vﬁn(xlv ooy Xy t)

SO uﬁn(xl, ...,xn,t)—vffn(xl, Xy ) =0 uff’n(xl, ey Xy 1) = vﬁn(xl, ..., X, 1); but according to the hypothesis uﬁn(xl, e Xy 1) =
vfn(xl, ..» X, 1); Which is contradictory, so the solution of the system is unique.

5. Application
5.1 Example 1

Consider the nonlinear diffusion-reaction PDE system of fractional order in dimension 2 with Cauchy condition.

0%u(x,y,t) N ov(x,y,1) « ow(x,y,1)  Ov(x,y,1) « ow(x,y,1)

o ox dy dy Fra
Ov(x,y,t)  ow(x,y,t)  Ou(x,y,t) Ou(x,y,t) Ow(x,y,t)
+ X + X =v(x,y,1)
Fucy)  ury.t) et BuCerd) e
“w(x,y, t u(x,y,t v(x,y,t u(x,y,t v(x,y,1) (18)
. X ey ey X ax Cveed
u(x,y,0) = e
v(x,y,0) = e
w(x,y,0) = e

15
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withO<a <1

Let’s put it this way:
*w(x, y, 1)

6(! .Y, 6(! LY,
Lty = T gy, = TR0 gy, 0y = T
Ru(x,y, 1) = u(x,y,0);  R(x,y,1) =v(x,y,1); Rw(x,y,1) = w(x,y,1)
Ny (03 ) (. 3. 1) = Bv()(;, .0 owlx,y, 1) ov(x,y,1) « ow(x,y,1)
X ay ay ox
No(u(x,y., 1), w(x, . 1)) = [)w(;c, v, 1) y u(x,y,t)  Ou(x,y,t) y ow(x,y,1)
x ay ox ady
Na(u(x,y. 1), v(x y. 1)) = Bu(;, v, 1) y ov(x,y,1) N u(x,y,t) y ov(x,y,t)
X ay ay ox
we have:
Lt(u(x’ Yy, t)) + N](V(x, Y, t)’ W(-x’ Yy, t)) = _R(M(-x7 Yy, t))
L (v(x,y,0) + Na(u(x, y, 1), w(x, y, 1)) = R(v(x,y,1)) (19)
Li(w(x,y, 1) + N3(u(x, y, 1), v(x,y, 1)) = Rw(x, y, 1))
Let’s apply ;! = 15 () a Li(u(x, y, 0); L(v(x,y, 1) and L,(w(x, y, 1)) of (19), we get:
u(x,y, 1) = e = IF (N (v(x, y, 1), w(x, y, 1)) — I (R(u(x, y, 1))
(20)

{ v(x,y, 1) = &7 = If(Nao(u(x, y, 1), w(x, y, 1)) + I§ (R(v(x, , 1))
w(x, y, 1) = e = [F(N3(u(x, y, 1), v(x,y, 1)) + I (R(W(x, y, 1))

Applying the method of successive approximations to (20), we obtain:
wh(x,y, 1) = € = TN (V7 (x, . 1), W' (x, 3, 1) = 1§ (RA (x,y, ),k > 1
V(x,y, 1) = e = IS (N (! (x, y, 1), W (x, y, 1) + TG (ROK(x, y, 1)), k = 1 (21)
whQx,y, 1) = €7 — I8 (N3 (! (x, y, 0,71 (x, 3, 1) + I§ (RO (x, y, 1)), k > 1

From (21), we obtain the following SBA algorithm (Bassono, F., 2013; Zongo,G., So, O., & Pare, Y., 2016; Pare, Y.,

2010; Pare, Y., Bassono, F. & Some, B., 2012; Pare, Y. (2021).).
ué(x, v, 1) = e = IE(N N, y, 0, W (x, v, 1)), k> 1
u’,‘,“(x, y, 1) = —Ig(R(u],;(x, y,1)), n>0
v’(‘)(x, v, 1) =e" - Ig(Nz(uk_l(x, v, 0, w1 (x,y,0)), k>1 22)
vﬁﬂ(x, v, 1) = Ig(R(vﬁ(x, y,1)), n>0
w{‘)(x, v, ) =e " - Ig(N3(uk‘](x, v, 0,V (x, 3, 0)), k>1
{ wfm(x, y, 1) = Ig(R(w’,‘l(x,y, 1), n>0

At step k = 1, we apply Picard’s principle, we take u’; v’ and w? such that

=w?=0.

N (00, w0 = No(u®, wP) = N3P, v°) = 0 then u® =0
The above algorithm becomes:
u(l)(-xs Ys t) = ex+y
u, (x,y,0) = —I§R@uy(x,y,1)), n>0
(23)

v(l)(x, y, 1) =e7
vy = I8 (Rvy(x,y, 1)), n>0

w(])(x, v, ) =e "
wh (e, D) = ISRWy(x, y,1)), n>0

let’s calculate u'(x,y, 1), v!(x,y,?) and w'(x, y, 1)

for n = 0, we have
1 _ g 1 _ -1 X+y
u(x,y,) = —Iy(R(uy(x,y,1)) = Tt l)e
M0 = BROM0) = fose™

16
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for n = 1, we have

for n = 2, we have

recurrently we have:

u(l)(x, v, 1)
u} (x,y,0)

uy(x,y,1)

ué (x,y,0)

ul(x,y,1)

The solution at step k = 1 is:

102

winy,t) = IS(Rwy(x, 1)) = me"”y
uy(x,y,1) = —wa%nxn»=——3¥—&”
0 IQRa+1)
vy(x,y, 1) = Wm@uyﬁ»=—fi—fﬂ
0 I'Qa+1)
2a
wi(x,y, 1) = ISRW(x,Y,0)) = =——e
0 I'Qa+1)
wy(x,y,1) = dwm@uym»=—ijlw“y
3 0 I'Ga+1)
. . 3a
vy, ) = IGR(vy(x, y, 1)) = mex 4
3a
wi,y, ) = IJRWy(x,y,1)) = =€
0 I'Ga+1)
e vy = e Wiy, ) = e
-1 X+y 1 1 X— 1 1"e Y
— ) = V1) =
F(a;—l)e V(%) @+ 1) wix3s0) rga+1)
2 .y 1 2 — | ety
A 4N ') t = s t = A 1~
Qo ¢ V(% 1) Fa+1) Wy (% 351) r(ga 1)
—r a iy | r a o | —x+y
A = - 7 LV, 1 = R
TGa+ 1)’ V3, 1) TGa+ 1)’ w3 (% 3:1) TGa+1)
’ (_1)ntna o 1 tnﬂ( . ) tﬂﬂ(e—)("'y
X+y Y, t — x=y 1 —
T + 1) Va(% 3.0 Tra+ D) Wn (%3, 1) T+ 1)
+00
_l)ntna
! ’ 7t = Y ( — = X+y-E(y _ta/
w30 T+ 1) =)
1 Y, t — —} _ x—y . t(y
vy Zr(na+l) € Eal)
! 1) = e =e E, t*
w1 ZF(na+l) )

or E,(t%) is the Mittag-Leffler function

At step k = 2, let us calculate Ny(v' (x,y, 1), w' (x,y, D); Na(u' (x, y, ), w! (x, v, 1)) and

N3(M1(X, Yy, t)a Vl(x’ Yy, t))

Nl(vl(x9y’ t)s Wl(-xsy» t))

o' (x, ¥, 1)

1
y ow' (x,y,1)

B 6v1(x,y, 1) « aw'(x,y, 1)

ox
7V EL(tY) x e EL (1Y) -
I ( E(,(t“))2 —
(Eq(t"))* = (Eq(t))?

0

dy

17

ay ox
exﬂ'-Ea(lﬂ) X eixﬂv-Ea(ta)

DT (Ea 1))
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o (e, y0)  Owl(ry.)  dulCryn) oWy
0x dy Ay ox
= e EL(—1") X €M Ey(1") — € Ef (1)) X €7 E,f (1)
= ¢ Ey(17).Eo(—1") — €T Eq(1%).Eo(—1")
= ezy.Ea(ta).Ea(_lﬂ) - ezy-Ea(tn)~Ea(_ta)
= 0

Nau! (x,y, ), W' (x,, 1)

ou'(x,y,1) y w'(x,y,1) N ou'(x,y,1) y ' (x,y,1)
0x ay ay ox
= eV E(~1") X &V E (1) + e E(—1") X e E (1Y)
= =" E,(1Y).Ey(—1%) + &Y E (1Y) EQ(—1Y)
= =" E (1").Ep(—1%) + ¥ . Eg(19).Eq(—1%)

N3 (' (x,y,0),v' (x,, 1)

=0
so the algorithm at step k = 2 is the same as at step k = 1.
from where
oy, t) = ul(xy, 1) = e Ey (1)
V(1) = vy, 1) = e" 7V Ey(19)
w2y, t) = wlx,y, 1) = e .E (1Y)
recursively we have:
uk(x,y,1) = e .E (—t%)
oy ) = eVE() 5 t>1
wh(x,y,1) = e .E (%)
ZESDRENN | WACSTHETRNES!
vix,y, ) = kEer vk(x, v, 1) = " Eo (1Y)
wry.0) = lim Wiy, n) = e E ()

The exact solution of the system (18) for @ = 1 is:

M(.x, y, t) — e)r+y—t
v(x,y,t) = e
W(x, y’ t) — e—x+y+t

5.2 Example 2

Consider the simplified fractional order equation of the Navier-Stokes equation in dimension 2:

O"u(x, y,t Ou(x,y,t Qu(x, y, 1
FUY. D | ey, n 2B D o 0D
ot 0x Oy
0 (Pulxyn) | Pulxy.o)
0x? 0y?
O"v(x,y, 1 ov(x, y,t ov(x, y,t
VYD |y nERD e g PR
or® 0x Ay 24)
n *v(x,y, 1) . 0*v(x, v, 1)
p ox? ay?
ou(x,y,t) N ov(x,y,1) -0
ox Jy
u(x,y,0) = —e**
v(x,y,0) = e
With 7 the time variable;  dynamic viscosity; p the density; u = 7 the viscosity of the kinematics. In our example

we will use Cartesian coordinates (x, y) and assume that the liquid is at rest, i.e. that the pressure is zero for the numerical
resolutionand 0 < @ < 1.

18
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Let us pose:
a t
Lt v,y = TE020,
0 t
le(x’ y7 t) = V(x:ly’ )
n(Fulx,y,n)  Fulx,y, 0
Ru(x,y,t) = = +
u(x, y, 1) o ( Fps By
1 (Pvey, ) 8Pv(x,y,1)
Rv(x,y,1) = ; ( e + 92
Ou(x,y, 1) Ou(x,y, 1)
N1 (@, 3, 1,006, 7, 1)) = e, 7, ) o222 vy, t)a—y
ov(x,y, t ov(x, y, t
No(u(x, y, 1), v(x, y, 1) = u(x,y, t)ﬁ +v(x, y, t)g
0x ay
we have:
Liu(x,y,t) + Ni(u(x,y, 1), v(x,y,1) = Ru(x,y,1t) 25)
L[V(.x, y’ t) + NZ(M(-X’ ys t), V(xv y’ t)) = RV(X, y, t)
Applying L;l = 1,7() to Luu(x, y, 1) and Lv(x,y, ) to (25); we get
{ u(x,y, 1) = u(x,y,0) + I§(R(u(x, y, 1)) — Ig (N1 (u(x, y, 1), v(x, y, 1))) 26)
v(x, y, 1) = v(x,y,0) + If(R(V(x, y, 1)) = 17 (N2 (u(x, y, 1), v(x, y, 1)))
Let’s apply the method of successive approximations to (26)
w(x,y,1) = =™ + IERH(x,y, 1)) = I§N @1 (3, 0,971 (x,y, 1))k 2 1 o7
Vi, y, 1) = e + ISRV (x,y, 1)) = I (N (1 (e, y, 0,57 (o, y, )5 k> 1

From (27), we obtain the following SBA algorithm (Bassono, F., 2013; Zongo,G., So, O., & Pare, Y., 2016; Pare, Y.,
2010; Pare, Y., Bassono, F. & Some, B., 2012; Pare, Y. (2021). ).

u’é(x, v, 1) = =" — Ig(Nl(uk‘l(x, v, 0,V x, v, D) k> 1
i, (1) = 1SRG (x,y, )i > O

{ WAy, 1) = € — I8N (x, y, 0,1 (2, y, ) & > 1 (28)
v’;H(x, y, 1) = IO"(R(vf‘,(x, y,1));n=0
At step k=1, we apply Picard’s principle, we choose #° and v° such that
Ni(u®, V%) = Ny(u®, V%) = 0 so we take u® = ¥ = 0, the above algorithm becomes:
{ up(x,y,1) = -
u},+1(x,y, 1= I(‘)’(R(u,ll(x,y, N);n=>0 (29)

vé(x, v, 1) = e
v Gy, ) = I8ROYNx, y,1);n > 0

For n = 0, we get:

Pul(x, v, 1) ul(x,y, 1) -2 @

1 ol o\, o\, n_t Xty
s st = I - i 7
4 (6..1) 0( ( a2 oy ]J p Ta+t D’

vy, 1) Pvi(x,y,t o
Wy = g 7(Z0E20 TWERON 2 1,
pl 0% 9y o D@+ 1)

Forn =1, we get:

2,1 21 _(Eta)Z
u](x t) _ I(l/ Q 6 Ml(x’y’t) +6 ul(x’y’t) _ 14 ex+y
22l = o 0x2 5y “TCa+ 1)
27 .0 \2
1 S0Py Py )L
v,y = Ij|-— + = e
o ox? 0y? I'Ra+1)

19
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For n = 2, we get:

2 .0\
| o (n(Pueyn  Pueeyo)) ()
uxy.0) = o ; Ox? " 0y? T T'Ga + ])e
2.1 2.1 27 0\
| C(n(P@en ey (B
Recursively, we have:
up(x,y,0) = —et vo(xy, ) = e
- (2) ()
I s 3t = L Y I s 7t = £ x+y
/(53,0 T+ 1) &0 T+ 126
_(@t")z (EIQ)
! s ,t = £ Y ! ) ,t = —p x+y
HEYD = FoaT D RERD = Foa
_(ataf ; (@taf
lyf) = ——B L xey oy f) = —2 L xey
35,3, TGa+ 1) v3(x 3. 1) TGa+ )¢
ul(x,y,t) = —_(%fr)" Xy vy, 1) = —<2’)_”ta)n x+y
nh s T + 1) nh s T + 1)
the solution at step k = 1 is:
o (210)"
2
HESMETEDY ) g, (221
oy I'(na + 1) P

+00

(

2_'7[0)’1
P

2n
1 Y, 1) = X+y — x+yEa e
vy =e ;F(na'+1) ¢ 0

with E,, (%t") the Mittag-Leffler function At step k = 2, we have:

{
{

let’s calculate Ny (u'(x, y, 1), vi(x, y, 1)) et No(u' (x, ¥, 1), vi(x, ¥, 1))

u(z)(x, y,1) = =" = I§(Ny W' ey, 0,V (x5, y, ) k> 1
y (4,,0) = I§ (R (x, y, 1));n > 0

Vo, 3, 1) = € = I8Ny ((u' (x, y, 0, v (6,3, )3 k > 1
viﬂ(x, y, 1) = I(‘J’(R(vﬁ(x, y,0));n=>0

(30)

Aul(x,y,t
%HI(WQ

%ta) (_ex+yEa (@ta)) ’

p p

2 (2

_Tlta) (_ex+yEw (_nta))

p p
o \P o \P
p p

0

20

ou'(x,y,1)

u'(x,y,1) %

Nl (ul(x’y’ t)a Vl(x’y’ t))

_ ex+y Ea/ (
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9 1 t 0 1 t
Nz(ul(x,)h t)7 vl(xa Y, t)) = ul(x’y’ t) . (g’y, ) + Vl(x’y’ t) - (;C’y’ )
x y

_ex+yEa (ﬁt(t) (ex-*—yEa (@ta)) +
p P
ex+yEa (%t(l) (ex+yE,1 (2_)7[(1))
P p

2 2
(2 (2

- |:ex+yEa( n[a) el+)Ea( T]ta):|
P P

+
=0

so the algorithm at step k = 2 is the same as at step k = 1
hence

W20y = ul (e t) = —eE, (21°)
(g, 0) =V (xy 1) = e E, (Lre)

recursively we have:

>1

o

{ WH(x,y, 1) = =€ E, (1)

v(x,y,8) = eVE, (%t")

2

u(x,y,t) = lim u*(x,y,1) = —e"7E, (_nta)
k—+00 0
' 2

v(x,y, 1) = lim V(x,y,1) = e”’Ea( nta)
k—+c0 o

The exact solution of the system (24) for @ = 1 is

2t
M(X, Yy, t) = _e)C+Y+ 4
2
v(x,y, 1) = e

6. Conclusion

In this work, we have proposed a new approach of the Some Blaise Abbo method (SBA) for systems of nonlinear partial
differential equations of fractional order. then we proved the convergence of the algorithm and the uniqueness of the
solution. Finally, we successfully used this new approach to solve two examples.
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