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Abstract

We suggest a new approach to the Some Blaise Abbo (SBA) method for solving systems of nonlinear fractional partial
differential equations and we have tested it with two examples.

Keywords: system of equations, nonlinear fractional partial differential equations, SBA method, fractional integral,
Mittag-Leffler function

2020 Mathematics Subject Classification: 13Gxx; 34K30; 35D40; 35E05

1. Introduction

In general, there are several numerical methods for solving systems of nonlinear fractional partial differential equations.
Among these different methods we will suggest a new approach of the SBA method for solving these systems.

2. Definitions and Basic Properties

2.1 Gamma Function

2.1.1 Definition

One of the basic functions of fractional calculus is Euler’s Gamma function Γ(α). It is defined by the following integral
(Harrat A., 2018; Nebie, A.W., 2022; Khalouta, A.; Tellab, B., 2018; Ouedraogo, S., Abbo, B., Yaro, R., & Pare, Y.,2020;
Sahadevan, R., & Bakkyaraj,T., 2015 ).

Γ(α) =

∫ +∞

0
e−ttα−1dt (1)

where α is any complex number such Re(α) > 0. The Gamma function Γ is decreasing on [0, 1]

2.1.2 Properties

An important property of the Gamma function Γ(α) is the following recurrence relation (Nebie, A.W., 2022; Khalouta,
A.; Tellab, B., 2018).

Γ(α + 1) = αΓ(α) with α > 0 (2)

2.2 Mittag-Leffler Function

For z ∈ C, the Mittag-Leffler function Eα(z) is defined as follows (Harrat A., 2018; Nebie, A.W., 2022; Khalouta, A.;
Tellab, B., 2018).

Eα(z) =

∞∑
k=0

zk

Γ(kα + 1)
with α > 0 (3)

particular case
E1(z) = ez

This function can be generalized for two positive parameters α and β as follows:

Eα,β(z) =

∞∑
k=0

zk

Γ(kα + β)
(4)
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3. Fractional Integral

A primitive of a continuous function on [a; b] is given by the expression (Harrat A., 2018; Nebie, A.W., 2022; Khalouta,
A.; Tellab, B., 2018).

(I0h)(t) =

∫ t

0
h(x)dx (5)

For a primitive of order 2, we have:

(I2
0h)(t) =

∫ t

0

(∫ x

0
h(s)ds

)
dx =

∫ t

0
(t − x)h(x)dx (6)

If h(t) = C with a constant C, then we have:

Iαa (C) =
Ctα

Γ(α + 1)
(7)

4. Convergence and Uniqueness

Consider the general form of the following fractional order partial differential equation:

(P) :


∂αui(x1, ..., xn, t)

∂tα
= R(ui(x1, ..., xn, t)) + N(ui(x1, ..., xn, t))

ui(x1, ..., xn, 0) = fi(x1, ..., xn)
, ∀ i = 1, ..., n (8)

with 0 < α ≤ 1 .

Put Ltui(x1, ..., xn, t) =
∂αui(x1, ..., xn, t)

∂tα
. Then we have

Ltui(x1, ..., xn, t) = R(ui(x1, ..., xn, t)) + N(ui(x1, ..., xn, t)), ∀ i = 1, ..., n (9)

Applying L−1
t (.) = Iα0 (.) the fractional integral to (9), we have:

ui(x1, ..., xn, t) = fi(x1, ..., xn) + Iα0 (R(ui(x1, ..., xn, t)))+
Iα0 (N(ui(x1, ..., xn, t))), ∀ i = 1, ..., n (10)

Applying the method of successive approximations to (10), we have

uk
i (x1, ..., xn, t) = fi(x1, ..., xn) + Iα0 (R(uk

i (x1, ..., xn, t)))+
Iα0 (N(uk−1

i (x1, ..., xn, t))), ∀ i = 1, ..., n; k ≥ 1 (11)

From (11), we obtain the following SBA algorithm:

(S BA) :
{

uk
i,0(x1, ..., xn, t) = fi(x1, ..., xn) + Iα0 (N(uk−1

i (x1, ..., xn, t))), ∀ i = 1, ..., n; k ≥ 1
uk

i,n+1(x1, ..., xn, t) = Iα0 (R(uk
i,n(x1, ..., xn, t))), ∀ i = 1, ..., n; n > 0 (12)

Theorem

Suppose that ∀k ≥ 1, N(uk−1
i (x1, ..., xn, t)) = 0,

∣∣∣∣∣ MiTα

Γ(α + 1)

∣∣∣∣∣ < 1, fi ∈ C(Rn), ui(x1, ..., xn, t) ∈ C(Ω), fi and ui are respectively

bounded by mi and Mi such that

∃ mi = sup
(x1,...,xn)∈Rn

| fi(x1, ..., xn)| and ∃ Mi = sup
(x1,...,xn,t)∈Ω

|ui(x1, ..., xn, t)| > 0 or Ω = Rn × [0; T ]; ∀i = 1, ..., n.

then the SBA algorithm is convergent and the problem (P) admits a unique solution.

Proof: we have the following SBA algorithm:{
uk

i,0(x1, ..., xn, t) = fi(x1, ..., xn) + Iα0 (N(uk−1
i (x1, ..., xn, t))), ∀ i = 1, ..., n; k ≥ 1

uk
i,n+1(x1, ..., xn, t) = Iα0 (R(uk

i,n(x1, ..., xn, t))), ∀ i = 1, ..., n; n > 0 (13)

or again {
uk

i,0(x1, ..., xn, t) = fi(x1, ..., xn), ∀ i = 1, ..., n; k ≥ 1
uk

i,n+1(x1, ..., xn, t) = Iα0 (R(uk
i,n(x1, ..., xn, t))), ∀ i = 1, ..., n; n > 0 (14)
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∣∣∣uk
i,0(x1, ..., xn, t)

∣∣∣ = | fi(x1, ..., xn)| ≤ mi; i = 1, ..., n; k ≥ 1∣∣∣uk
i,1(x1, ..., xn, t)

∣∣∣ =
∣∣∣Iα0 (R(uk

i,0(x1, ..., xn, t)))
∣∣∣ ≤ MiTα

Γ(α + 1)
; i = 1, ..., n; k ≥ 1∣∣∣uk

i,2(x1, ..., xn, t)
∣∣∣ =

∣∣∣Iα0 (R(uk
i,1(x1, ..., xn, t)))

∣∣∣ ≤ (
MiTα

Γ(α + 1)

)2

; i = 1, ..., n; k ≥ 1∣∣∣uk
i,3(x1, ..., xn, t)

∣∣∣ =
∣∣∣Iα0 (R(uk

i,2(x1, ..., xn, t)))
∣∣∣ ≤ (

MiTα

Γ(α + 1)

)3

; i = 1, ..., n; k ≥ 1

... =
...∣∣∣uk

i,n(x1, ..., xn, t)
∣∣∣ =

∣∣∣Iα0 (R(uk
i,n−1(x1, ..., xn, t)))

∣∣∣ ≤ (
MiTα

Γ(α + 1)

)n

; i = 1, ..., n; k ≥ 1; n > 0

(15)

Summing member by member of (15) we get:
+∞∑
n=0

|uk
i,n(x1, ..., xn, t)| = mi +

MiTα

Γ(α + 1) − MiTα
; i = 1, ..., n; k ≥ 1; n > 0

hence
+∞∑
n=0

|uk
i,n(x1, ..., xn, t)| is absolutely convergent as a result

+∞∑
n=0

uk
i,n(x1, ..., xn, t) is simply convergent.

Uniqueness of the solution

Let uk
i,n(x1, ..., xn, t), vk

i,n(x1, ..., xn, t) be two solutions of (8) with uk
i,n(x1, ..., xn, t) and for u and v we have the following

algorithms: {
uk

i,0(x1, ..., xn, t) = fi(x1, ..., xn), ∀ i = 1, ..., n; k ≥ 1
uk

i,n+1(x1, ..., xn, t) = Iα0 (R(uk
i,n(x1, ..., xn, t))), ∀ i = 1, ..., n; n > 0 (16)

and {
vk

i,0(x1, ..., xn, t) = fi(x1, ..., xn), ∀ i = 1, ..., n; k ≥ 1
vk

i,n+1(x1, ..., xn, t) = Iα0 (R(vk
i,n(x1, ..., xn, t))), ∀ i = 1, ..., n; n > 0 (17)

by making the difference (16) and (17) we obtain

uk
i,0(x1, ..., xn, t) − vk

i,0(x1, ..., xn, t) = fi(x1, ..., xn) − fi(x1, ..., xn) = 0
⇒ uk

i,0(x1, ..., xn, t) = vk
i,0(x1, ..., xn, t)

uk
i,1(x1, ..., xn, t) − vk

i,1(x1, ..., xn, t) = Iα0 (R(uk
i,0(x1, ..., xn, t))) − Iα0 (R(vk

i,0(x1, ..., xn, t))) = 0
⇒ uk

i,1(x1, ..., xn, t) = vk
i,1(x1, ..., xn, t)

uk
i,2(x1, ..., xn, t) − vk

i,2(x1, ..., xn, t) = Iα0 (R(uk
i,1(x1, ..., xn, t))) − Iα0 (R(vk

i,1(x1, ..., xn, t))) = 0
⇒ uk

i,2(x1, ..., xn, t) = vk
i,2(x1, ..., xn, t)

uk
i,3(x1, ..., xn, t) − vk

i,3(x1, ..., xn, t) = Iα0 (R(uk
i,2(x1, ..., xn, t))) − Iα0 (R(vk

i,2(x1, ..., xn, t))) = 0
⇒ uk

i,3(x1, ..., xn, t) = vk
i,3(x1, ..., xn, t)

... =
...

uk
i,n(x1, ..., xn, t) − vk

i,n(x1, ..., xn, t) = Iα0 (R(uk
i,n−1(x1, ..., xn, t))) − Iα0 (R(vk

i,n−1(x1, ..., xn, t))) = 0
⇒ uk

i,n(x1, ..., xn, t) = vk
i,n(x1, ..., xn, t)

so uk
i,n(x1, ..., xn, t)−vk

i,n(x1, ..., xn, t) = 0⇒ uk
i,n(x1, ..., xn, t) = vk

i,n(x1, ..., xn, t); but according to the hypothesis uk
i,n(x1, ..., xn, t) =

vk
i,n(x1, ..., xn, t); which is contradictory, so the solution of the system is unique.

5. Application

5.1 Example 1

Consider the nonlinear diffusion-reaction PDE system of fractional order in dimension 2 with Cauchy condition.

∂αu(x, y, t)
∂tα

+
∂v(x, y, t)

∂x
×
∂w(x, y, t)

∂y
−
∂v(x, y, t)

∂y
×
∂w(x, y, t)

∂x
= −u(x, y, t)

∂αv(x, y, t)
∂tα

+
∂w(x, y, t)

∂x
×
∂u(x, y, t)

∂y
+
∂u(x, y, t)

∂x
×
∂w(x, y, t)

∂y
= v(x, y, t)

∂αw(x, y, t)
∂tα

+
∂u(x, y, t)

∂x
×
∂v(x, y, t)

∂y
+
∂u(x, y, t)

∂y
×
∂v(x, y, t)

∂x
= w(x, y, t)

u(x, y, 0) = ex+y

v(x, y, 0) = ex−y

w(x, y, 0) = e−x+y

(18)
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with 0 < α ≤ 1

Let’s put it this way:

Lt(u(x, y, t)) =
∂αu(x, y, t)

∂tα
; Lt(v(x, y, t)) =

∂αv(x, y, t)
∂tα

; Lt(w(x, y, t)) =
∂αw(x, y, t)

∂tα
R(u(x, y, t)) = u(x, y, t); R(v(x, y, t)) = v(x, y, t); R(w(x, y, t)) = w(x, y, t)

N1(v(x, y, t),w(x, y, t)) =
∂v(x, y, t)

∂x
×
∂w(x, y, t)

∂y
−
∂v(x, y, t)

∂y
×
∂w(x, y, t)

∂x

N2(u(x, y, t),w(x, y, t)) =
∂w(x, y, t)

∂x
×
∂u(x, y, t)

∂y
+
∂u(x, y, t)

∂x
×
∂w(x, y, t)

∂y

N3(u(x, y, t), v(x, y, t)) =
∂u(x, y, t)

∂x
×
∂v(x, y, t)

∂y
+
∂u(x, y, t)

∂y
×
∂v(x, y, t)

∂x

we have: 
Lt(u(x, y, t)) + N1(v(x, y, t),w(x, y, t)) = −R(u(x, y, t))
Lt(v(x, y, t)) + N2(u(x, y, t),w(x, y, t)) = R(v(x, y, t))
Lt(w(x, y, t)) + N3(u(x, y, t), v(x, y, t)) = R(w(x, y, t))

(19)

Let’s apply L−1
t = Iα0 (.) a Lt(u(x, y, t)); Lt(v(x, y, t)) and Lt(w(x, y, t)) of (19), we get:

u(x, y, t) = ex+y − Iα0 (N1(v(x, y, t),w(x, y, t))) − Iα0 (R(u(x, y, t)))
v(x, y, t) = ex−y − Iα0 (N2(u(x, y, t),w(x, y, t))) + Iα0 (R(v(x, y, t)))
w(x, y, t) = e−x+y − Iα0 (N3(u(x, y, t), v(x, y, t))) + Iα0 (R(w(x, y, t)))

(20)

Applying the method of successive approximations to (20), we obtain:
uk(x, y, t) = ex+y − Iα0 (N1(vk−1(x, y, t),wk−1(x, y, t))) − Iα0 (R(uk(x, y, t))), k ≥ 1
vk(x, y, t) = ex−y − Iα0 (N2(uk−1(x, y, t),wk−1(x, y, t))) + Iα0 (R(vk(x, y, t))), k ≥ 1
wk(x, y, t) = e−x+y − Iα0 (N3(uk−1(x, y, t), vk−1(x, y, t))) + Iα0 (R(wk(x, y, t))), k ≥ 1

(21)

From (21), we obtain the following SBA algorithm (Bassono, F., 2013; Zongo,G., So, O., & Pare, Y., 2016; Pare, Y.,
2010; Pare, Y., Bassono, F. & Some, B., 2012; Pare, Y. (2021).).

{
uk

0(x, y, t) = ex+y − Iα0 (N1(vk−1(x, y, t),wk−1(x, y, t))), k ≥ 1
uk

n+1(x, y, t) = −Iα0 (R(uk
n(x, y, t))), n ≥ 0{

vk
0(x, y, t) = ex−y − Iα0 (N2(uk−1(x, y, t),wk−1(x, y, t))), k ≥ 1

vk
n+1(x, y, t) = Iα0 (R(vk

n(x, y, t))), n ≥ 0{
wk

0(x, y, t) = e−x+y − Iα0 (N3(uk−1(x, y, t), vk−1(x, y, t))), k ≥ 1
wk

n+1(x, y, t) = Iα0 (R(wk
n(x, y, t))), n ≥ 0

(22)

At step k = 1, we apply Picard’s principle, we take u0; v0 and w0 such that

N1(v0,w0) = N2(u0,w0) = N3(u0, v0) = 0 then u0 = v0 = w0 = 0.

The above algorithm becomes: 

{
u1

0(x, y, t) = ex+y

u1
n+1(x, y, t) = −Iα0 (R(u1

n(x, y, t))), n ≥ 0{
v1

0(x, y, t) = ex−y

v1
n+1(x, y, t) = Iα0 (R(v1

n(x, y, t))), n ≥ 0{
w1

0(x, y, t) = e−x+y

w1
n+1(x, y, t) = Iα0 (R(w1

n(x, y, t))), n ≥ 0

(23)

let’s calculate u1(x, y, t), v1(x, y, t) and w1(x, y, t)

for n = 0, we have

u1
1(x, y, t) = −Iα0 (R(u1

0(x, y, t))) =
−tα

Γ(α + 1)
ex+y

v1
1(x, y, t) = Iα0 (R(v1

0(x, y, t))) =
tα

Γ(α + 1)
ex−y
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w1
1(x, y, t) = Iα0 (R(w1

0(x, y, t))) =
tα

Γ(α + 1)
e−x+y

for n = 1, we have

u1
2(x, y, t) = −Iα0 (R(u1

1(x, y, t))) =
t2α

Γ(2α + 1)
ex+y

v1
2(x, y, t) = Iα0 (R(v1

1(x, y, t))) =
t2α

Γ(2α + 1)
ex−y

w1
2(x, y, t) = Iα0 (R(w1

1(x, y, t))) =
t2α

Γ(2α + 1)
e−x+y

for n = 2, we have

u1
3(x, y, t) = −Iα0 (R(u1

2(x, y, t))) =
−t3α

Γ(3α + 1)
ex+y

v1
3(x, y, t) = Iα0 (R(v1

2(x, y, t))) =
t3α

Γ(3α + 1)
ex−y

w1
3(x, y, t) = Iα0 (R(w1

2(x, y, t))) =
t3α

Γ(3α + 1)
e−x+y

recurrently we have:

u1
0(x, y, t) = ex+y

u1
1(x, y, t) =

−tα

Γ(α + 1)
ex+y

u1
2(x, y, t) =

t2α

Γ(2α + 1)
ex+y

u1
3(x, y, t) =

−t3α

Γ(3α + 1)
ex+y

... =
...

u1
n(x, y, t) =

(−1)ntnα

Γ(nα + 1)
ex+y

;



v1
0(x, y, t) = ex−y

v1
1(x, y, t) =

tα

Γ(α + 1)
ex−y

v1
2(x, y, t) =

t2α

Γ(2α + 1)
ex−y

v1
3(x, y, t) =

t3α

Γ(3α + 1)
ex−y

... =
...

v1
n(x, y, t) =

tnα

Γ(nα + 1)
ex−y

;



w1
0(x, y, t) = e−x+y

w1
1(x, y, t) =

tαe−x+y

Γ(α + 1)

w1
2(x, y, t) =

t2αe−x+y

Γ(2α + 1)

w1
3(x, y, t) =

t3αe−x+y

Γ(3α + 1)
... =

...

w1
n(x, y, t) =

tnαe−x+y

Γ(nα + 1)

The solution at step k = 1 is: 

u1(x, y, t) = ex+y
+∞∑
n=0

(−1)ntnα

Γ(nα + 1)
= ex+y.Eα(−tα)

v1(x, y, t) = ex−y
+∞∑
n=0

tnα

Γ(nα + 1)
= ex−y.Eα(tα)

w1(x, y, t) = e−x+y
+∞∑
n=0

tnα

Γ(nα + 1)
= e−x+y.Eα(tα)

or Eα(tα) is the Mittag-Leffler function

At step k = 2, let us calculate N1(v1(x, y, t),w1(x, y, t)); N2(u1(x, y, t),w1(x, y, t)) and

N3(u1(x, y, t), v1(x, y, t))

N1(v1(x, y, t),w1(x, y, t)) =
∂v1(x, y, t)

∂x
×
∂w1(x, y, t)

∂y
−
∂v1(x, y, t)

∂y
×
∂w1(x, y, t)

∂x
= ex−y.Eα(tα) × e−x+y.Eα(tα) − ex−y.Eα(tα) × e−x+y.Eα(tα)
= ex−y−x+y.(Eα(tα))2 − ex−y−x+y.(Eα(tα))2

= (Eα(tα))2 − (Eα(tα))2

= 0
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N2(u1(x, y, t),w1(x, y, t)) =
∂u1(x, y, t)

∂x
×
∂w1(x, y, t)

∂y
+
∂u1(x, y, t)

∂y
×
∂w1(x, y, t)

∂x
= e−x+y.Eα(−tα) × ex+y.Eα(tα) − ex+y.Eα((−t)α) × e−x+y.Eα(tα)
= e−x+y+x+y.Eα(tα).Eα(−tα) − ex+y−x+y.Eα(tα).Eα(−tα)
= e2y.Eα(tα).Eα(−tα) − e2y.Eα(tα).Eα(−tα)
= 0

N3(u1(x, y, t), v1(x, y, t)) =
∂u1(x, y, t)

∂x
×
∂v1(x, y, t)

∂y
+
∂u1(x, y, t)

∂y
×
∂v1(x, y, t)

∂x
= −ex+y.Eα(−tα) × ex−y.Eα(tα) + ex+y.Eα(−tα) × ex−y.Eα(tα)
= −ex+y+x−y.Eα(tα).Eα(−tα) + ex+y+x−y.Eα(tα).Eα(−tα)
= −e2x.Eα(tα).Eα(−tα) + e2x.Eα(tα).Eα(−tα)
= 0

so the algorithm at step k = 2 is the same as at step k = 1.

from where 
u2(x, y, t) = u1(x, y, t) = ex+y.Eα(−tα)
v2(x, y, t) = v1(x, y, t) = ex−y.Eα(tα)
w2(x, y, t) = w1(x, y, t) = e−x+y.Eα(tα)

recursively we have: 
uk(x, y, t) = ex+y.Eα(−tα)
vk(x, y, t) = ex−y.Eα(tα)
wk(x, y, t) = e−x+y.Eα(tα)

; t ≥ 1


u(x, y, t) = lim

k→+∞
uk(x, y, t) = ex+y.Eα(−tα)

v(x, y, t) = lim
k→+∞

vk(x, y, t) = ex−y.Eα(tα)

w(x, y, t) = lim
k→+∞

wk(x, y, t) = e−x+y.Eα(tα)

The exact solution of the system (18) for α = 1 is:
u(x, y, t) = ex+y−t

v(x, y, t) = ex−y+t

w(x, y, t) = e−x+y+t

5.2 Example 2

Consider the simplified fractional order equation of the Navier-Stokes equation in dimension 2:

∂αu(x, y, t)
∂tα

+ u(x, y, t)
∂u(x, y, t)

∂x
= −v(x, y, t)

∂u(x, y, t)
∂y

+

η

ρ

(
∂2u(x, y, t)

∂x2 +
∂2u(x, y, t)

∂y2

)
∂αv(x, y, t)

∂tα
+ u(x, y, t)

∂v(x, y, t)
∂x

= −v(x, y, t)
∂v(x, y, t)

∂y
+

η

ρ

(
∂2v(x, y, t)

∂x2 +
∂2v(x, y, t)

∂y2

)
∂u(x, y, t)

∂x
+
∂v(x, y, t)

∂y
= 0

u(x, y, 0) = −ex+y

v(x, y, 0) = ex+y

(24)

With t the time variable; η dynamic viscosity; ρ the density; µ =
η

ρ
the viscosity of the kinematics. In our example

we will use Cartesian coordinates (x, y) and assume that the liquid is at rest, i.e. that the pressure is zero for the numerical
resolution and 0 < α ≤ 1.
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Let us pose: 

Ltu(x, y, t) =
∂αu(x, y, t)

∂tα
;

Ltv(x, y, t) =
∂αv(x, y, t)

∂tα

Ru(x, y, t) =
η

ρ

(
∂2u(x, y, t)

∂x2 +
∂2u(x, y, t)

∂y2

)
Rv(x, y, t) =

η

ρ

(
∂2v(x, y, t)

∂x2 +
∂2v(x, y, t)

∂y2

)
N1(u(x, y, t), v(x, y, t)) = u(x, y, t)

∂u(x, y, t)
∂x

+ v(x, y, t)
∂u(x, y, t)

∂y

N2(u(x, y, t), v(x, y, t)) = u(x, y, t)
∂v(x, y, t)

∂x
+ v(x, y, t)

∂v(x, y, t)
∂y

we have: {
Ltu(x, y, t) + N1(u(x, y, t), v(x, y, t)) = Ru(x, y, t)
Ltv(x, y, t) + N2(u(x, y, t), v(x, y, t)) = Rv(x, y, t) (25)

Applying L−1
t = I α

0 (.) to Ltu(x, y, t) and Ltv(x, y, t) to (25); we get{
u(x, y, t) = u(x, y, 0) + Iα0 (R(u(x, y, t))) − Iα0 (N1(u(x, y, t), v(x, y, t)))
v(x, y, t) = v(x, y, 0) + Iα0 (R(v(x, y, t))) − Iα0 (N2(u(x, y, t), v(x, y, t))) (26)

Let’s apply the method of successive approximations to (26){
uk(x, y, t) = −ex+y + Iα0 (R(uk(x, y, t))) − Iα0 (N1(uk−1(x, y, t), vk−1(x, y, t))); k ≥ 1

vk(x, y, t) = ex+y + Iα0 (R(vk(x, y, t))) − Iα0 (N2(uk−1(x, y, t), vk−1(x, y, t))); k ≥ 1 (27)

From (27), we obtain the following SBA algorithm (Bassono, F., 2013; Zongo,G., So, O., & Pare, Y., 2016; Pare, Y.,
2010; Pare, Y., Bassono, F. & Some, B., 2012; Pare, Y. (2021). ).

{
uk

0(x, y, t) = −ex+y − Iα0 (N1(uk−1(x, y, t), vk−1(x, y, t))); k ≥ 1
uk

n+1(x, y, t) = Iα0 (R(uk
n(x, y, t))); n ≥ 0{

vk
0(x, y, t) = ex+y − Iα0 (N2((uk−1(x, y, t), vk−1(x, y, t))); k ≥ 1

vk
n+1(x, y, t) = Iα0 (R(vk

n(x, y, t))); n ≥ 0

(28)

At step k=1, we apply Picard’s principle, we choose u0 and v0 such that

N1(u0, v0) = N1(u0, v0) = 0 so we take u0 = v0 = 0, the above algorithm becomes:
{

u1
0(x, y, t) = −ex+y

u1
n+1(x, y, t) = Iα0 (R(u1

n(x, y, t))); n ≥ 0{
v1

0(x, y, t) = ex+y

v1
n+1(x, y, t) = Iα0 (R(v1

n(x, y, t))); n ≥ 0

(29)

For n = 0, we get:

u1
1(x, y, t) = Iα0

η
ρ

∂2u1
0(x, y, t)
∂x2 +

∂2u1
0(x, y, t)
∂y2

 =
−2η
ρ

tα

Γ(α + 1)
ex+y

v1
1(x, y, t) = Iα0

η
ρ

∂2v1
0(x, y, t)
∂x2 +

∂2v1
0(x, y, t)
∂y2

 =
2η
ρ

tα

Γ(α + 1)
ex+y

For n = 1, we get:

u1
2(x, y, t) = Iα0

η
ρ

∂2u1
1(x, y, t)
∂x2 +

∂2u1
1(x, y, t)
∂y2

 =
−

(
2η
ρ

tα
)2

Γ(2α + 1)
ex+y

v1
2(x, y, t) = Iα0

η
ρ

∂2v1
1(x, y, t)
∂x2 +

∂2v1
1(x, y, t)
∂y2

 =

(
2η
ρ

tα
)2

Γ(2α + 1)
ex+y

19



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 14, No. 6; 2022

For n = 2, we get:

u1
3(x, y, t) = Iα0

η
ρ

∂2u1
2(x, y, t)
∂x2 +

∂2u1
2(x, y, t)
∂y2

 =
−

(
2η
ρ

tα
)3

Γ(3α + 1)
ex+y

v1
3(x, y, t) = Iα0

η
ρ

∂2v1
2(x, y, t)
∂x2 +

∂2v1
2(x, y, t)
∂y2

 =

(
2η
ρ

tα
)3

Γ(3α + 1)
ex+y

Recursively, we have:



u1
0(x, y, t) = −ex+y

u1
1(x, y, t) =

−
(

2η
ρ

tα
)

Γ(α + 1)
ex+y

u1
2(x, y, t) =

−
(

2η
ρ

tα
)2

Γ(2α + 1)
ex+y

u1
3(x, y, t) =

−
(

2η
ρ

tα
)3

Γ(3α + 1)
ex+y

... =
...

u1
n(x, y, t) =

−
(

2η
ρ

tα
)n

Γ(nα + 1)
ex+y

;



v1
0(x, y, t) = ex+y

v1
1(x, y, t) =

(
2η
ρ

tα
)

Γ(α + 1)
ex+y

v1
2(x, y, t) =

(
2η
ρ

tα
)2

Γ(2α + 1)
ex+y

v1
3(x, y, t) =

(
2η
ρ

tα
)3

Γ(3α + 1)
ex+y

... =
...

v1
n(x, y, t) =

(
2η
ρ

tα
)n

Γ(nα + 1)
ex+y

the solution at step k = 1 is:


u1(x, y, t) = −ex+y

+∞∑
n=0

(
2η
ρ

tα
)n

Γ(nα + 1)
= −ex+yEα

(
2η
ρ

tα
)

v1(x, y, t) = ex+y
+∞∑
n=0

(
2η
ρ

tα
)n

Γ(nα + 1)
= ex+yEα

(
2η
ρ

tα
)

with Eα

(
2η
ρ

tα
)

the Mittag-Leffler function At step k = 2, we have:


{

u2
0(x, y, t) = −ex+y − Iα0 (N1(u1(x, y, t), v1(x, y, t))); k ≥ 1
u2

n+1(x, y, t) = Iα0 (R(u2
n(x, y, t))); n ≥ 0{

v2
0(x, y, t) = ex+y − Iα0 (N2((u1(x, y, t), v1(x, y, t))); k ≥ 1

v2
n+1(x, y, t) = Iα0 (R(v2

n(x, y, t))); n ≥ 0

(30)

let’s calculate N1(u1(x, y, t), v1(x, y, t)) et N2(u1(x, y, t), v1(x, y, t))

N1(u1(x, y, t), v1(x, y, t)) = u1(x, y, t)
∂u1(x, y, t)

∂x
+ v1(x, y, t)

∂u1(x, y, t)
∂y

= −ex+yEα

(
2η
ρ

tα
) (
−ex+yEα

(
2η
ρ

tα
))

+

ex+yEα

(
2η
ρ

tα
) (
−ex+yEα

(
2η
ρ

tα
))

=

[
ex+yEα

(
2η
ρ

tα
)]2

−

[
ex+yEα

(
2η
ρ

tα
)]2

= 0
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N2(u1(x, y, t), v1(x, y, t)) = u1(x, y, t)
∂v1(x, y, t)

∂x
+ v1(x, y, t)

∂v1(x, y, t)
∂y

= −ex+yEα

(
2η
ρ

tα
) (

ex+yEα

(
2η
ρ

tα
))

+

ex+yEα

(
2η
ρ

tα
) (

ex+yEα

(
2η
ρ

tα
))

= −

[
ex+yEα

(
2η
ρ

tα
)]2

+

[
ex+yEα

(
2η
ρ

tα
)]2

= 0

so the algorithm at step k = 2 is the same as at step k = 1

hence  u2(x, y, t) = u1(x, y, t) = −ex+yEα

(
2η
ρ

tα
)

v2(x, y, t) = v1(x, y, t) = ex+yEα

(
2η
ρ

tα
)

recursively we have:  uk(x, y, t) = −ex+yEα

(
2η
ρ

tα
)

vk(x, y, t) = ex+yEα

(
2η
ρ

tα
) ; t ≥ 1


u(x, y, t) = lim

k→+∞
uk(x, y, t) = −ex+yEα

(
2η
ρ

tα
)

v(x, y, t) = lim
k→+∞

vk(x, y, t) = ex+yEα

(
2η
ρ

tα
)

The exact solution of the system (24) for α = 1 is u(x, y, t) = −ex+y+
2ηt
ρ

v(x, y, t) = ex+y+
2ηt
ρ

6. Conclusion

In this work, we have proposed a new approach of the Some Blaise Abbo method (SBA) for systems of nonlinear partial
differential equations of fractional order. then we proved the convergence of the algorithm and the uniqueness of the
solution. Finally, we successfully used this new approach to solve two examples.
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