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Abstract

A three-dimensional compressible problem with different components is fundamental in numerical simulation of enhanced
oil recovery. The mathematical model consists of a parabolic equation for the pressure and a convection-diffusion system
for the concentrations. The pressure determines Darcy velocity and plays an important role during the whole physical
process. A conservative mixed volume element is used to discretize the flow equation, and improves the computational
accuracy of Darcy. The concentrations are computed by the modified characteristic fractional step difference scheme, thus
numerical dispersion and nonphysical oscillations are eliminated. The whole three-dimensional computation is accom-
plished effectively by solving three successive one-dimensional problems in parallel, where the speedup method is used
and the work is decreased greatly. Based on the theory and special techniques of a priori estimates of partial differential
equations, an optimal second error estimates in L2-norm is concluded. This work concentrates on the model, numerical
method and convergence analysis for modern oil recovery.

Keywords: three-dimensional compressible multicomponent, oil-water seepage displacement, mixed volume element,
modified characteristic fractional step difference, second error estimates in L2-norm

1. Introduction

An important tool is used usually in modern oil recovery that high-pressure pump drives water into oil reservoir and
displaces the crude oil from production wells. The 3-D problem is studied carefully in this paper. In modern oil-gas
development process, a new enhanced oil recovery (chemical oil recovery) technique is adopted to displace the remnant
crude oil from oil reservoir. The compressibility of fluid and the multicomponent must be considered in numerical simu-
lation of enhanced oil recovery, otherwise numerical simulation probably distorts the truth. Douglas and other researchers
first put forward the mathematical model for a compressible miscible multicomponent flow, and discuss the method of
characteristic finite element and the method of characteristic mixed finite element.

The mathematical model is defined by a nonlinear partial differential system with the initial-boundary conditions (Douglas
& Roberts, 1983a; Ewing, 1983; Yuan, 1992,1993,1999, 2003, 2013):

d(c)
∂p
∂t
+ ∇ · u = qX, t, X = (x, y, z)T ∈ Ω, t ∈ J = (0,T ], (1a)

u = −a(c)∇p, X ∈ Ω, t ∈ J, (1b)

ϕ(X)
∂cα
∂t
+ bα(c)

∂p
∂t
+ u · ∇cα − ∇ · (D∇cα) = g(X, t, cα), X ∈ Ω, t ∈ J, α = 1, 2, · · · , nc. (2)

Here p(X, t) is the pressure, and cα(X, t) is the αth concentration for α = 1, 2, · · · , nc. nc is the number of components.

Because of
nc∑
α=1

cα(X, t) = 1, only nc − 1 components are independent. Let c(X, t) = (c1(X, t), c2(X, t), · · · , cnc−1(X, t))T

denote the concentration vector. ϕ(X) is the porosity, zα is the αth compressibility coefficient, and d(c) = ϕ(X)
nc∑
α=1

zαcα.

u(X, t) is Darcy velocity. κ(X) is the permeability, µ(c) is the viscosity and a(c) = κ(X)µ−1(c). bα(c) = ϕcα{zα −
nc∑
j=1

z jc j}.
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D = D(X) is the diffusion. The pressure p(X, t) and the vector c(X, t) should be computed.

Assume that no flow occurs at the boundary,

u · γ = 0, X ∈ ∂Ω, (D∇cα − cαu) · γ = 0, X ∈ ∂Ω, α = 1, 2, · · · , nc − 1, (3)

where γ is the outer normal vector to the boundary ∂Ω.

Initial values:

p(X, 0) = p0(X), X ∈ Ω, cα(X, 0) = cα,0(X), X ∈ Ω, α = 1, 2, · · · , nc − 1. (4)

Under the assumptions on periodic conditions, the characteristic numerical methods and their theoretical analysis are
discussed for incompressible problems (Douglas, 1983b, 1986; Russell, 1985; Ewing, Russell & Wheeler, 1984). The
composite methods, combining the characteristics and standard finite difference or finite element, could interpret the
hyperbolic of convection-diffusion equation, eliminate numerical dispersion, reduce the truncation, and improve the com-
putational stability and accuracy. For simulating the problem of modern enhanced (chemical) oil recovery well, the
compressibility and multicompoment should be considered (Ewing, Yuan & Li, 1989; Yuan, Yang & Qi, 1998). Douglas
and Yuan present the characteristics related methods, such as characteristic finite element, characteristic mixed elemen-
t and characteristic fractional step difference, and give optimal error estimates in L2-norm for the actual problem with
periodic assumptions (Douglas & Roberts, 1983a; Yuan, 1992, 1993, 2001,2003). Finite volume element (Cai, 1991;
Li & Chen, 1994) inherits the simplicity from the finite difference and the high accuracy from the finite element, pre-
serves the conservative nature, thus becomes a powerful tool for solving the partial differential equations. Mixed finite
element method could solve the pressure and Darcy velocity simultaneously (Raviart & Thomas, 1977; Douglas, Ewing
& Wheeler, 1983c, 1983d), and improves the accuracy of Darcy. Finite volume element and mixed finite element are
combined to give a new mixed finite volume element (Ewing, 1983; Russell, 1995; Weiser & Wheeler, 1988), and its
computational efficiency is tested experimentally (Jones, 1995; Cai, Jones, Mccormilk & Russell, 1997). A frame work
is concluded showing convergence analysis of mixed finite volume element for elliptic problems (Chou, Kawk & Vassile-
viki, 1998,1999,2000), and is applied in numerical simulation for a Darcy-Forchheimer flow problem (Pan & Rui, 2012;
Rui & Pan, 2012).

The compressibility and the multicomponent are considered in simulating the physical displacement of enhanced oil re-
covery. The computational work is large-scaled on a three-dimensional region and a long time interval. Millions of
variable nodes are involved, so some standard numerical methods are invalid. Then, an effective fractional step method
is proposed (Ewing, 1983; Yuan, 2013; Shen, Liu & Tang, 2002). Peaceman and Douglas discuss the fractional step
difference to solve a two-dimensional problem but argue the stability and convergence only for a constant coefficient case
by using Fourier analysis (Peaceman, 1980; Douglas & Gunn, 1963,1964). Yauenko, Samarskii and Marchuk study this
method (Yanenko, 1967; Marchuk,1990), and Yuan gives a characteristic fractional step difference for a two-dimensional
problem and present convergence analysis (Yuan,1999,2003). From the previous work, the authors propose a mixed vol-
ume element modified with the characteristic fractional step differnece for a three-dimensional compressible multicom-
ponent displacement problem. The flow equation is treated by a conservative mixed volume element, and the accuracy
of Darcy velocity is improved one order. The concentration vector is computed by a second characteristic fractional step
difference scheme. Since the method of characteristics is used, numerical dispersion, oscillations and the computational
complexity are overcome. A large time step could be adopted without any loss of accuracy. The whole computation is
accomplished by solving three successive one-dimensional problems in parallel. A speedup method is used, and the com-
putation is decreased greatly. By the variation, energy norm analysis, the usage of different meshes, piecewise product
threefold quadratic interpolation (27-point interpolation) (Ciarlet,1978), decomposition of high-order difference operators
and the interchangeability of different operators, we obtain an optimal error estimates in L2-norm. This work maybe
gives some valuable references in the research on numerical simulation of modern oil recovery such as model analysis,
numerical method, mechanism study and engineering software (Douglas, 1983b; Ewing,1983; Yuan,2013; Shen, Liu &
Tang, 2002).

For convenience, we assume that the problem of (1)-(4) is Ω-periodic. In fact, the boundary condition affects the interior
flow slightly (Russell, 1985; Ewing, Russell & Wheeler, 1984; Douglas & Yuan, 1986), thus the boundary condition could
be ignored (3). Assume that (1)-(4) is suitably smooth, and the coefficients are positive definite,

(C)
0 < ϕ∗ ≤ ϕ(X) ≤ ϕ∗, 0 < a∗ ≤ a(c) ≤ a∗,
0 < d∗ ≤ d(c) ≤ d∗, 0 < D∗ ≤ D(X) ≤ D∗.

where ϕ∗, ϕ∗, a∗, a∗, d∗, d∗, D∗ and D∗ are positive constants.
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The problem of (1)-(4) is regular,

(R)

 p ∈ L∞(J; H3(Ω))
∩

H1(J; W4,∞(Ω)), ∂p

∂t2 ∈ L∞(L∞),
cα ∈ L∞(J; W4,∞(Ω)), ∂c

α

∂τ2
α
∈ L∞(L∞(Ω)), α = 1, 2, · · · , nc − 1.

In this paper, the symbols M and ε denote a generic positive constant and a generic small positive number, respectively.
They may have different definitions at different places.

2. Notation and Preliminaries

Two different partitions are introduced to formulate the scheme. For simplicity, take Ω = [0, 1]3. Define the first partition
for the flow equation,

δx : 0 = x1/2 < x3/2 < · · · < xNx−1/2 < xNx+1/2 = 1,
δy : 0 = y1/2 < y3/2 < · · · < yNy−1/2 < yNy+1/2 = 1,
δz : 0 = z1/2 < z3/2 < · · · < zNz−1/2 < zNz+1/2 = 1.

Ω is partitioned by δx × δy × δz. For i = 1, 2, · · · ,Nx, let Ix
i = (xi−1/2, xi+1/2), xi = (xi−1/2 + xi+1/2)/2, hxi = xi+1/2 − xi−1/2,

hx,i+1/2 = (hxi +hxi+1 )/2 = xi+1− xi, hx = max
1≤i≤Nx

{hxi }. Iy
j , Iz

k, y j, zk, hy j , hzk , hy, j+1/2, hz,k+1/2, hy and hz can be defined similarly

for j = 1, 2, · · · ,Ny and k = 1, 2, · · · ,Nz. Let Ωi jk = Ix
i × Iy

j × Iz
k and hp = (h2

x + h2
y + h2

z )1/2. Suppose that the partition is
regular (see Fig. 1 as an example illustration).

Figure 1. Nonuniform partition

Let pd(Ix
i ) denotes a space where each element is a polynomial function of degree no greater than d constricted on Ix

i , then
define an experimental space by Md

l (δx) = { f ∈ Cl[0, 1] : f |Ix
i
∈ pd(Ix

i ), i = 1, 2, · · · ,Nx}. f (x) may be discontinuous on
[0, 1] if l = −1. Md

l (δy) and Md
l (δz) are defined similarly. Let S h = M0

−1(δx)
⊗

M0
−1(δy)

⊗
M0
−1(δz), Vh = {w|w =

(wx,wy,wz),wx ∈ M1
0(δx)

⊗
M0
−1(δy)

⊗
M0
−1(δz),wy ∈ M0

−1(δx)
⊗

M1
0(δy)

⊗
M0
−1(δz),wz ∈ M0

−1(δx)
⊗

M0
−1(δy)

⊗
M1

0(δz),w · γ|∂Ω = 0}.
The inner products and norms are defined by

(v,w)m =
Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

hxi hy j hzk vi jkwi jk, (v,w)x =
Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

hxi−1/2 hy j hzk vi−1/2, jkwi−1/2, jk,

||v||∞ = max
1≤i≤Nx,1≤ j≤Ny,1≤k≤Nz

|vi jk |, ||v||∞(x) = max
1≤i≤Nx,1≤ j≤Ny,1≤k≤Nz

|vi−1/2, jk |,

and define (v,w)y, (v,w)z, ||v||∞(y), ||v||∞(z) similarly. Let ||v||2s = (v, v)s , s = m, x, y, z. For a vector w = (wx,wy,wz)T , define

|||w||| =
(
||wx||2x + ||wy||2y + ||wz||2z

)1/2
, |||w|||∞ = ||wx||∞(x) + ||wy||∞(y) + ||wz||∞(z),

||w||m =
(
||wx||2m + ||wy||2m + ||wz||2m

)1/2
, ||w||∞ = ||wx||∞ + ||wy||∞ + ||wz||∞.

Let Wm
p (Ω) = {v ∈ Lp(Ω)| ∂nv

∂xn−l−r∂yl∂zr ∈ Lp(Ω), n − l − r ≥ 0, l = 0, 1, · · · , n; r = 0, 1, · · · , n, n = 0, 1, · · · ,m; 0 ≤ p ≤ ∞}
and Hm(Ω) = Wm

2 (Ω). Let (·, ·) and || · || denote the inner product and norm in L2(Ω), respectively. For ∀v ∈ S h, we have

||v||m = ||v||. (5)
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The differences are defined by

[dxv]i+1/2, jk =
vi+1, jk − vi jk

hx,i+1/2
, [Dxw]i jk =

wi+1/2, jk − wi−1/2, jk

hxi

,

ŵx
i jk =

wx
i+1/2, jk + wx

i−1/2, jk

2
, w̄x

i jk =
hx,i+1

2hx,i+1/2
wi jk +

hx,i

2hx,i+1/2
wi+1, jk,

and
[
dzv

]
i j,k+1/2,

[
dyv

]
i, j+1/2,k

,
[
Dyw

]
i jk

,
[
Dzw

]
i jk, ŵy

i jk , ŵz
i jk, w̄y

i jk and w̄z
i jk are defined similarly. Let ŵi jk = (ŵx

i jk, ŵ
y
i jk, ŵ

z
i jk)T

and w̄i jk = (w̄x
i jk, w̄

y
i jk, w̄

z
i jk)T . Let L denote a positive integer, ∆t = T/L, tn = n∆t, and dtvn = (vn − vn−1)/∆t.

Several preliminaries are prepared for the following theoretical analysis.

Lemma 1 For v ∈ S h and w ∈ Vh,

(v,Dxwx)m = − (dxv,wx)x ,
(
v,Dywy

)
m
= −

(
dyv,wy

)
y
, (v,Dzwz)m = − (dzv,wz)z . (6)

Lemma 2 For w ∈ Vh,
||ŵ||m ≤ |||w|||. (7)

Proof. It requires to prove that ||ŵx||m ≤ ||wx||x, ||ŵy||m ≤ ||wy||y and ||ŵz||m ≤ ||wz||z. From the fact that

Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

hxi hy j hzk (ŵ
x
i jk)2 ≤

Ny∑
j=1

Nz∑
k=1

hy j hzk

Nx∑
i=1

(wx
i+1/2, jk)2 + (wx

i−1/2, jk)2

2
hxi

=

Ny∑
j=1

Nz∑
k=1

hy j hzk

( Nx∑
i=2

hx,i−1

2
(wx

i−1/2, jk)2 +

Nx∑
i=1

hxi

2
(wx

i−1/2, jk)2
)

=

Ny∑
j=1

Nz∑
k=1

hy j hzk

Nx∑
i=2

hx,i−1 + hxi

2
(wx

i−1/2, jk)2

=

Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

hx,i−1/2hy j hzk (w
x
i−1/2, jk)2,

we have ||ŵx||m ≤ ||wx||x. Similarly, other inequalities are proved.

Lemma 3 For q ∈ S h, For q ∈ S h, there exists a number M independent of q, h such that

||q̄x||x ≤ M||q||m, ||q̄y||y ≤ M||q||m, ||q̄z||z ≤ M||q||m. (8)

Lemma 4 For w ∈ Vh,
||wx||x ≤ ||Dxwx||m, ||wy||y ≤ ||Dywy||m, ||wz||z ≤ ||Dzwz||m. (9)

Proof. ||wx||x ≤ ||Dxwx||m̄ is proved first. Note that

wx
l+1/2, jk =

l∑
i=1

(
wx

i+1/2, jk − wx
i−1/2, jk

)
=

l∑
i=1

wx
i+1/2, jk − wx

i−1/2, jk

hxi

h1/2
xi

h1/2
xi
,

and use the Cauchy inequality, we have

(
wx

l+1/2, jk
)2 ≤ xl

Nx∑
i=1

hxi

( [
Dxwx]

i jk
)2
.

Multiply the both sides by hx,i+1/2hy j hzk , and make the sum,

Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

(wx
i−1/2, jk)2hx,i−1/2hy j hzk ≤

Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

( [
Dxwx]

i jk
)2hxi hy j hzk .

The proof ends.
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Another refined partition of Ω = {[0, 1]}3 is defined by δ̄x × δ̄y × δ̄z,

δ̄x : 0 = x0 < x1 < · · · < xM1−1 < xM1 = 1,
δ̄y : 0 = y0 < y1 < · · · < yM2−1 < yM2 = 1,
δ̄z : 0 = z0 < z1 < · · · < zM3−1 < zM3 = 1.

Here M1, M2 and M3 are positive constants. Let hx = 1
M1

, hy = 1
M2

, hz = 1
M3

, xi = i · hx, y j = j · hy, zk = k · hz,
h = ((hx)2 + (hy)2 + (hz)2)1/2. Define Di+1/2, jk =

1
2 [D(Xi jk) + D(Xi+1, jk)], Di−1/2, jk =

1
2 [D(Xi jk) + D(Xi−1, jk)]. Di, j+1/2,k,

Di, j−1/2,k, Di j,k+1/2 and Di j,k−1/2 are given similarly. Let

δx̄(DδxW)n
i jk = (hx)−2[Di+1/2, jk(Wn

i+1, jk −Wn
i jk) − Di−1/2, jk(Wn

i jk −Wn
i−1, jk)], (10a)

δȳ(DδyW)n
i jk = (hy)−2[Di, j+1/2,k(Wn

i, j+1,k −Wn
i jk) − Di, j−1/2,k(Wn

i jk −Wn
i, j−1,k)], (10b)

δz̄(DδzW)n
i jk = (hz)−2[Di j,k+1/2(Wn

i j,k+1 −Wn
i jk) − Di j,k−1/2(Wn

i jk −Wn
i j,k−1)]. (10c)

∇h(D∇W)n
i jk = δx̄(DδxW)n

i jk + δȳ(DδyW)n
i jk + δz̄(DδzW)n

i jk. (11)

3. The Procedures

The flow equation (1) is rewritten in a normal form to construct the mixed volume element,

d(c)
∂p
∂t
+ ∇ · u = q(X, t), (X, t) ∈ Ω × J, (12a)

u = −a(c)∇p, (X, t) ∈ Ω × J. (12b)

Let P, U and C denote the numerical solutions of p, u and c, respectively. Here C is computed by a threefold quadratic
interpolation on the refined partition Ωh (Yuan, 2013; Ciarlet, 1978). Recalling the notation and preliminary properties,
we obtain the mixed volume element procedures for the pressure and Darcy velocity (Russell, 1995; Weiser & Wheeler,
1988; Jones, 1995),

(
d(Cn)

Pn+1 − Pn

∆t
, v

)
m +

(
DxU x,n+1 + DyUy,n+1 + DzUz,n+1, v

)
m =

(
qn+1, v

)
m, ∀ v ∈ S h, (13a)(

a−1(C̄x,n)U x,n+1,wx)
x +

(
a−1(C̄y,n)Uy,n+1,wy)

y +
(
a−1(C̄z,n)Uz,n+1,wz)

z

− (
Pn+1,Dxwx + Dxwy + Dzwz)

m = 0,∀ w ∈ Vh. (13b)

The flow shown in Eq. (2) moves along the characteristics, so the method of characteristics is used to approximate
the hyperbolic term. This treatment has strong stability and high accuracy. A large time step may be used during the
computations. Let ψ(X,u) = [ϕ2(X) + |u|2]1/2 and ∂

∂τ
= ψ−1{ϕ ∂

∂t + u · ∇}. A backward difference quotient is given for the
derivative along the characteristic direction,

∂cn+1
α

∂τ
(X) ≈ cn+1

α − cn
α(X − ϕ−1un+1(X)∆t)

∆t(1 + ϕ−2|un+1|2)1/2 .

Then, the characteristic fractional step difference scheme is concluded for Eq. (2),

ϕi jk

Cn+1/3
α,i jk − Ĉn

α,i jk

∆t
= δx̄(DδxCn+1/3

α )i jk + δȳ(DδyCn
α)i jk + δz̄(DδzCn

α)i jk

− bα(Cn
i jk)

Pn+1
i jk − Pn

i jk

∆t
+ g(Xi jk, tn, Ĉn

α,i jk), 1 ≤ i ≤ M1, α = 1, 2, · · · , nc − 1,

(14)

ϕi jk

Cn+2/3
α,i jk −Cn+1/3

α,i jk

∆t
= δȳ(Dδy(Cn+2/3

α −Cn
α))i jk, 1 ≤ j ≤ M2, α = 1, 2, · · · , nc − 1, (15)

ϕi jk

Cn+1
α,i jk −Cn+2/3

α,i jk

∆t
= δz̄(Dδz(Cn+1

α −Cn
α))i jk, 1 ≤ k ≤ M3, α = 1, 2, · · · , nc − 1, (16)

where Cn
α(X)(α = 1, 2, · · · , nc − 1) is determined by a threefold quadratic interpolation of {Cn

α,i jk} at twenty-seven points
nearby, Ĉn

α,i jk = Cn
α(X̂n

i jk), X̂n
i jk = Xi jk − ϕ−1

i jkUn+1
i jk ∆t.

10
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Initial approximations,

P0
i jk = p0(Xi jk), C0

α,i jk = cα,0(Xi jk), Xi jk ∈ Ω̄h, α = 1, 2, · · · , nc − 1. (17)

The composite procedures run as follows. From (17) and the elliptic projections {Ũ0, P̃0} (seen in the next section), take
U0 = Ũ0 and P0 = P̃0. Using the scheme (13) and the method of conjugate gradient, we get {U1, P1}. Then, from (14)-(16)
and the speedup algorithm, {C1

α}, α = 1, 2, · · · , nc−1} is computed in parallel. Repeat the computations as above, we could
all the numerical solutions. From (C), we find that the solutions exist and are unique.

4. Convergence Analysis

Introduce the elliptic projections first. Define Ũ ∈ Vh, P̃ ∈ S h,(
DxŨ x + DyŨy + DzŨz, v

)
m
= (∇ · u, v)m ,∀ v ∈ S h, (18a)(

a−1(c)Ũ x,wx
)

x
+

(
a−1(c)Ũy,wy

)
y
+

(
a−1(c)Ũz,wz

)
z
−

(
P̃,Dxwx + Dywy + Dzwz

)
m
= 0,∀ w ∈ Vh, (18b)(

P̃ − p, 1
)

m
= 0. (18c)

Let π = P − P̃, η = P̃ − p, σ = U − Ũ, ρ = Ũ − u, ξ = c − C. Suppose that the problem of (1) and (2) is positive definite
(C) and properly regular (R). From the theory of Weiser and Wheeler (Weiser & Wheeler, 1988; Jones, 1995), it is easy
to see that the solutions of (18), Ũ and P̃ exist and are estimated in Lemma 5.

Lemma 5 Under the conditions (C) and (R), there exist two positive constants C̄1 and C̄2 independent of h,∆t such that

||η||m + |||ρ||| ≤ C̄1h2
p, (19a)∣∣∣∣∣∣∣∣∣∣∂η∂t

∣∣∣∣∣∣∣∣∣∣∞ + ∣∣∣∣∣∣∣∣∣Ũ∣∣∣∣∣∣∣∣∣∞ +
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣∂Ũ
∂t

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣∞ ≤ C̄2. (19b)

Discuss π and σ first. Subtracting (18a) (t = tn+1) and (18b) (t = tn+1) from (13a) and (13b), respectively,

(d(Cn)∂tπ
n, v)m +

(
Dxσ

x,n+1 + Dyσ
y,n+1 + Dzσ

z,n+1, v
)

m

=
(
(d(cn+1) − d(Cn))

∂ p̃n+1

∂t
, v

)
m
−

(
d(cn+1)∂tη

n, v
)

m
+

(
d(Cn)(

∂p̃n+1

∂t
− ∂tP̃n), v

)
m
,∀ v ∈ S h, (20a)(

a−1(C̄x,n)σx,n+1,wx
)

x
+

(
a−1(C̄y,n)σy,n+1,wy

)
y
+

(
a−1(C̄z,n)σz,n+1,wz

)
z

−
(
πn+1,Dxwx + Dywy + Dzwz

)
m

= −
(
(a−1(C̄x,n) − a−1(cn+1))Ũ x,n+1,wx

)
x
−

(
(a−1(C̄y,n) − a−1(cn+1))Ũy,n+1,wy

)
y

−
(
(a−1(C̄z,n) − a−1(cn+1))Ũz,n+1,wz

)
z
, ∀ w ∈ Vh, (20b)

where ∂tπ
n = (πn+1 − πn)/∆t.

Take v = ∂tπ
n in (20a). Divide the difference of (20b) at tn+1 and tn by ∆t, and take w = σn+1. For An ≥ 0, we have(
∂t(An−1Bn), Bn+1

)
s
=

1
2
∂t

(
An−1Bn, Bn

)
s
− 1

2

(
∂t(An−1)Bn, Bn

)
s
+

(
∂t(An−1)Bn, Bn+1

)
s

+
1

2∆t

(
An(Bn+1 − Bn), Bn+1 − Bn

)
s

≥ 1
2
∂t (ABn, Bn)s −

1
2

(
∂t(An−1)Bn, Bn

)
s
+

(
∂t(An−1)Bn, Bn+1

)
s
, s = x, y, z.

Thus,

d∗ ||∂tπ
n||2m +

1
2
∂t

[(
a−1(C̄x,n)σx,n, σx,n

)
x
+

(
a−1(C̄y,n)σy,n, σy,n

)
y
+

(
a−1(C̄z,n)σz,n, σz,n

)
z

]
≤

(
(d(cn+1) − d(Cn))

∂ p̃n+1

∂t
, ∂tπ

n
)

m
−

(
d(cn+1)

∂ηn+1

∂t
, ∂tπ

n
)

m
+

(
d(Cn)

(∂ p̃n+1

∂t
− ∂tP̃n), ∂tπ

n
)

m

−
{(
∂t

[
(a−1(C̄x,n−1) − a−1(cn−1))Ũx,n], σx,n+1

)
x
+

(
∂t

[
(a−1(C̄y,n−1) − a−1(cn−1))Ũy,n], σy,n+1

)
y

11
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+
(
∂t

[
(a−1(C̄z,n−1) − a−1(cn−1))Ũz,n], σz,n+1

)
z

}
−

{(
∂t

[
(a−1(cn) − a−1(cn−1))Ũx,n], σx,n+1

)
x

+
(
∂t

[
(a−1(cn) − a−1(cn−1))Ũy,n], σy,n+1

)
y
+

(
∂t

[
(a−1(cn) − a−1(cn−1))Ũz,n], σz,n+1

)
z

}
+

1
2

{
∂t

(
a−1(C̄x,n−1)σx,n, σx,n)

x + ∂t
(
a−1(C̄y,n−1)σy,n, σy,n)

y

+ ∂t
(
a−1(C̄z,n−1)σz,n, σz,n)

z

}
− 1

2

{(
∂t

(
a−1(C̄x,n−1)

)
σx,n, σx,n+1

)
x

+
(
∂t

(
a−1(C̄y,n−1)

)
σy,n, σy,n+1

)
y
+

(
∂t

(
a−1(C̄z,n−1)

)
σz,n, σz,n+1

)
z

}
= T1 + T2 + · · · + T7.

(21)

From Lemma 5,
|T1 + T2 + T3| ≤ ε

∣∣∣∣∣∣∂tπ
n
∣∣∣∣∣∣2

m + M
{∣∣∣∣∣∣ξn

∣∣∣∣∣∣2
m + h4

p + (∆t)2}. (22)

Introduce an induction hypothesis,

sup
0≤n≤L

∣∣∣∣∣∣∣∣∣σ∣∣∣∣∣∣∣∣∣∞ → 0, sup
0≤n≤L

∣∣∣∣∣∣ξn
∣∣∣∣∣∣∞ → 0, (h, hp,∆t)→ 0. (23)

Using the fact that ∂t
(
a−1(C̄x,n−1)

)
= da−1

dc ∂t
(
C̄x,n−1) = da−1

dc
[
∂t

(
cx,n−1) + ∂t

(
ξx,n−1)], and Lemma 4, Lemma 5, we have

|T5| ≤ M
{
(∆t)2 +

∣∣∣∣∣∣∣∣∣σn+1
∣∣∣∣∣∣∣∣∣2}, (24a)

|T6 + T7| ≤ M
{∣∣∣∣∣∣∣∣∣σn

∣∣∣∣∣∣∣∣∣2 + ∣∣∣∣∣∣∣∣∣σn
∣∣∣∣∣∣∣∣∣ · ∣∣∣∣∣∣∣∣∣σn+1

∣∣∣∣∣∣∣∣∣ + ∣∣∣∣∣∣∣∣∣σ∣∣∣∣∣∣∣∣∣∞∣∣∣∣∣∣∂tξ
n−1

∣∣∣∣∣∣
m

(∣∣∣∣∣∣∣∣∣σn
∣∣∣∣∣∣∣∣∣ + ∣∣∣∣∣∣∣∣∣σn+1

∣∣∣∣∣∣∣∣∣)}
≤ ε

∣∣∣∣∣∣∂tξ
n−1

∣∣∣∣∣∣2
m + M

{∣∣∣∣∣∣∣∣∣σn
∣∣∣∣∣∣∣∣∣2 + ∣∣∣∣∣∣∣∣∣σn+1

∣∣∣∣∣∣∣∣∣2}. (24b)

T4 is estimated by using (R), the Taylor expansion, Lemma 5 and (23),

|T4| ≤ ε
∣∣∣∣∣∣∂tξ

n−1
∣∣∣∣∣∣2

m + M
{∣∣∣∣∣∣ξn

∣∣∣∣∣∣2
m +

∣∣∣∣∣∣ξn−1
∣∣∣∣∣∣2

m +
∣∣∣∣∣∣∣∣∣σn+1

∣∣∣∣∣∣∣∣∣2 + h4
p + (∆t)2}. (24c)

Substituting (22) and (24) into (21) to find

||∂tπ
n||2m + ∂t

∑
s=x,y,z

(
a−1(C̄ s,n)σs,n, σs,n

)
s

≤ ε
∣∣∣∣∣∣∂tξ

n−1
∣∣∣∣∣∣2

m + M
{∣∣∣∣∣∣ξn

∣∣∣∣∣∣2
m +

∣∣∣∣∣∣ξn−1
∣∣∣∣∣∣2

m +
∣∣∣∣∣∣∣∣∣σn

∣∣∣∣∣∣∣∣∣2 + ∣∣∣∣∣∣∣∣∣σn+1
∣∣∣∣∣∣∣∣∣2 + h4

p + (∆t)2}. (25)

Taking v = πn+1 in (20a) and w = σn+1 in (20b), and making the sum, we have

(
d(Cn)∂tπ

n, πn)
m =

1
2
∂t

(
d(Cn)πn, πn)

m −
1
2
(
∂t(d(Cn))πn, πn)

m

+
1

2∆t
((

d(Cn))(πn+1 − πn), πn+1 − πn)
m

≥ 1
2
∂t

(
d(Cn)πn, πn)

m −
1
2
(
∂t(d(Cn))πn, πn)

m.

Therefore,

1
2
∂t

(
d(Cn)πn, πn)

m −
1
2
(
∂t(d(Cn))πn, πn)

m +
(
a−1(C̄x,n)σx,n+1, σx,n+1

)
x

+
(
a−1(C̄y,n)σy,n+1, σy,n+1

)
y
+

(
a−1(C̄z,n)σz,n+1, σz,n+1

)
z

≤
(
(d(cn+1) − d(Cn))

∂ p̃n+1

∂t
, πn+1

)
m
−

(
d(cn+1)∂tη

n, πn+1
)

m
+

(
d(Cn)(

∂ p̃n+1

∂t
− ∂tP̃n), πn+1

)
m

−
∑

s=x,y,z

(
(a−1(C̄ s,n) − a−1(cn+1))Ũ s,n+1, σs,n+1

)
s
.

(26)

Let d′c = d′(c), and we have ∣∣∣(∂t(d(Cn))πn, πn)
m

∣∣∣ = ∣∣∣(d′c(∂t(cn−1) + ∂tξ
n−1)πn, πn)

m

∣∣∣
≤ ε

∣∣∣∣∣∣∂tξ
n−1

∣∣∣∣∣∣2
m + M

∣∣∣∣∣∣πn
∣∣∣∣∣∣2

m.
(27)

12
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Then, it follows (26),

∂t
(
d(Cn)πn, πn)

m +
∣∣∣∣∣∣∣∣∣σn+1

∣∣∣∣∣∣∣∣∣2 ≤ ε∣∣∣∣∣∣∂tξ
n−1

∣∣∣∣∣∣2
m + M

{∣∣∣∣∣∣πn
∣∣∣∣∣∣2

m +
∣∣∣∣∣∣πn+1

∣∣∣∣∣∣2
m + h4

p + (∆t)2}, (28)

Combining (25) and (28) to see that

||∂tπ
n||2m + ∂t

∑
s=x,y,z

(
a−1(C̄ s,n)σs,n, σs,n

)
s
+ ∂t

(
d(Cn)πn, πn)

m +
∣∣∣∣∣∣∣∣∣σn+1

∣∣∣∣∣∣∣∣∣2
≤ ε

∣∣∣∣∣∣∂tξ
n−1

∣∣∣∣∣∣2
m + M

{∣∣∣∣∣∣πn
∣∣∣∣∣∣2

m +
∣∣∣∣∣∣πn+1

∣∣∣∣∣∣2
m +

∣∣∣∣∣∣ξn
∣∣∣∣∣∣2

m +
∣∣∣∣∣∣ξn−1

∣∣∣∣∣∣2
m +

∣∣∣∣∣∣∣∣∣σn
∣∣∣∣∣∣∣∣∣2 + ∣∣∣∣∣∣∣∣∣σn+1

∣∣∣∣∣∣∣∣∣2 + h4
p + (∆t)2}, (29)

The partition of Ω = {[0, 1]}3 is denoted by Ω̄h = Ωh ∪ ∂Ωh = ω̄1 × ω̄2 × ω̄3 consisting of rectangular solids, where
ω̄1 = {xi|i = 0, 1, · · · ,M1}, ω̄2 = {y j| j = 0, 1, · · · ,M2}, ω̄3 = {zk |k = 0, 1, · · · ,M3}, ω+1 = {xi|i = 1, 2, · · · ,M1},
ω+2 = {y j| j = 1, 2, · · · ,M2} and ω+3 = {zk |k = 1, 2, · · · ,M3}. Let | f |0 = ⟨ f , f ⟩1/2 denote the norm of discrete space of
L2(Ω), and

⟨ f , g⟩ =
∑
ω̄1

hx
i

∑
ω̄2

hy
j

∑
ω̄3

hz
k f (Xi jk)g(Xi jk), (30a)

denote the inner product. Here define hx
i = hx, 1 ≤ i ≤ M1−1, hx

0 = hx
M1
= hx/2; hy

j = hy, 1 ≤ j ≤ M2−1, hy
0 = hy

M2
= hy/2;

hz
k = hz, 1 ≤ k ≤ M3 − 1, hz

0 = hz
M3
= hz/2. ⟨D∇h f ,∇h f ⟩ is the square of weighted semi-norm in h1(Ω), the discrete space

of H1(Ω) = W1,2(Ω) for a positive definite function D(X),

⟨D∇h f ,∇h f ⟩ =
∑
ω̄2

∑
ω̄3

hy
jh

z
k

∑
ω+1

hx
i {D(X)[δx̄ f (X)]2} +

∑
ω̄3

∑
ω̄1

hz
khx

i

∑
ω+2

hy
j{D(X)[δȳ f (X)]2}

+
∑
ω̄1

∑
ω̄2

hx
i hy

j

∑
ω+3

hz
k{D(X)[δz̄ f (X)]2}.

(30b)

The concentration vector is argued later. Eliminating Cn+1/3
α and Cn+2/3

α from (14)-(16),

ϕi jk

Cn+1
α,i jk − Ĉn

α,i jk

∆t
−

∑
s=x,y,z

δs̄(DδsCn+1
α )i jk

= −bα(Cn
i jk)

Pn+1
i jk − Pn

i jk

∆t
+ g(Xi jk, tn, Ĉn

α) − (∆t)2
{
δx̄(Dδx(ϕ−1δȳ(Dδy(∂tCn

α))))i jk

+ δx̄(Dδx(ϕ−1δz̄(Dδz(∂tCn
α))))i jk + δȳ(Dδy(ϕ−1δz̄(Dδz(∂tCn

α))))i jk

}
+ (∆t)3δx̄(Dδx(ϕ−1δȳ(Dδy(ϕ−1δz̄(Dδz(∂tCn

α))))))i jk, Xi jk ∈ Ωh, α = 1, 2, · · · , nc − 1.

(31)

An inequivalent form is derived from (2) (t = tn+1) and (31) (t = tn+1),

ϕi jk

ξn+1
α,i jk − (cn

α(X̄n
i jk) − Ĉn

α,i jk)

∆t
−

∑
s=x,y,z

δs̄(Dδsξ
n+1
α )i jk

= g(Xi jk, tn+1, cn+1
α,i jk) − g(Xi jk, tn, Ĉn

α,i jk) − bα(Cn
i jk)

πn+1
i jk − πn

i jk

∆t
− [bα(cn+1

i jk ) − bα(Cn
i jk)]

pn+1
i jk − pn

i jk

∆t
− (∆t)2

{
δx̄(Dδx(ϕ−1δȳ(Dδy(∂tξ

n
α))))i jk + δx̄(Dδx(ϕ−1δz̄(Dδz(∂tξ

n
α))))i jk

+ δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ
n
α))))i jk

}
+ (∆t)3δx̄(Dδx(ϕ−1δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ

n
α))))))i jk + ε

n+1
α,i jk, Xi jk ∈ Ωh, α = 1, 2, · · · , nc − 1, (32)

where X̄n+1
i jk = Xi jk − ϕ−1

i jkun+1
i jk ∆t,

∣∣∣εn+1
α,i jk

∣∣∣ ≤ K
{
h2 + ∆t

}
.

Suppose that the partition has the following restriction

∆t = O(h2), h2 = o(h3/2
p ). (33)
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Then, we have

ϕi jk

ξn+1
α,i jk − ξ̂n

α,i jk

∆t
−

∑
s=x,y,z

δs̄(Dδsξ
n+1
α )i jk

≤ M
{ nc−1∑
α=1

∣∣∣ξn
α,i jk

∣∣∣ + ∣∣∣un+1
i jk − Un+1

i jk

∣∣∣ + h2 + ∆t
}
− bα(Cn

i jk)
πn+1

i jk − πn
i jk

∆t

− (∆t)2
{
δx̄(Dδx(ϕ−1δȳ(Dδy(∂tξ

n
α))))i jk + δx̄(Dδx(ϕ−1δz̄(Dδz(∂tξ

n
α))))i jk

+ δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ
n
α))))i jk

}
+ (∆t)3δx̄(Dδx(ϕ−1δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ

n
α))))))i jk, Xi jk ∈ Ωh.

(34)

Multiplying both sides of (34) by ∂tξ
n
α,i jk∆t = ξn+1

α,i jk − ξn
α,i jk and using the summation by parts, we get an inner-product

expression,

⟨
ϕ
ξn+1
α − ξ̂n

α

∆t
, ∂tξ

n
α

⟩
∆t +

1
2

∑
s=x,y,z

{⟨
Dδsξ

n+1
α , δsξ

n+1
α

⟩ − ⟨
Dδsξ

n
α, δsξ

n
α

⟩}
≤ ε

∣∣∣∂tξ
n
α

∣∣∣2
0∆t + M

{ nc−1∑
α=1

∣∣∣ξn
α

∣∣∣2
0 + |||σ

n+1||| + h4
p + h4 + (∆t)2

}
∆t − ⟨

bα(Cn)∂tπ
n, ∂tξ

n⟩∆t

− (∆t)3
{⟨
δx̄(Dδx(ϕ−1δȳ(Dδy(∂tξ

n
α)))), ∂tξ

n
α

⟩
+

⟨
δx̄(Dδx(ϕ−1δz̄(Dδz(∂tξ

n
α)))), ∂tξ

n
α

⟩
+

⟨
δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ

n
α)))), ∂tξ

n
α

⟩}
+ (∆t)4⟨δx̄(Dδx(ϕ−1δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ

n
α)))))), ∂tξ

n
α

⟩
.

(35)

The relation of different norms in L2(Ω) and l2(Ω) is used in the above expression (Yuan, 1992, 19931; Douglas, 1982).
From (35), ⟨

ϕ
ξn+1
α − ξn

α

∆t
, ∂tξ

n
α

⟩
∆t +

1
2

∑
s=x,y,z

{⟨
Dδsξ

n+1
α , δsξ

n+1
α

⟩ − ⟨
Dδsξ

n
α, δsξ

n
α

⟩}
≤

⟨
ϕ
ξ̂n
α − ξn

α

∆t
, ∂tξ

n
α

⟩
∆t + ε

∣∣∣∂tξ
n
α

∣∣∣2
0∆t + M

{ nc−1∑
α=1

∣∣∣ξn
α

∣∣∣2
0 + |||σ

n+1||| + h4
p + h4 + (∆t)2

}
∆t

− (∆t)3
{⟨
δx̄(Dδx(ϕ−1δȳ(Dδy(∂tξ

n
α)))), ∂tξ

n
α

⟩
+

⟨
δx̄(Dδx(ϕ−1δz̄(Dδz(∂tξ

n
α)))), ∂tξ

n
α

⟩
+

⟨
δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ

n
α)))), ∂tξ

n
α

⟩}
+ (∆t)4⟨δx̄(Dδx(ϕ−1δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ

n
α)))))), ∂tξ

n
α

⟩
.

(36)

Using the following fact

ξ̂n
α,i jk − ξn

α,i jk =

∫ X̂n
i jk

Xi jk

∇ξn
α · Un+1

i jk /
∣∣∣Un+1

i jk

∣∣∣ds, Xi jk ∈ Ωh, (37a)

and eqs. (23), (33), we estimate the first term on the right-hand side of (36),

∣∣∣∣∑
Ωh

ϕi jk

ξ̂n
α,i jk − ξn

α,i jk

∆t
∂tξ

n
α,i jkhx

i hy
jh

z
k

∣∣∣∣ ≤ ε∣∣∣∂tξ
n
α

∣∣∣2
0 + M

∣∣∣∇hξ
n
α

∣∣∣2
0, (37b)

where
∣∣∣∇hξ

n
α

∣∣∣2
0 =

∑
s=x,y,z

∣∣∣∂sξ
n
α

∣∣∣2
0.

Consider the fourth term in (36). Note that

− (∆t)3
{⟨
δx̄(Dδx(ϕ−1δȳ(Dδy(∂tξ

n
α)))), ∂tξ

n
α

⟩
= −(∆t)3

{⟨
δx(Dδy(∂tξ

n
α)), δy(ϕ−1Dδx(∂tξ

n
α))

⟩
+

⟨
Dδy(∂tξ

n
α), δy(δxϕ

−1 · Dδx(∂tξ
n
α))

⟩}
= −(∆t)3

∑
Ωh

{
Di, j+1/2,kDi+1/2, jkϕ

−1
i jk[δxδy∂tξ

n
α,i jk]2 + [Di, j+1/2,kδy(Di+1/2, jkϕ

−1
i jk)δx(∂tξ

n
α,i jk)

+ Di+1/2, jkϕ
−1
i jkδxDi, j+1/2,k · δy(∂tξ

n
α,i jk) + Di, j+1/2,kDi+1/2, jkδy(∂tξ

n
α,i jk)] · δxδy∂tξ

n
α,i jk

+
[
Di, j+1/2,kDi+1/2, jkδxδyϕ

−1
i jk + Di, j+1/2,kδyDi+1/2, jkδxϕ

−1
i jk

]
δx(∂tξ

n
α,i jk)δy(∂tξ

n
α,i jk)

}
hx

i hy
jh

z
k.

(38)
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Using the positive definiteness of D and the Cauchy inequality, and cancelling the high-order difference quotients δxδy(∂tξ
n
α,i jk),

we estimate the first four terms in (38)

− (∆t)3
∑
Ωh

{
Di, j+1/2,kDi+1/2, jkϕ

−1
i jk[δxδy∂tξ

n
α,i jk]2 + [Di, j+1/2,kδy(Di+1/2, jkϕ

−1
i jk)δx(∂tξ

n
α,i jk)

+ Di+1/2, jkϕ
−1
i jkδxDi, j+1/2,k · δy(∂tξ

n
α,i jk) + Di, j+1/2,kDi+1/2, jkδy(∂tξ

n
α,i jk)] · δxδy∂tξ

n
α,i jk

}
hx

i hy
jh

z
k

≤ M
{∣∣∣∇hξ

n+1
α

∣∣∣2
0 +

∣∣∣∇hξ
n
α

∣∣∣2
0

}
∆t. (39a)

The last part in (38) is estimated,

− (∆t)3
∑
Ωh

{[
Di, j+1/2,kDi+1/2, jkδxδyϕ

−1
i jk + Di, j+1/2,kδyDi+1/2, jkδxϕ

−1
i jk

]
δx(∂tξ

n
α,i jk)δy(∂tξ

n
α,i jk)

}
hx

i hy
jh

z
k

≤ M
{∣∣∣∇hξ

n+1
α

∣∣∣2
0 +

∣∣∣∇hξ
n
α

∣∣∣2
0

}
∆t.

(39b)

Similarly, we have the estimate of the fourth term in (36)

− (∆t)3
{⟨
δx̄(Dδx(ϕ−1δȳ(Dδy(∂tξ

n
α)))), ∂tξ

n
α

⟩
+

⟨
δx̄(Dδx(ϕ−1δz̄(Dδz(∂tξ

n
α)))), ∂tξ

n
α

⟩
+

⟨
δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ

n
α)))), ∂tξ

n
α

⟩}
≤ M

{∣∣∣∇hξ
n+1
α

∣∣∣2
0 +

∣∣∣∇hξ
n
α

∣∣∣2
0

}
∆t.

(40)

The last term in (36) is argued by the Cauchy inequality and the treatment of δxδyδz(∂tξ
n
α,i jk),

(∆t)4⟨δx̄(Dδx(ϕ−1δȳ(Dδy(ϕ−1δz̄(Dδz(∂tξ
n
α)))))), ∂tξ

n
α

⟩ ≤ M
{∣∣∣∇hξ

n+1
α

∣∣∣2
0 +

∣∣∣∇hξ
n
α

∣∣∣2
0

}
∆t. (41)

Substituting (37), (40) and (41) into (36), we have∣∣∣∂tξ
n
α

∣∣∣2
0∆t +

1
2

∑
s=x,y,z

{⟨
Dδsξ

n+1
α ), δsξ

n+1
α

⟩ − ⟨
Dδsξ

n
α), δsξ

n
α

⟩}
≤ ε

∣∣∣∂tξ
n
α

∣∣∣2
0∆t + M

{∣∣∣ξn
α

∣∣∣2
0 +

∣∣∣∇hξ
n+1
α

∣∣∣2
0 +

∣∣∣∇hξ
n
α

∣∣∣2
0 + |||σ

n+1|||2 + |∂tπ
n|20 + h4

p + h4 + (∆t)2
}
∆t,

α = 1, 2, · · · , nc − 1.

(42)

Multiplying both sides of (29) by ∆t, summing them on t (0 ≤ n ≤ L) and using π0 = 0, we obtain∣∣∣∣∣∣πL+1
∣∣∣∣∣∣2

m +
∣∣∣∣∣∣∣∣∣σL+1

∣∣∣∣∣∣∣∣∣2 + L∑
n=0

||∂tπ
n||2m ∆t ≤ ε

L∑
n=0

∣∣∣∣∣∣∂tξ
n
∣∣∣∣∣∣2

m∆t +
L∑

n=0

(
(d(Cn) − d(cn+1))πn.πn)

m∆t

+ M
{ L∑

n=0

[
∣∣∣∣∣∣πn

∣∣∣∣∣∣2
m +

nc−1∑
α=1

∣∣∣∣∣∣ξn
α

∣∣∣∣∣∣2
m +

∣∣∣∣∣∣∣∣∣σn
∣∣∣∣∣∣∣∣∣2]∆t + h4

p + (∆t)2
}

≤ ε
L∑

n=0

∣∣∣∣∣∣∂tξ
n
∣∣∣∣∣∣2

m∆t + M
{ L∑

n=0

[
∣∣∣∣∣∣πn

∣∣∣∣∣∣2
m +

nc−1∑
α=1

∣∣∣∣∣∣ξn
α

∣∣∣∣∣∣2
m +

∣∣∣∣∣∣∣∣∣σn
∣∣∣∣∣∣∣∣∣2]∆t + h4

p + (∆t)2
}
.

(43)

Sum (42) on α (1 ≤ α ≤ nc − 1), multiply the resulting formulation by ∆t, then make the sum on t (0 ≤ n ≤ L). By
ξ0
α = 0, α = 1, 2, · · · , nc − 1, it holds

L∑
n=0

nc−1∑
α=1

∣∣∣∂tξ
n
α

∣∣∣2
0∆t +

1
2

nc−1∑
α=1

∑
s=x,y,z

⟨
Dδsξ

L+1
α , δsξ

L+1
α

⟩
≤ M

L∑
n=0

∣∣∣∂tπ
n
∣∣∣∆t + M

{ L∑
n=0

[ nc−1∑
α=1

[∣∣∣ξn
α

∣∣∣2
0 +

∣∣∣∇hξ
n+1
α

∣∣∣2
0

]
+

∣∣∣∣∣∣∣∣∣σn
∣∣∣∣∣∣∣∣∣2]∆t + h4

p + h4 + (∆t)2
}
.

(44)

Considering (43) and (44) together, and using the relation of different norms (Yuan, 1992, 1993; Douglas, 1982), we have∣∣∣∣∣∣πL+1
∣∣∣∣∣∣2

m +
∣∣∣∣∣∣∣∣∣σL+1

∣∣∣∣∣∣∣∣∣2 + L∑
n=0

||∂tπ
n||2m ∆t +

nc−1∑
α=1

[∣∣∣ξL+1
α

∣∣∣2
0 +

∣∣∣∇hξ
L+1
α

∣∣∣2
0

]
+

L∑
n=0

nc−1∑
α=1

∣∣∣∂tξ
n
α

∣∣∣2 ∆t

≤ M
{ L∑

n=0

[
||πn||2m +

∣∣∣∣∣∣∣∣∣σn
∣∣∣∣∣∣∣∣∣2 + nc−1∑

α=1

[∣∣∣ξn
α

∣∣∣2
0 +

∣∣∣∇hξ
n+1
α

∣∣∣2
0

]]
∆t + h4

p + h4 + (∆t)2
}
.

(45)
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Using ξ0
α = 0,

∣∣∣ξL+1
α

∣∣∣2
0 ≤ ε

L∑
n=0

∣∣∣∂tξ
n
α

∣∣∣2
0∆t + K

L∑
n=0

∣∣∣ξn
α

∣∣∣2
0∆t, and the Gronwall Lemma, we have

∣∣∣∣∣∣πL+1
∣∣∣∣∣∣2

m +
∣∣∣∣∣∣∣∣∣σL+1

∣∣∣∣∣∣∣∣∣2 + L∑
n=0

||∂tπ
n||2m ∆t +

nc−1∑
α=1

[∣∣∣ξL+1
α

∣∣∣2
0 +

∣∣∣∇hξ
L+1
α

∣∣∣2
0

]
+

L∑
n=0

nc−1∑
α=1

∣∣∣∂tξ
n
α

∣∣∣2 ∆t

≤ M
{
h4

p + h4 + (∆t)2
}
.

(46)

It remains to testify the induction hypothesis (23). From the initial conditions, η0 = 0, ξ0
α = 0, α = 1, 2, · · · , nc − 1 and

ρ = 0, (23) holds obviously for n = 0. If it is right for 1 ≤ n ≤ L, then by (46) and (33), we have

nc−1∑
α=1

∣∣∣∣∣∣ξL+1
α

∣∣∣∣∣∣∞ ≤ Mh−3/2
{
h2

p + h2 + ∆t
}
≤ Mh1/2

p → 0, (47)

∣∣∣∣∣∣∣∣∣σL+1
∣∣∣∣∣∣∣∣∣∞ ≤ Mh−3/2

{
h2

p + h2 + ∆t
}
≤ Mh1/2

p → 0, (48)

Thus, it holds for n = L + 1.
Theorem 1. Suppose that the problem of (1) and (2) is regular (R) and positive definite (C). The composite scheme of
(13), (14)-(16) and (17) is applied. Under the restriction (33), it holds

||p − P||L̄∞(J;L2(Ω)) + ||∂t(p − P)||L̄2(J;L2(Ω)) + ||u − U||L̄∞(J;V) +

nc−1∑
α=1

||cα −Cα||L̄∞(J;l2(Ω))

+

nc∑
α=1

||∇h(cα −Cα)||L̄∞(J;l2(Ω)) +

nc∑
α=1

||∂t(cα −Cα)||L̄2(J;l2(Ω))

≤ M∗
{
h2

p + h2 + ∆t
}
,

(49)

where ||g||L̄∞(J;X) = sup
n∆t≤T

||gn||X , ||g||L̄2(J;X) = sup
L∆t≤T

{ L∑
n=0
||gn||2X ∆t

}1/2, and the constant M∗ depends on p, cα (α = 1, 2, · · · , nc)

and their derivatives.

6. Conclusions and Discussions

In this paper, the authors present a mixed volume element modified with characteristic fractional step difference, and
discuss its numerical analysis. The mathematical model, physical interpretation and academic research are introduced in
§1. Two different partitions (coarse and refined) are given for defining the scheme, and some preliminary properties are
stated for theoretical analysis in §2. In §3, the authors formulate the procedures based on the combination of the mixed
volume element and modified characteristic fractional step difference. The mixed volume element has the conservative
nature for the flow. The characteristic fractional step difference is illustrated to compute the concentration vector without
numerical oscillations. A large time step is adopted and the speedup algorithm is used during the whole computation. The
three-dimensional work is accomplished effectively by solving three successive one-dimensional problems. In §4, using
the variation, energy norm analysis, the usage of different meshes, piecewise product threefold quadratic interpolation,
decomposition of high-order difference operators and the interchangeability of different operators, we obtain an optimal
error estimates in L2-norm. There are several interesting conclusions.

• This discussion considers the compressibility and the multicomponent, thus the numerical simulation is possibly con-
sistent with the truth.

• The composite procedures could be carried out in three-dimensional complicated region.

• The mixed volume element has the nature of conservation, and improves the computational accuracy of Darcy one
order. This property is important in numerical simulation of two-phase seepage displacement.

• The concentration vector is computed by the characteristic fractional step difference, where a large time step is used
and second accuracy is preserved. Thus, this parallel algorithm could be carried out to complete numerical simulation
on parallel computers.

Acknowledgements

This work is supported by the Natural Science Foundation of Shandong Province (Grant No. ZR2021MA019).

16



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 14, No. 2; 2022

References

Cai, Z. (1991). On the finite volume element method. Numer. Math., 58(1), 713–735. https://doi.org/10.1007/BF01385651

Cai, Z., Jones, J. E., Mccormilk, S. F., & Russell, T. F. (1997). Control-volume mixed finite element methods. Comput.
Geosci., 1(3), 289–315.

Ciarlet, P. G. (1978). The finite element method for elliptic problem. Amsterdam: North-Holland.
https://doi.org/10.1115/1.3424474

Chou, S. H., Kawk, D. Y., & Vassileviki, P. (1998). Mixed volume methods for elliptic problems on triangular grids.
SIAM J. Numer. Anal., 35(5), 1850–1861.

Chou, S. H., & Vassileviki, P. (1999). A general mixed covolume framework for constructing conservative schemes for
elliptic problems. Math. Comp., 68(227), 991–1011. https://doi.org/10.1090/S0025-5718-99-01090-X

Chou, S. H., Kawk, D. Y., & Vassileviki, P. (2000). Mixed volume methods on rectangular grids for elliptic problem.
SIAM J. Numer. Anal., 37(3), 758–771. https://doi.org/10.1137/S0036142996305534

Douglas, J. Jr., & Gunn, J. E. (1963). Two order correct difference analogues for the equation of multidimensional heat
flow. Math. Comp., 17(81), 71–80. https://doi.org/10.1090/S0025-5718-1963-0149676-2

Douglas, J. Jr., & Gunn, J. E. (1964). A general formulation of alternation methods, part I. Parabolic and Hyperbolic
Problems. Numer. Math., 9(5), 428–453. https://doi.org/10.1007/BF01386093

Douglas, Jr. J. (1982). Simulation of miscible displacement in porous media by a modified method of characteristic
procedure. In Numerical Analysis, Dundee, 1981. Lecture Notes in Mathematics, 912, Berlin: Springer-Verlag.
https://doi.org/10.1007/BFb0093149

Douglas, Jr. J., & Roberts, J. E. (1983a). Numerical methods for a model for compressible miscible displacement in
porous media. Math. Comp., 41(164), 441–459. https://doi.org/10.1090/S0025-5718-1983-0717695-3

Douglas, Jr. J. (1983b). Finite difference methods for two-phase incompressible flow in porous media. SIAM J. Numer.
Anal., 20(4), 681–696. https://doi.org/10.1137/0720046

Douglas, Jr. J., Ewing, R. E., & Wheeler, M. F. (1983c). Approximation of the pressure by a mixed method in the
simulation of miscible displacement. RAIRO Anal. Numer., 17(1), 17–33.

Douglas, Jr. J., Ewing, R. E., & Wheeler, M. F. (1983d). A time-discretization procedure for a mixed finite element
approximation of miscible displacement in porous media. RAIRO Anal. Numer., 17(3), 249–265.

Douglas, Jr. J., & Yuan Y. R. (1986). Numerical simulation of immiscible flow in porous media based on combining
the method of characteristics with mixed finite element procedure. Numerical Simulation in Oil Recovery. 119-132.
New York: Springer-Berlag.

Ewing, R. E. (1983). The mathematics of reservoir simulation. Philadelphia: SIAM.
https://doi.org/10.1137/1.9781611971071

Ewing, R. E., Russell, T. F., & Wheeler, M. F. (1984). Convergence analysis of an approximation of miscible displacement
in porous media by mixed finite elements and a modified method of characteristics. Comput. Methods Appl. Mech.
Engrg., 47(1-2), 73–92.

Ewing, R. E., Yuan, Y. R., & Li, G. Finite element for chemical-flooding simulation. Proceeding of the 7th International
conference finite element method in flow problems, 1264–1271. The University of Alabama in Huntsville, Huntsville,
Alabama: UAHDRESS.

Jones, J. E. (1995). A mixed volume method for accurate computation of fluid velocities in porous media. Ph. D. Thesis.
Denver, Co: University of Colorado.

Li, R. H., & Chen, Z. Y. (1994). Generalized difference of differential equations. Changchun: Jilin University Press.

Marchuk, G. I. (1990). Splitting and Alternating Direction Methods. In: Ciarlet P G, Lions J L, eds, Handbook of Nu-
merical Analysis. Paris: Elservier Science Publishers BV. 197-400. https://doi.org/10.1016/S1570-8659(05)80035-3

Pan, H., & Rui, H. X. (2012). Mixed element method for two-dimensional Darcy-Forchheimer model. J. Sci. Comput.,
52(3), 563-587. https://doi.org/10.1007/s10915-011-9558-3

Peaceman, D. W. (1980). Fundamental of numerical reservoir simulation. Amsterdam: Elsevier.

Raviart, P. A., & Thomas, J. M. (1977). A mixed finite element method for 2-nd order elliptic problems in mathematical

17



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 14, No. 2; 2022

aspects of the finite element method. Lecture Notes in Mathematics, 606(19), Berlin and New York: Springer,
292-315. https://doi.org/10.1007/BFb0064470

Rui, H. X., & Pan, H. (2012). A block-centered finite difference method for the Darcy-Forchheimer model. SIAM J.
Numer. Anal., 50(5), 2612–2631. https://doi.org/10.1137/110858239

Russell, T. F. (1985). Time stepping along characteristics with incomplete interaction for a Galerkin approximation of
miscible displacement in porous media. SIAM J. Numer. Anal., 22(5), 970–1013. https://doi.org/10.1137/0722059

Russell, T. F. (1995). Rigorous block-centered discretization on irregular grids: Improved simulation of complex reservoir
systems. Project Report, Research Corporation, Tulsa.

Shen, P. P., Liu, M. X., & Tang, L. (2002). Mathematical model of petroleum exploration and development. Beijing:
Science Press.

Weiser, A., & Wheeler, M. F. (1988). On convergence of block-centered finite difference for elliptic problems. SIAM J
Numer Anal., 25(2), 351–375. https://doi.org/10.1137/0725025

Yanenko, M. M. (1967). The method of fractional steps. Berlin: Springer-Verlag.

Yuan, Y. R. (1992). Time stepping along characteristics for the finite element approximation of compressible miscible
displacement in porous media. Math. Numer. Sinica, 14(4), 381–406.

Yuan, Y. R. (1993). Finite difference methods for a compressible miscible displacement problem in porous media. Math.
Numer. Sinica, 15(1), 16–28.

Yuan, Y. R., Yang, D. P., & Qi, L. Q. (1998). Research on algorithms of applied software of the polymer. Qinlin Gang
(editor in chief), Proceedings on chemical flooding, Beijing: Petroleum Industry Press, 246-253.

Yuan, Y. R. (2013). Theory and application of reservoir numerical simulation. Beijing: Science Press.

Yuan, Y. R. (1999). The characteristic finite difference fractional steps method for compressible two-phase displacement
problem. Sci. Sin. Math., 42(1), 48-57. https://doi.org/10.1007/BF02872049

Yuan, Y. R. (2001). Characteristic finite difference fractional steps method for three-dimensional compressible multicom-
ponent displacement problem. Acta Math. Appl. Sin., 24(2), 242–249.

Yuan, Y. R. (2003a). The upwind finite difference fractional steps methods for two-phase compressible flow in porous
media. Numer. Meth. Part. D. E., 19(1), 67–88. https://doi.org/10.1002/num.10036

Yuan, Y. R. (2003b). The modified method of characteristics with finite element operator-splitting procedures for com-
pressible multi-component displacement problem. J Syst. Sci. Complex., 16(1), 30–45.

Copyrights

Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/4.0/).

18


