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Abstract

We determine the exact eigenvalues and eigenfunctions of a class of quantum anharmonic oscillator using a novel non
perturbative approach. Our method which has already been applied to quantum harmonic oscillator incorporates the
Gram Schmidt Orthogonalization process to generate separate even and odd eigenfunction sequences. For concreteness,
we study a specific instance of a quantum anharmonic oscillator having a polynomial potential of order six. The general
class of quantum anharmonic oscillators considered here are those characterized by certain polynomial functions with
terms of even power.
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1. Introduction

The restoring force of the classical linear Harmonic Oscillator is directly proportional to the displacement from the origin.
Thus, the governing equation is given by the following linear differential equation:

mẍ + c0x = 0. (1)

Integrating the above equation, we obtain the corresponding energy equation

E =
p2

2m
+

1
2

mω2x2. (2)

In accordance with quantum theory, the time - independent Schrödinger Equation of the Linear Harmonic Oscillator is
prescribed as

EnΦn = −
~2

2m
d2Φn

dx2 +
1
2

mω2x2Φn. (3)

Here, c0 = mω2 and p,m, ~, ω have their usual meanings, and En is an Eigenvalue of the Hamiltonian operator H with
corresponding eigenfunction Φn .The above equation is obtained by the principle of correspondence which is given by the
associations: Ĥ → i~∂

∂t , p̂→ − i~∂
∂x , x̂→ x̂ .

We shall, in this paper, without loss of generality, use the standardized units such that
ω = ~ = m = 1 (Joachain & Bransden, 2000).

For our purposes, the classical anharmonic oscillators being nonlinear, will however be characterized as having a restoring
force which has a polynomial dependence on the displacement. This leads to an energy equation of the normal form

E =
p̂2

2m
+

1
2

c0x2 + c1x3 + ... + cN xN (4)

where N > 2 and c0, c1, ...cN are real constants.
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In accordance again, with the correspondence principle, we have that, the quantum anharmonic oscillator has a time
independent Schrödinger equation given by

EmΦm = −
~2

2m
d2Φn

dx2 +

(
1
2

c0x2 + c1x3 + ... + cN xN
)
Φm (5)

where En is the eigenvalue of the Hamiltonian operator and Φn is the corresponding eigenfunction.

Existing studies, hitherto, of the quantum anharmonic oscillator having been restricted to perturbation theoretic and semi-
classical methods have consequently produced only approximate solutions in respect of energy eigenvalues and the eigen-
functions. Close form exact solutions have thus, been virtually unavailable (Ghatak, 2012; Biswas, 1999).

Boxi (2017) noted that“...since non-linear second order ordinary differential equation has, in general, no analytic solu-
tion, an approximation method is usually applied to tackle the problem.” Nonetheless, in this paper, we seek precisely
to provide a non - perturbative method for the determination of a closed form exact eigenvalues and the corresponding
eigenfunctions for a specific class of quantum anharmonic oscillators. The basis of the method used here is an extension
of a framework used by Oduro and Odoom (2021), which entailed the application of Gram - Schmidt Orthogonalization
process to an alternative study of the Quantum Harmonic oscillator.
In this vein, using the solutions of an appropriate linear differential equation of Second Order, we recover the Schrödinger
Equation together with its eigenvalues and corresponding eigenfunctions of a specified class of Quantum Anharmonic
Oscillators. The applications of quantum anharmonic oscillators abound practically in most areas of modern physics in-
cluding molecular, condensed matter, high energy physics as well as, more recently Quantum Computing (Cao, Betzholz,
Zhang, and Cai, 2017) and Quantum Finance (Wolf, 2021; Schaden, 2002).

The paper has the following structure: In section two, we provide a short review of perturbation theory, applying it to
obtain the first order energy correction of a specified quantum anharmonic oscillator. In section three, we present some
propositions and a Lemma in respect of the development of our method. In the sections that follow, we implement the
proposed method in terms of some specific computations which comprise even and odd cases of eigenfunctions.

2. An Existing Perturbation Method

We briefly present here an exposition of the Ladder Operator perturbation method and apply it to quantum anharmonic
oscillator with fourth order polynomial potential function.

According Griffiths (2016),”....Perturbation Theory is a systematic procedure for obtaining approximate solutions to the
perturbed problem by building on the known exact solutions to the unperturbed case”.

We may write the new Hamiltonian as the sum of two terms:

Ĥ = Ĥ0 + λĤ′ (6)

where Ĥ is the Hamiltonian, Ĥ0 is the unperturbed Hamiltonian and Ĥ′ is the perturbation.

The eigenvalue problem that we intends to solve is given by

Ĥφn = λφn. (7)

Writing φn and En as power series in λ, we have

φn = φ0
n + λφ1

n + λ2φ2
n + ... (8)

Ên = E0
n + λÊ1

n + λ2Ê2
n + ... (9)

Here E1
m is the first - order correction to the nth eigenvalue, and φ1

m is the first - order correction to the mth eigenfunction;E2
m

and φ2
m are the second - order corrections, and so on.

Putting (6), (8) and (9) into equation (7), and properly simplifying it, we get

E1
m =

〈
φ0

m|Ĥ
′|φ0

m

〉
(10)

and

φ1
m =

∑
m,n

〈
φ0

m|Ĥ′|φ
0
n

〉
(E0

n − Ê0
m)

(11)

E1
n and φ1

n are respectively the first - order correction of the energy eigenvalue and the eigenfunction.
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2.1 Computations of the Eigenvalues of a Quantum Anharmonic Oscillator Using the Ladder Operator Method

2.1.1 Ladder Operator Method

It is always commodious to introduce a dimensionless complex operator known as the Ladder Operators when solving the
Schrödinger equation such that

a† =
x − ip̂
√

2
. (12)

The Adjoint of a+ which is ā will be given by

a =
x + ip̂
√

2
. (13)

By adding equations (12) and (13), we get x, such that

x =
1
√

2

(
a† + a

)
. (14)

We must first and foremost note that when a ket vector acts on the raising(creation) and lowering (annihilation) operators,
the final results are given respectively as

a† |n〉 =
√

(n + 1) |n + 1〉 (15)
a |n〉 =

√
n |n − 1〉 . (16)

(Clark, 2011).

Consider the Hamiltonian of a quantum anharmonic oscillator which can be written as

Ĥ =
p̂2

2m
+

1
2

c0x2 + c1x3 + c2x4. (17)

Comparing (17) to equation (6), we have

Ĥ0 =
p̂2

2m
+

1
2

c0x2 (18)

which is the unperturbed Hamiltonian of the linear harmonic oscillator and

Ĥ′ = c1x3 + c2x4 (19)

which is also the perturbed Hamiltonian representing the anharmonic term, where c1 and c2 are the perturbed terms. Such
anharmonic corrections occur in the studies such as vibrational spectra of molecules.

Considering Equation (19), and making use of equation (10), we can solve for the first - order correction to the energy
eigenvalue of the mth state E(1)

m , which is given by

E(1)
m = c1

(
x3

)
mm

+ c2

(
x4

)
mm

(20)

E(1)
m =

∫ +∞

−∞

(
c1x3 + c2x4

) ∣∣∣Φ(0)
m (x)

∣∣∣2 dx. (21)

We must take note that x3 is an odd function of x. As a result,the diagonal matrix element
(
x3

)
mm

vanishes, and the term

c1x3 does not contribute to the energy E(1)
m . That is 〈

m
∣∣∣x3

∣∣∣ m〉
= 0

This means that the first energy correction E(1)
m reduces to

E(1)
m =

(
x4

)
mm

=
〈
m

∣∣∣x4
∣∣∣ m〉

(22)

We can find x4 from equation (22) as

x4 =

(
1
2

)2 [(
a† + a

) (
a† + a

) (
a† + a

) (
a† + a

)]
. (23)
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After going through rigorous calculation, and making use of equation (10), we have the
First - Order Correction to the energy eigenvalue of the quantum anharmonic oscillator given by

E(1)
m =

3c2

8

[
2m2 + 2m + 1

]
. (24)

But the unperturbed energy levels E(0)
m is also given by

E(0)
m =

(
m +

1
2

)
. (25)

Therefore, the total energy Em of the quantum anharmonic oscillator is given by

Em = E(0)
m + E(1)

m (26)

Substituting (24) and (25) into equation (26), we get the total energy Em as

Em =

(
m +

1
2

)
+

3c2

8

[
2m2 + 2m + 1

]
. (27)

Putting m = 0, 1, 2, 3, 4, 5 and c2 = 1
6 into equation (27), we have the ground state and the next four excited states energy

eigenvalues given by

E(1)
0 = 0.5625; E(1)

1 = 1.8125; E(1)
2 = 3.3125; E(1)

3 = 5.0625; E(1)
4 = 7.0625; E(1)

5 = 9.3125

The foregoing computations by means of the Ladder operator perturbation method have yielded only approximate eigen-
values of a particular quantum anharmonic oscillator. However, in the next section, we present a non-perturbative deter-
mination of the exact eigenvalues and eigenfunctions of a class of quantum anharmonic oscillators.

3. Results and Discussion

As in Oduro and Odoom (2021), the idea behind the next proposition reflects the symmetry of an anharmonic oscillator
with respect to a displacement from the origin. Thus, the most basic smooth function having this symmetry beyond the

function e−
x2
2 would be e

−

(
x2
2 + x4

24

)
. In accordance with Born’s rule, the probability density is a product of a conjugate pair

of functions. Thus, the appropriate pair of linearly independent functions would be e
−

(
x2
2 + x4

24

)
and xe

−

(
x2
2 + x4

24

)
in order to

ensure a non - vanishing Wronskian, and for these functions to be solutions of a second order differential equation while
being candidate wave functions compatible with Born’s Rule as in Spiegel,(1976).

3.1 Theoretical Results

Following the notation of Oduro and Odoom, (2021), we have:

3.1.1 Proposition 1

The set of functions
Un = xne−( x2

2 + x4
24 ) (28)

where n = 0, 1, 2, ..., constitutes a solution to the second order differential equation

d2Un

dx2 = n(n − 1)x−2Un − (2n + 1) Un −
n
3

x2Un +

(
1
2

x2 +
1
3

x4 +
1
36

x6
)

Un. (29)

Proof

We apply Leibniz Theorem to equation (28). We will let Un = uv and substitute the results into the Leibniz expansion
d2Un
dx2 = d2u

dx2 v + 2 du
dx

dv
dx + u d2v

dx2 so as to generate equation (29).

Example

Inserting n = 0 into equation (29), we obtain:[
−

1
2

d2

dx2 +
1
2

(
1
2

x2 +
1
3

x4 +
1

36
x6

)]
U0(x) =

1
2

U0(x). (30)
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Remark 1
Equations (30) is a Schrödinger equation of quantum anharmonic oscillator of the form[

−
1
2

d2

dx2 +
1
2

f (x)
]

U0(x) = λ0U0(x) (31)

where the potential f (x) =
(

1
2 x2 + 1

3 x4 + 1
36 x6

)
with an eigenvalue λ = 1

2 , and its corresponding eigenfunction U0(x) =

e−( x2
2 + x4

24 ).

Note that the U0 is the ground state of the quantum anharmonic oscillator under consideration. The corresponding energy
eigenvalue is the zero point energy.
However, for n ≥ 1, we do not obtain an eigenvalue problem and therefore we are not able to recover the Schrödinger
Equation from equation (31) at this point.
For instance, for n = 1 and n = 2 we have the respective equations as[

−
1
2

d2

dx2 +
1
2

(
1
2

x2 +
1
3

x4 +
1

36
x6

)]
U1(x) =

3
2

U1(x) +
1
6

U3(x) (32)

[
−

1
2

d2

dx2 +
1
2

(
1
2

x2 +
1
3

x4 +
1

36
x6

)]
U2(x) =

5
2

U2(x) +
1
3

U4(x) − U0(x). (33)

In the next Lemma and proposition, we seek to resolve the fore going issues regarding the explicit recovery of the
Schrödinger equation.

3.1.2 Lemma 1

Let P be a Hermitian operator acting on an inner product space H and having an eigenvalue λ. Then, ∃ a vector ε ∈ H
and a Hermitian operator P′ acting inH such that PV = λV + ε and P′V = λV where the vector V ∈ H and V ⊥ ε.
Proof
LetH = HI

⊕
HJ where I and J are index sets, andHJ = H⊥I .

By the spectral decomposition theorem (Hoffman and Kunze, 1971)), we have that

P =
∑

k

λkPk ≡
∑

k

P|V ′k (34)

where the Pks are projection operators and
PkV ′k = V ′k

and equivalently,
P|spanV ′k V

′
k = λkV ′k.

We also have
P =

∑
i∈I

λiPi +
∑
j∈J

λ jP j.

Now, let Vm ∈ (span {Vi}) where i ∈ I.
Then

PVm =
∑
i∈I

λiPi(Vm) +
∑
j∈J

λ jP j(Vm).

But
V ′m = Vm +

(
V ′m

)⊥ (35)

where
(
V ′m

)⊥
∈ span

{
V j

}
with j ∈ J.

Thus,
PiVm = Pi

(
V ′m − (V ′m)⊥

)
= Pi(V ′m) − Pi(V ′m)⊥ = 0

for i , m.
However,

Pm (Vm) = λmVm + Pm
(
V ′m

)⊥
= λmVm

for i = m.
On the other hand,

P jVm = P j

(
V ′m − (V ′m)⊥

)
= P j(V ′m) − P j(V ′m)⊥ = λ jV j,
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where we have put −P j(V ′m)⊥ = V j since V⊥m ∈ HJ . Finally, we have

PVm = λmVm +
∑
j∈J

λ jV j (36)

where Vm ⊥ V j for all j ∈ J.
Therefore

PVm = λmVm + ε (37)

where ε =
∑

j∈J λ jV j.
Moreover, we have

P′ = P|spanVm (38)

since
P|spanVm Vm = λmVm.

so that
P′V = λV (39)

where V = Vm and λ = λm.

3.1.3 Proposition 2

The family of functions {Vm(x)} satisfies the equation[
−

1
2

d2

dx2 + f (x)
]

Vm(x) =

(
m +

1
2

+
m
6
αm

)
Vm(x) +

m
6

Vm+2 +
m
6

m−2∑
k=0,1

βkVk(x), (40)

where

Vm = Um −

m−2∑
k=0,1

〈Um,Vk〉

〈Vk,Vk〉
Vk, (41)

,

αm =
〈Um+2,Vm〉

〈Vm,Vm〉
, (42)

βk =
〈Um+2,Vk〉

〈Vk,Vk〉
, (43)

and {Um} constitute solutions to equation (29).

Proof
Equation (29) can be written as[

−
1
2

d2

dx2 + f (x)
]

Um(x) =

(
m +

1
2

)
Um(x) +

m
6

Um+2 + m(m − 1)x−2Um. (44)

Following Oduro and Odoom (2021), we may carry out a change of basis (Um 7→ Vm) using Gram Schmidt orthogonal-
ization process initialized by U0 = V0 and U1 = V1.
Equation (44) then becomes [

−
1
2

d2

dx2 + f (x)
]

Vm(x) =

(
m +

1
2

)
Vm(x) +

m
6

Um+2. (45)

Equation (45) is a Schrödinger equation plus an “extra potential term” m
6 Um+2 on the RHS. We may eliminate the extra

potential term as follows: (still in the context of transforming Um 7→ Vm),

Um+2 =
〈Um+2,Vm〉

〈Vm,Vm〉
Vm +

m−2∑
k=0,1

〈Um+2,Vk〉

〈Vk,Vk〉
Vk + Vm+2 (46)

where

αm =
〈Um+2,Vm〉

〈Vm,Vm〉
Vm,
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and
βk =

〈Um+2,Vk〉

〈Vk,Vk〉
Vk.

Substituting (46) into equation (45), we have[
−

1
2

d2

dx2 + f (x)
]

Vm(x) =

{(
m +

1
2

)
+

m
6
αm

}
Vm(x) +

m
6

Vm+2 +

m−2∑
k=0,1

βkVk(x)

 . (47)

as required, where k , m.

Remark 2
In the notation of Lemma 1, equation (47) is of the form

PV = λV + ε (48)

where λ =
{(

m + 1
2

)
+ m

6 αm

}
and ε = m

6 Vm+2 + m
6
∑m−2

k=0,1 βkVk(x), since λ is the eigenvalue of the Hermitian operator[
− 1

2
d2

dx2 + f (x)
]

and Vm ⊥
m
6

(
Vm+2 +

∑m−2
k=0,1 βkVk(x)

)
.

Therefore, in accordance to Lemma 1, equation (47) can be written as[
−

1
2

d2

dx2 + f (x)
]

spanVm

Vm(x) =

{(
m +

1
2

)
+

m
6
αm

}
Vm(x). (49)

3.1.4 Proposition 3

Let a class of polynomial potential function f (x) be given by

f (x) =
(
g′(x)

)2
+ g′′(x) + C (50)

where g(x) is a polynomial of order 2p given by

g(x) =

p∑
j=1

κ jx2 j (51)

where κ j and C are real numbers. Then, the quantum anharmonic oscillator with potential f (x) has an eigenfunctions
given by

Vm = Um −

m−2∑
k=0,1

〈Um, gk〉

〈Vk,Vk〉
Vk (52)

where Un = xne−g(x) and k = 0, 2, 4 for even numbers and k = 1, 3, 5 for odd numbers.
(The choice of κ j should be consistent with the existence of inner product in the Hilbert space). Proof
The proof of this proposition is almost identical to Proposition 2 above and involves a change of basis by the Gram
Schmidt orthogonalization process as well as elimination of “extra potential term.”
Remark 3
So far, the instance of the general class of quantum anharmonic oscillators with polynomial functions which have been
elaborated here were in respect of the case p = 2 and κ1 = 1

2! , κ2 = 1
4! .

Therefore, λm =
{(

m + 1
2

)
+ m

6 αm

}
and g(x) =

(
x2

2! + x4

4!

)
so that Um = xme−( x2

2 + x4
24 ).

3.2 Specific Computations of the Eigenfunctions of the Quantum Anharmonic Oscillator

3.2.1 Even Eigenfunctions for m ≥ 2

In order to get the eigenvalue problem, we need to apply Gram Schmidt Orthogonalization process to the trial solutions
for m ≥ 2 to compute the eigenfunctions.

For convenience, we want to find V2.

We now start by setting n = 0, into equation (28) to yield

V0 = U0 = e−( x2
2 + x4

24 ). (53)
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For n = 2, we again have

U2 = x2e−( x2
2 + x4

24 ). (54)

By applying Gram Schmidt process to the trial solutions (53) and (54), we obtain

V2 = x2e−( x2
2 + x4

24 ) −

〈
x2e−( x2

2 + x4
24 ), e−( x2

2 + x4
24 )

〉
〈
e−( x2

2 + x4
24 ), e−( x2

2 + x4
24 )

〉 e−( x2
2 + x4

24 ). (55)

Equation (55) is expanded as

V2 = x2e−( x2
2 + x4

24 ) −

∫ +∞

−∞
x2e−(x2+ x4

12 )dx∫ +∞

−∞
e−(x2+ x4

12 )dx
e−( x2

2 + x4
24 ). (56)

Equation (56) may be simplified as

V2 =
(
x2 − 0.419262

)
e−( x2

2 + x4
24 ). (57)

Similarly, we want to generate V4 as we substitute V0,V2,U2, and U4 into the Gram Schmidt equation. This gives us

V4 = x4e−( x2
2 + x4

24 ) −

〈
x4e−( x2

2 + x4
24 ), e−( x2

2 + x4
24 )

〉
〈
e−( x2

2 + x4
24 ), e−( x2

2 + x4
24 )

〉 e−( x2
2 + x4

24 )

−

〈
x4e−( x2

2 + x4
24 ),

(
x2 − 0.419262

)
e−( x2

2 + x4
24 )

〉
〈(

x2 − 0.419262
)

e−( x2
2 + x4

24 ),
(
x2 − 0.419262

)
e−( x2

2 + x4
24 )

〉 (
x2 − 0.419262

)
e−( x2

2 + x4
24 ).

(58)

Equation (58) is further simplified as

V4 =
(
x4 − 2.15752x2 + 0.57839

)
e
−

(
x2
2 + x4

24

)
. (59)

Therefore, the Orthogonal Basis {V0,V2,V4} are written as

{
1,

(
x2 − 0.419262

)
,
(
x4 − 2.15752x2 + 0.57839

)}
e
−

(
x2
2 + x4

24

)
. (60)

Equation (60) replaces the original trial solution basis {U0,U2,U4}. Thus, equation (60) gives the orthogonal bases
corresponding to even trial functions which were orthogonalized.

3.2.2 Eigenvalues Corresponding to Even Eigenfunctions for V2 and V4

We want to find the eigenvalue corresponding to the eigenfunction V2.
Substituting m = 2 into equation (47), we get[

−
1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1

36
x6

)]
V2(x) =

(
5
2

+
1
3
α2

)
V2 +

1
3

V4 +
1
2

V0(x). (61)

According to equation (42) α2 is given by

α2 =
〈U4,V2〉

〈V2,V2〉
V2. (62)

Substituting the expansions of U4 and V2 into equation (62), we have

α2 = 2.15752.

If we put α2 into equation (43) and simplify, we have[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1

36
x6

)]
V2(x) = 3.22V2 +

1
3

V4 +
1
30

V0(x). (63)
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Comparing (63) to equation (49),and in accordance to Lemma 1, we can conclude that equation (63) can finally be written
as [

−
1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1

36
x6

)]
spanV2

V2(x) = 3.22V2(x) (64)

which is now an eigenvalue problem.
Similarly, for V4, putting m=4 into equation (47), we have[

−
1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1

36
x6

)]
V4(x) =

(
9
2

+
2
3
α4

)
V4 +

2
3
{β0V0(x) + β2V2 + V6} . (65)

Solving for α4 which is given by

α4 =
〈U6,V4〉

〈V4,V4〉
V4 = 4.8864V4. (66)

From equation (43), we can similarly calculate β0 and β2 as follows:

β0 =
〈U4,V0〉

〈V0,V0〉
= 0.4844

and
β2 =

〈U4,V2〉

〈V2,V2〉
= 2.15753

Substituting α4, β0 and β2 into equation (47) we have[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1
36

x6
)]

V4(x)

= 7.776V4 +
2
3
{0.844V0(x) + 2.1575V2 + V6} .

(67)

In accordance to Lemma 1, equation (67) becomes[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1

36
x6

)]
spanV4

V4 = 7.776V4. (68)

Equations (64) and (68) are the eigenvalue equations for the quantum anharmonic Oscillator representing the eigenfunc-
tions V2 and V4 respectively.

3.2.3 Computations of the Odd Eigenfunctions of the Quantum Anharmonic Oscillator for m ≥ 1

Similarly, we want to consider the Proposition 1 given above and start by setting n = 1 and n = 3 into equation (28) and
this gives us

V1 = U1 = xe
−

(
x2
2 + x4

24

)
(69)

and

U3 = x3e
−

(
x2
2 + x4

24

)
(70)

Substituting V1 and U3 into the Gram Schmidt equation (41) and proceed as the even case, we get

V3 = x3e−( x2
2 + x4

24 ) −

∫ +∞

−∞
x4e−(x2+ x4

12 )dx∫ +∞

−∞
x2e−(x2+ x4

12 )dx
xe−( x2

2 + x4
24 ) (71)

which simplifies to

V3 =
(
x3 − 1.1554x

)
e−( x2

2 + x4
24 ). (72)

We can go through the same process to generate V5 as

V5 =
(
x5 − 3.39397x3 + 1.8572x

)
e−( x2

2 + x4
24 ). (73)

The Orthogonal Basis are {
x,

(
x3 − 1.1554x

)
,
(
x5 − 3.39397x3 + 1.8572x

)}
e−( x2

2 + x4
24 ). (74)
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3.2.4 Eigenvalues Corresponding to Odd Eigenfunctions for V1, V3 and V5

From equation (28), we have V1 given by

V1 = U1 = xe
−

(
x2
2 + x4

24

)
.

To find the eigenvalue of V1 , we will put m = 1 into equation (47) given by[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1

36
x6

)]
V1(x) =

(
3
2

+
1
6
α1

)
V1 +

1
6

V3(x) (75)

Solving for α1 gives

α1 =
〈U3,V1〉

〈V1,V1〉
V1 =

6
5

V1 (76)

Substituting α1 into equation (47) we have[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1
36

x6
)]

V1(x) = 1.667V1 +
1
6

V3 (77)

where ε = 1
6 V3 = 0, and in accordance with equation (49), then equation (77) reduces to[

−
1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1
36

x6
)]

spanV1

V1(x) = 1.667V1(x). (78)

We also want to find the eigenvalue of V3 as we consider Equation (47) and substitute m = 3. This is given by[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1
36

x6
)]

V3(x) =

(
7
2

+
1
2
α3

)
V3 +

1
2

V5 +
1

20
V1(x). (79)

Solving for α3 gives

α3 =
〈U5,V3〉

〈V3,V3〉
V3 = 3.23V3. (80)

Substituting α3 into equation (79) we have[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1
36

x6
)]

V3(x) = 5.115V3 +
1
2

V5 +
1
20

V1(x) (81)

Equation (81) reduces to [
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1
36

x6
)]

spanV3

V3(x) = 5.115V3(x). (82)

We want to consider the eigenfunction V5 as we find the general equation from Equation (47) written as

[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1

36
x6

)]
V5(x) =

(
11
2

+
5
6
α5

)
V5 +

5
6

V5 +
9
5

V3(x) +
21
15

V1 (83)

Solving for α5 gives

α5 =
〈U7,V5〉

〈V5,V5〉
V5 = 6.53738V5. (84)

Substituting α5 into equation (83) we have[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1

36
x6

)]
V5(x) = 10.94V5 +

5
6

V7 +
3183

75
V3 +

27757
750

V1, (85)

where ε = 5
6 V7 + 3183

75 V3 + 27757
750 V1 = 0, then equation (85) finally reduces to[
−

1
2

d2

dx2 +
1
2

x2 +
1
2

(
−

1
2

x2 +
1
3

x4 +
1
36

x6
)]

spanV5

V5(x) = 10.94V5(x). (86)
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Table 1. A summary of the first six Energy Eigenstates Obtained from Perturbative and Non - Perturbative Methods
Energy

Eigenvalues, λm

Perturbative
Method

Non - Perturbative
Method

0 0.5625 0.500
1 1.8125 1.667
2 3.3125 3.230
3 5.0625 5.115
4 7.0625 7.758
5 9.3125 10.940

The results of calculations done in section 1 using perturbative approach appears to be of the same order of magnitude as
done using the Non - perturbative approach as summarized in table 1 above.

Table 2. Comparison of the Eigenfunctions of the Quantum Harmonic Oscillator with the Quantum Anharmonic
Oscillator under consideration

m
Quantum Harmonic

Oscillator, Vm

Quantum Anhrmonic
Oscillator,Vm

0 e−
x2
2 e−( x2

2 + x4
24 )

1 xe−
x2
2 xe−( x2

2 + x4
24 )

2 (x2 − 1
2 )e−

x2
2 (x2 − 2

5 )e−( x2
2 + x4

24 )

3 (x3 − 6
5 x)e−

x2
2 (x3 − 3

2 x)e−( x2
2 + x4

24 )

4 (x4 − 3x2 + 3
4 )e−

x2
2 (x4 − 2x2 + 3

5 )e−( x2
2 + x4

24 )

5 (x5 − 5x3 + 15
4 x)e−

x2
2 (x5 − 17

5 x3 + 19
10 x)e−( x2

2 + x4
24 )

From table 2, the polynomials associated with the eigenfunctions for both harmonic and anharmonic oscillators are distinct
but of the same order. It is observed that the eigenfunctions of the quantum anharmonic oscillator considered here
constitute a kind of generalization of the Hermite functions.

4. Conclusion

Starting with an appropriate family of solutions to a relevant second order linear differential equation, we have, by means
of Gram Schmidt orthogonalization process, been able to recover the Schrödinger Equation for a particular case of a
quantum anharmonic oscillator having potential function given by f1(x) = 1

2

(
− 1

2 x2 + 1
3 x4 + 1

36 x6
)
, together with the

eigenvalues λm =
[(

m + 1
2

)
+ m

6

]
and eigenfunctions Vm = e−( x2

2 + x4
24 ) −

∑m−2
k=0,1

〈Um,Vk〉

〈Vk ,Vk〉
Vk Specific calculations have been

performed to obtain these results for cases m = 0, 1, 2, 3, 4, 5 pertaining to the ground state and the excited states. A
comparison with results obtained elsewhere by the use of perturbation methods indicate that our results are of the same
order of magnitude. We have also shown that the method developed here is in general applicable to a specified class of
anharmonic oscillators characterized by certain polynomial potential functions with terms of even powers.
In a subsequent paper, we shall study a class of quantum anharmonic oscillator with transcendental potential functions.
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