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Abstract 

Let 𝐴 be a unital 𝐶∗-algebra, let 𝐿: 𝐴 → 𝐵(𝐻) be a linear map, and let ∅: 𝐴 → 𝐵(𝐻) be a completely positive linear 

map. We prove the property in the following: 𝑖𝑛𝑓{‖∅‖: (
∅ 𝐿 0
𝐿∗ ∅ 𝐿
0 𝐿∗ ∅

)  is completely positive } = 𝑖𝑛𝑓 {‖𝑇∗𝑇 +

𝑇𝑇∗‖
1

2:  𝐿 =  𝑉∗𝑇𝜋𝑉  which is a minimal commutant representation with isometry } . Moreover, if 𝐿 = 𝐿∗ , then 

𝑖𝑛𝑓{‖∅‖: (
∅ 𝐿 0
𝐿 ∅ 𝐿
0 𝐿 ∅

) is completely positive} = √2‖𝐿‖𝑐𝑏 . In the paper we also extend the result 𝑖𝑛𝑓{‖∅‖: (
∅ 𝐿
𝐿∗ ∅

) 

is completely positive} = 𝑖𝑛𝑓{‖𝑇‖: 𝐿 = 𝑉∗𝑇𝜋𝑉} [3 , Corollary 3.12]. 

Keywords: positive operators, completely positive maps, completely bounded maps 

AMS Subject Classification (2010): 47A63 

1. Introduction 

Let 𝑀𝑛 denote the 𝐶∗-algebra of complex 𝑛 × 𝑛 matrices and 𝐵(𝐻) the algebra of all bounded linear operators on a 

Hilbert space 𝐻.Let 𝐴 and 𝐵 be 𝐶∗- algebras and let 𝐿: 𝐴 → 𝐵 be a bounded map linear map. The map 𝐿 is called 

positive if 𝐿(𝑎) is positive whenever 𝑎 is positive. The map 𝐿 is called completely positive if 𝐿 ⊗ 𝐼𝑛: 𝐴 ⊗𝑀𝑛 →

𝐵⊗𝑀𝑛 defined by 𝐿 ⊗ 𝐼𝑛(𝑎 ⊗ 𝑏) = 𝐿(𝑎) ⊗ 𝑏 is positive for all 𝑛.  From [3], ‖𝐿‖𝑤𝜌 = 𝑠𝑢𝑝{𝑤𝜌(𝐿(𝑎)): 𝑤𝜌(𝑎) ≤

1}. The map 𝐿 is 𝑤𝜌 completely bounded if 𝑠𝑢𝑝𝑛‖𝐿⨂𝐼𝑛‖𝑤𝜌 is finite. Notice that ‖𝐿‖𝑐𝑏 = ‖𝐿‖𝑤1𝑐𝑏  and ‖𝐿‖𝑤𝑐𝑏 =

‖𝐿‖𝑤2𝑐𝑏 . The map 𝐿 = 𝐿∗ if 𝐿(𝑎) = 𝐿(𝑎∗)∗. From [2], we know that every completely bounded map 𝐿 from 𝐴 to 

𝐵(𝐻) has a minimal commutant representation 𝐿 = 𝑉∗𝑇𝜋𝑉(𝑚. 𝑐. 𝑟. 𝑖)with 𝑇 in the commutant of 𝜋(𝐴) and isometry 

𝑉. In the paper we obtain a lower bound for the set {‖∅‖:  (

∅ 𝐿 0 0
𝐿∗ ∅ ⋱ 0
0
0

⋱
0

⋱
𝐿∗

𝐿
∅

)

𝑚×𝑚

 is completely positive with 𝑚 ≥ 2} 

which extends the property [3] 𝑖𝑛𝑓 {‖∅‖: (
∅ 𝐿
𝐿∗ ∅

) is completely positive} = 𝑖𝑛𝑓{‖𝑇‖: 𝐿 = 𝑉∗𝑇𝜋𝑉 (𝑚. 𝑐. 𝑟. 𝑖)}. In 

particular, we have the value of 𝑖𝑛𝑓 {‖∅‖: (
∅ 𝐿 0
𝐿∗ ∅ 𝐿
0 𝐿∗ ∅

) is completely positive} in the paper. 

2. Infimum Norm 

Proposition 2.1. Let 𝐴 be a unital 𝐶∗-algebra and 𝐿: 𝐴 → 𝐵(𝐻) be a completely bounded map, then  𝑖𝑛𝑓 {‖∅‖: 
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 (

∅ 𝐿 0 0
𝐿∗ ∅ ⋱ 0
0
0

⋱
0

⋱
𝐿∗

𝐿
∅

)

𝑚×𝑚

 is completely positive}= 𝑖𝑛𝑓 {𝑘:   (

𝑘 𝑇 0 0
𝑇∗ 𝑘 ⋱ 0
0
0

⋱
0

⋱
𝑇∗

𝑇
𝑘

)

𝑚×𝑚

 is positive, 𝐿 = 𝑉∗𝑇𝜋𝑉 (𝑚. 𝑐. 𝑟. 𝑖)}, 

 𝑚 ≥ 2. Proof. If  (

∅ 𝐿 0 0
𝐿∗ ∅ ⋱ 0
0
0

⋱
0

⋱
𝐿∗

𝐿
∅

)

𝑚×𝑚

 is completely positive, from the proof of [4, Theorem 2.6], the matrix  

 (

‖∅‖ 𝑇 0 0
𝑇 ‖∅‖ ⋱ 0
0
0

⋱
0

⋱
𝑇∗

𝑇
‖∅‖

)

𝑚×𝑚

 is positive, where 𝐿 = 𝑉∗𝑇𝜋𝑉 (m.c.r.i) with an isometry 𝑉, a *-representation 𝜋, and 

 𝑇 in the commutant of 𝜋(𝐴). Conversely, if   (

𝑘 𝑇 0 0
𝑇∗ 𝑘 ⋱ 0
0
0

⋱
0

⋱
𝑇∗

𝑇
𝑘

)

𝑚×𝑚

 is positive and 𝐿 = 𝑉∗𝑇𝜋𝑉 (m.c.r.i), 

by [2, Proposition 2.6], we have  (

𝑘𝑉∗𝜋𝑉 𝐿 0 0
𝐿∗ 𝑘𝑉∗𝜋𝑉 ⋱ 0
0
0

⋱
0

⋱
𝐿∗

𝐿
𝑘𝑉∗𝜋𝑉

)

𝑚×𝑚

 is completely positive, where 𝑉∗𝜋𝑉 is a 

unital completely positive. 

Corollary 2.2. [3] 𝑖𝑛𝑓{‖∅‖: (
∅ 𝐿
𝐿∗ ∅

) is completely positive} = 𝑖𝑛𝑓 {‖𝑇‖: 𝐿 = 𝑉∗𝑇𝜋𝑉 (m.c.r.i)} = ‖𝐿‖𝑤2𝑐𝑏. 

Proof. 𝐿𝑒𝑡 𝑚 = 2 in Proposition 2.1. 

Lemma 2.3. (
𝑘 𝑇 0
𝑇∗ 𝑘 𝑇
0 𝑇∗ 𝑘

) ≥ 0 if and only if 𝑘2𝐼 ≥ 𝑇∗𝑇 + 𝑇𝑇∗ where 𝑘 > 0. 

Proof. Since (
𝑘 𝑇
𝑇∗ 𝑘

) ≥
1

𝑘
(𝑇, 0)∗(𝑇, 0), we have (

𝑘 −
1

𝑘
𝑇∗𝑇 𝑇

𝑇∗ 𝑘
) ≥ 0. 

Since (
𝑘 𝑇∗

𝑇 𝑘 −
1

𝑘
𝑇∗𝑇 ) ≥ 0, we have 𝑘 −

1

𝑘
𝑇∗𝑇 ≥

1

𝑘
𝑇𝑇∗. 

Lemma 2.4. [5]  𝑚𝑖𝑛 {𝑘: (
𝑘 𝑇 0
𝑇∗ 𝑘 𝑇
0 𝑇∗ 𝑘

) ≥ 0} = ‖𝑇∗𝑇 + 𝑇𝑇∗‖
1

2 . 

Proof. If  (
𝑘 𝑇 0
𝑇∗ 𝑘 𝑇
0 𝑇∗ 𝑘

) ≥ 0, applying Lemma 2.3, we have 𝑘 ≥  ‖𝑇∗𝑇 + 𝑇𝑇∗‖
1

2 . 

Since (‖T∗T + TT∗‖
1

2 )2𝐼 ≥ 𝑇∗𝑇 + 𝑇𝑇∗, applying Lemma 2.3, we have  

(

 

‖T∗T + TT∗‖
1

2 𝑇 0

𝑇∗ ‖T∗T + TT∗‖
1

2 𝑇

0 𝑇∗ ‖T∗T + TT∗‖
1

2 )

 ≥ 0. 

Theorem 2.5. 𝑖𝑛𝑓{‖∅‖: (
∅ 𝐿 0
𝐿∗ ∅ 𝐿
0 𝐿∗ ∅

) is completely positive} = 𝑖𝑛𝑓{‖𝑇∗𝑇 + 𝑇𝑇∗‖
1

2: L = V∗TπV (m.c.r.i)}. 

Proof. Let 𝑚 = 3 in Proposition 2.1, applying Lemma 2.4, we have the Theorem. 
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Lemma 2.6. Let 𝑇 ∈ 𝐵(𝐻). Then 2𝑤(𝑆𝑚)𝑆(𝐿) ≤ 𝑖𝑛𝑓{‖∅‖:   (

∅ 𝐿 0 0
𝐿∗ ∅ ⋱ 0
0
0

⋱
0

⋱
𝐿∗

𝐿
∅

)

𝑚×𝑚

 is completely positive } ≤

2𝑤(𝑆𝑚)‖𝐿‖𝑤2𝑐𝑏   (𝑚 ≥ 2), where 𝑆𝑚 = (

0 1 0 0
0 0 ⋱ 0
⋮
0

⋱
.
⋱ 1
0 0

)

𝑚×𝑚

 , 𝑆(𝐿) = 𝑖𝑛𝑓{𝑤(𝑇): 𝐿 = 𝑉∗𝑇𝜋𝑉 (𝑚. 𝑐. 𝑟. 𝑖)}, and [3, 

Corollary 3.12]  ‖𝐿‖𝑤2𝑐𝑏 = 𝑖𝑛𝑓{‖𝑇‖: 𝐿 = 𝑉
∗𝑇𝜋𝑉 (𝑚. 𝑐. 𝑟. 𝑖)}. 

Proof. From [6], we know that 2𝑤(𝑆𝑚)𝑤(𝑇) ≤ 𝑖𝑛𝑓{𝑘:  (

𝑘 𝑇 0 0
𝑇∗ 𝑘 ⋱ 0
0
0

⋱
0

⋱
𝑇∗

𝑇
𝑘

)

𝑚×𝑚

 is positive} ≤ 2𝑤(𝑆𝑚)‖𝑇‖ with 

𝑚 ≥ 2 . Applying Proposition 2.1, we have 2𝑤(𝑆𝑚)𝑖𝑛𝑓{𝑤(𝑇): 𝐿 = 𝑉
∗𝑇𝜋𝑉 (𝑚. 𝑐. 𝑟. 𝑖)} ≤ 𝑖𝑛𝑓{‖∅‖: 

 (

∅ 𝐿 0 0
𝐿∗ ∅ ⋱ 0
0
0

⋱
0

⋱
𝐿∗

𝐿
∅

)

𝑚×𝑚

 is completely positive} ≤ 2𝑤(𝑆𝑚)𝑖𝑛𝑓{ ‖𝑇‖: 𝐿 = 𝑉
∗𝑇𝜋𝑉 (𝑚. 𝑐. 𝑟. 𝑖)}. Applying [4, Theorem 2.6] 

and [3, Corollary 3.12], we have the Lemma. 

Theorem 2.7. If 𝐿 = 𝐿∗ , then 𝑖𝑛𝑓{‖∅‖:   (

∅ 𝐿 0 0
𝐿 ∅ ⋱ 0
0
0

⋱
0

⋱
𝐿

𝐿
∅

)

𝑚×𝑚

 is completely positive } =  𝑖𝑛𝑓{𝑘: 

 (

𝑘 𝑇 0 0
𝑇 𝑘 ⋱ 0
0
0

⋱
0

⋱
𝑇

𝑇
𝑘

)

𝑚×𝑚

 is positive and 𝐿 = 𝑉∗𝑇𝜋𝑉 (𝑚. 𝑐. 𝑟. 𝑖)} = 2𝑤(𝑆𝑚)‖𝐿‖𝑐𝑏. 

Proof. Applying Proposition 2.1, Lemma 2.6, and [3, Corollary 3.3], we have the Theorem. 

Corollary 2.8. If 𝐿 = 𝐿∗, then 𝑖𝑛𝑓{‖∅‖: (
∅ 𝐿 0
𝐿 ∅ 𝐿
0 𝐿 ∅

) is completely positive} = √2‖𝐿‖𝑐𝑏 . 

Proof. From [1],   𝑤(𝑆3) = 𝑐𝑜𝑠
𝜋

4
 . 

Corollary 2.9. If 𝐿 = 𝐿∗, then 𝑖𝑛𝑓{‖∅‖:  (

∅ 𝐿 0 0
𝐿 ∅ ⋱ 0
0
0

⋱
0

⋱
𝐿

𝐿
∅

)

𝑚×𝑚

 is completely positive for all 𝑚 ≥ 2} = 2‖𝐿‖𝑐𝑏 . 

Proof. 𝑙𝑖𝑚𝑚→∞𝑤(𝑆𝑚) = 𝑙𝑖𝑚𝑚→∞𝑐𝑜𝑠
𝜋

𝑚+1
. 

Example 2.10. Let 𝐿: 𝐶 → 𝑀2(𝐶) be defined by 𝐿(𝑧) = (
0 𝑧
𝑧 0

)  and ∅: 𝐶 → 𝑀2(𝐶) be defined by ∅(𝑧) = (
𝑧 0
0 𝑧

). 

Then 𝐿  is completely bounded and ∅  is a unital completely positive. Since 𝐿∗ = 𝐿  and the map (
∅ 𝐿
𝐿 ∅

)  is 

completely positive, by [3, Corollary 3.3 and Corollary 3.12], we have ‖𝐿‖𝑐𝑏 = ‖𝐿‖𝑤𝑐𝑏 = ‖∅‖ = 1. Hence 

𝑖𝑛𝑓{‖∅‖: (
∅ 𝐿 0
𝐿 ∅ 𝐿
0 𝐿 ∅

)  is completely positive} = √2 , 𝑖𝑛𝑓{‖∅‖: (

∅ 𝐿 0 0
𝐿 ∅ ⋱ 0
0
0

⋱
0

⋱ 𝐿
𝐿 ∅

)

𝑚×𝑚

is completely positive with 

𝑚 ≥ 2} = 2𝑐𝑜𝑠
𝜋

𝑚+1
, 
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and  𝑖𝑛𝑓{‖∅‖: (

∅ 𝐿 0 0
𝐿 ∅ ⋱ 0
0
0

⋱
0

⋱ 𝐿
𝐿 ∅

)

𝑚×𝑚

is completely positive for all 𝑚 ≥ 2} = 2. 
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