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Abstract
Let A be aunital C*-algebra, let L: A —» B(H) be a linear map, and let @: A — B(H) be a completely positive linear

@ L 0
map. We prove the property in the following: inf{||®||: (L* ] L> is completely positive} = inf {||T*T +
0 L ¢

1
TT*||2: L = V*TrV which is a minimal commutant representation with isometry}. Moreover, if L =L", then

@ L 0
inf{||2||: (L ) L) is completely positive} = v2||L||, . In the paper we also extend the result inf{||@||: (Lo é)
0 L o

is completely positive} = inf{||T|[: L = V*T=V} [3, Corollary 3.12].
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1. Introduction

Let M, denote the C*-algebra of complex n x n matrices and B(H) the algebra of all bounded linear operators on a
Hilbert space H.Let A and B be C*- algebras and let L: A - B be a bounded map linear map. The map L is called
positive if L(a) is positive whenever a is positive. The map L is called completely positive if L @ L,;: A Q M,, —»
B ® M,, defined by L ® I,(a ® b) = L(a) ® b is positive for all n. From [3], ||L||Wp = sup{w,(L(a)):w,(a) <
1}. The map L is w, completely bounded if supn||L®In||Wp is finite. Notice that ||L|lc, = IILIlw,cp and [[Lllyep =
ILIlw,cp- The map L = L*if L(a) = L(a")". From [2], we know that every completely bounded map L from A to
B(H) has a minimal commutant representation L = V*TrV(m.c.r.i)with T in the commutant of 7(A) and isometry

@ L 0 0
V. In the paper we obtain a lower bound for the set {||@]: g ® ,':' (i is completely positive with m > 2}
0 0 L9

mxm

which extends the property [3] inf {||9]|: (f L) is completely positive} = inf{||T||: L = V*TrV (m.c.r.i)}. In

)
@ L 0
particular, we have the value of inf {||9]|: (L* )] L) is completely positive} in the paper.
0 L ¢

2. Infimum Norm

Proposition 2.1. Let A be a unital C*-algebra and L: A — B(H) be a completely bounded map, then inf {||®|:
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@ L 0 0 kT 00
L(; @ '. (z is completely positive}= inf {k: 76 ke OT is positive, L = V*TrV (m.c.r.i)},
0 0 L' 8/ ,um 0 0 T k/,um
@ L 0 0
m > 2. Proof. If LO @ ) (z is completely positive, from the proof of [4, Theorem 2.6], the matrix
0 O L* ® mxm
ol T 00
g ”?” . OT is positive, where L = V*TrV (m.c.r.i) with an isometry V, a *-representation m, and
0 0 T 181/
k T 0 O
T inthe commutant of w(A4). Conversely, if 7;) k 2, is positive and L = V*TrV (m.c.r.i),
0 0 T k/pmxm
kV*nV L 0 0
- L kV*nV 0 ; . w1y
by [2, Proposition 2.6], we have 0 . . L is completely positive, where V*rV is a
0 0 L kV*aV/ pm

unital completely positive.

Corollary 2.2. [3] inf{||?]|: (LQ) é) is completely positive} = inf {|IT||: L = V*TrV (m.c.ti)} = |[Llly,cp-

Proof. Let m = 2 in Proposition 2.1.

k T O

Lemma 2.3. (T* k T) >0 ifand only if k21 > T*T + TT* where k > 0.
0 T k
k T

1 *
Proof. Since ( ) > %(T, 0)*(T,0), we have (k —x T T) > 0.

T k T k

. k T T g,
Since | p k—%T*T > 0, we have k=TT =_TT".

k T O 1
Lemma24.[5] minfk: (T* k T|=0}=|TT+TT= .
0 T k
k T O 1
Proof. If | T* Kk T |=0,applying Lemma 2.3, we have k > ||T*T +TT"||z .
0 T k

1
Since (|IT*T + TT*||z)2I = T*T + TT*, applying Lemma 2.3, we have

1
IT*T + TT*|| T 0
1
T* IT*T + TT*||2 T = 0.
1

0 T* IT*T + TT*||z

@ L 0 s
Theorem 2.5. inf{]|9]|: (L* )] L) is completely positive} = inf{||T*T + TT*||z: L = V*TnV (m.c.r.i)}.

0 L 0

Proof. Let m = 3 in Proposition 2.1, applying Lemma 2.4, we have the Theorem.
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9 L 0 0
Lemma 2.6. Let T € B(H). Then 2w(S,,)S(L) < inf{||9|l: LJ (2) _ % is completely positive } <
00 o,..
01 0 O
2w(Sp)Llhy,er (m 2 2), where S, =(9 2 " 0 . S(L) = inf{w(T): L = V*TrV (m.c.r.i)}, and [3,
0 . 0 0/ um
Corollary 3.12] ||L|lw,cp = inf{lIT|l: L = V*TrV (m.c.r.i)}.
k T 0 0
Proof. From [6], we know that 2w(S,,)w(T) < inf{k: 7;) koo ° is positive} < 2w(S,)IITIl with
0 0 T ks

m=>2 . Applying Proposition 2.1, we have 2w(S,)inf{w(T):L = V*TnV (m.c.r.i)} < inf{||9|:

9 L 0 0

Lo is completely positive} < 2w(S,,)inf{ ITIl:L = V*TrV (m.c.r.i)}. Applying [4, Theorem 2.6]

o0 o,
and [3, Corollary 3.12], we have the Lemma.

9 L 0 0
Theorem 2.7. If L=1L", then inf{||®]: 6 4 .'_'_' 2 is completely positive } = inf{k:
00 L o ..

k T 0 0

g ko 9 is positive and L = V* TV (m.c.r.i)} = 2w(S;) 1L oo-

0 0 T k

mxm

Proof. Applying Proposition 2.1, Lemma 2.6, and [3, Corollary 3.3], we have the Theorem.

@ L 0
Corollary 2.8. If L = L*, then inf{||?]|: (L 1) L> is completely positive} = v2||L|| .
0 L ¢
Proof. From [1], w(S;) = Cos% .
@ L 0 O
Corollary 2.9. If L = L*, then inf{||2]|: 8 Q) § (L) is completely positive for all m > 2} = 2||L]|.
0 0 L @ mxm

Proof. lim,ow(Sy,) = lim,,_.cos #

Example 2.10. Let L: C — M,(C) be defined by L(z) = (g 7) and : € M,(C) be defined by 0(2) = (* g)

Then L is completely bounded and @ is a unital completely positive. Since L* =L and the map (? é) is

completely positive, by [3, Corollary 3.3 and Corollary 3.12], we have ||L||., = l|L|lwer = II9]l = 1. Hence

@ L 0 @ L 0 0
inf{||2||: (L [0) L) is completely positive} = V2, inf{||9]|: é @ 2 is completely positive with
0L o 00 L @
mxm

mz=2}= ZCOS#,
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L 0 O

and inf{]|9|l: é 4 2 is completely positive for all m > 2} = 2.
0 0 L ¢ mxm
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