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Abstract

In this paper, we present a novel intra-firm diffusion model to predict the variation of Penetration Level (PL) with the
Intensity of Use (IU) and Speed of Adoption (SA) with respect to information and communication technologies (1.C.T)
within Tunisian Small Medium Enterprises (SMESs). The study was motivated by the work of Youssef et al., (2014), and
its inspired data scope/range. The method of modeling focuses on optimization and non-linear regression. The first model
has the capacity to compute the variation of PL with IU. However, this first model was modified to a second model
through transformation in order to derive physical meaning to the parameters. The modified second model shows a
quasi-vertical curvature which approximates the reciprocal of hyperbolic tangent. The Variation of PL with the SA was
computed using the second model which estimated the parameters with the variables explaining about 62% variation in
PL with SA (% = 0.0655,R? = 0.61651). We further formulated a third model to predict correlation of SA with PL,
while imposing boundary assumptions to avoid problems of divergence; with the final model having a PL as the only
adjustable parameter. The model exhibited a plateau effect at points (0.9933,0.4373) and (0,0) between two steeply
vertical asymptotes at -0.06105 and 1.0013, respectively. The developed model can be useful for eliciting information
when data from different countries (or surveys) are compared for same or different span time through examining the
behavior of the parameters, especially after Covid-19 era.
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1. Introduction

Oladipo et al. (2020) after reviewing literature identified that the parameters that control I.C.T usage are highly causative.
Penetration of I.C.T has been found to be the backbone of development in High-, Middle- and Low-income countries
depending on the extent of investment in I.C.T. Frontier economy coupled with speedy economic growth and
development are hinged on the penetration of modern means of I.C.T. In modeling performance of I.C.T., the parameters
which include penetration level, Intensity of use and the SA are sufficient indicators (Batuo, 2015). Furthermore, I.C.T
penetration has more than doubled in some regions of the world since 2000 (ITU, 2018). Hwang and Shin (2017) found
that I.C.T. investments play a salient role in economic growth in Korea. Latif et al. (2018) also found a causal relationship
between economic growths, I.C.T. and other macroeconomic variables. Again, I.C.T in recent years have attracted
extensive amount of investment from both the public and the private sectors especially due to COVID-19.

In an explorative survey aimed at identifying the training needs of entrepreneurs and employees within SMEs from the
Suceava, Chernivtsi, and Balti regions of Romania, Carmen et al. (2020) found among others that I.C.T investment
improved work processes within SME’s.

Lockdowns or social distancing policies which have been enforced in many countries with the aim of controlling the
spread of COVID-19 have led to the unavoidable surge in the use of digital technology worldwide. This surge exposes the
struggle to ensure continuity of delivery of services which hitherto required face-to-face interaction. With more countries
experiencing the second and third wave of the pandemic, it is expected that digital technology penetration, intensity and
speed of usage would be further deepened due to restrictions imposed on face-to-face practice mostly for non-essential
service category. The intensity, penetration and speed of use of digital technology are expected to vary during the periods
of relaxation or enforcement of lockdown measures; especially as the uncertainties associated with COVID-19 intensify



http://jmr.ccsenet.org Journal of Mathematics Research \ol. 13, No. 6; 2021

(Faye et al., 2020).

In the pre-Covid-19 era, captured in the work of Youssef et al. (2014), Digital Technology was classified under three
heterogeneous clusters which included the; (1) first wave technologies such as fixed phones, desk top computers and
software’s that serve a general purpose; (2) Second wave technologies which include internet, e-mail, free software,
specific software and mobile phones; and (3) Third wave technologies such as intranet, laptops, video conference and
electronic data interchange (EDI). The resulting model was S-shaped (sigmoid), where the first wave technologies with
high speed of adoption and intensity of use were found to be localized on top of the curve. With the emergence of
COVID-19 which had the necessitated the frequent use of digital technologies, it would be of interest to scientifically
determine any change in the classified digital technologies with respect to the three parameters such as intensity of use,
penetration and speed of use in this pro-COVID era.

In light of the spontaneous nature in which most nations are shifting to digital technological services (due to the
uncertainties associated with the long period of COVID-19) in their quest to adjust to the new COVID-19 era, there is
burgeoning need for to study the correlation between the three parameters of penetration level (PL), Intensity of use (1U)
and the speed of Adoption (SA) which control I.C.T patronage.

In this work, we set the basis for a future work on COVID-19 with respect to modeling intra-firm diffusion to predict the
variation of PL with IU, PL with SA and SA with PL. Thus, the study seeks to model the variation of PL with IU and SAin
I.C.T. usage within Tunisian SMEs; based on a data inspired from the work of Youssef et al. (2014) in a pre-COVID-19
era.

2. Suggested Models

Fig. 1 represents the variation of penetration Level (PL) with the Intensity of Use (IU). Due to the few
experimental data points, we were forced to use certain boundary conditions to consolidate the nonlinear regression
to converge and give physically valid results. For this fact, we have assumed that we can only have a penetration
level (PL = 0) if the intensity of use is also zero (Ul = 0). So, the mathematical suggested model must obey to the
following conditions:
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Figure 1. Variation of Penetration Level (PL) with the Intensity of Use (IU). (e): Experimental; (o): calculated with the
Suggested model (Eg. 1)

Considering the rapid reaching to the limit and the change of curvature, we suggest the following exponential
formcorrelating PL with 1U:

Plog,=1— e—IU.(ao—a1.1U+a2.IU2) (1)
Where the a; are three optimal adjustable parameters obtained by non linear regression and presented in the Table
A.



http://jmr.ccsenet.org Journal of Mathematics Research \ol. 13, No. 6; 2021

Table A. Optimal Parameters Values of Eg. 1

Parametersof Eq. 1 | ag a a,

Value 0.14055 0.085592 0.044738
A mathematical function study permits us to determine the Inflection point (F) which occurs at 1Uy, = 2.8 for
which PL exceeds 50% (PL,=0.5). We can add that the inflection point (F) delimits two phases of assimilation
behavior such as accelerated and delayed phase (Fig. 1).

In this context, and for giving eventual physical significance of parameters, we make some transformations of the
Eq. 1a’to be re-expressed as follows:

1U

_ ——— (1—a1.1U+a,.1U?)
PLegic =1—e 1Uc

(1c)

Whereg; are two dimensionless adjustable parameters and 1Uc is the characteristic Intensity of Use which represents the
limiting value of 1U for which PL reaches practically its limit (100%). The obtained values by nonlinear regression are
presented in the Table B. In addition, the IUc parameter sort of represents how quickly PL reaches the limit.

We note that physically that we can link the a;—coefficients to a particular intensity of use expressed as follows:

U, = —
U = 1 (B)
27 V&,
Table B. Optimal Parameters Values of Egs...and ....
Eq. 1c IUc o 0
Value 7.115 0.6090 0.04473830183
Eq. B U, U,
Value 1.6421 1.8202

We remark that both the two values (1U; and 1U,) are situated in the interval of accelerated phase (1).
Fig. 2 represents the variation of penetration Level (PL) with the Speed of Adoption (SA). In the same context, due
to the few experimental data points and some dispersion, we were forced to use certain boundary conditions to
consolidate the nonlinear regression to converge and give physically valid results. For this fact, we have assumed
that we can only have a penetration level (SA = 0) if the intensity of use is also zero (SA = 0). So, the mathematical
suggested model must obey to the following conditions:
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Figure 2. Variation of Penetration Level (PL) with the Speed of Adoption (SA). (e): Experimental; (o): calculated with the
suggested model (Eq. 2)
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Around the PL-midst (Fig. 2), there is practically a vertical curvature, the shape of which approaches the inverse function
of the hyperbolic tangent. For that, | suggest the following expression:

Z(X;xo)
e 1 -1
Y=Yottax—Gamg (2a)
e 1 +1
In this context, and for giving eventual physical significance of parameters, we make some transformations of the Eqg. 2a”
to be re-expressed as follows:

,(SA=SAg)
SA1 1

PL = PLy + PLy * “tpgay— )

e’ SA1 41

Table 2. Estimated Parameters using a Nonlinear Regression Model

Parameter Value Error
SA or Xg 0.1424 0.06047
PLo Or Yo 0.46954 0.13167
SAort 0.19144 0.13008
PL;ort, 0.53059 0.14646
R? Chi?/DoF
0.61651 0.0655

Nevertheless, regarding that the parameter (t; or SA,) is responsible of the verticality trend (Fig. 2) which it needs to be
more improved after the first nonlinear regression (Table 2). For this fact, we fix all parameters with the exception of t; to
give more optimization and to obtain t; = 0.09984. We observe several points of convergence of the iteration of nonlinear
regression. This stems from little number of data points and their great dispersion. We assume that there may be another
better estimate.

Normally and due to symmetry, y, and t, must be equal to 0.5, X, is the level of plateau of Figure 2 (SA) for which there is
a change of phenomenon behavior and it’s more shown in Figure 3.
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Figure 3. Variation of the Speed of Adoption (SA) with the Penetration Level (PL). (e): Experimental; (o): calculated
with the Suggested Model (Eq. 3)

The reciprocal function expressed by Eq. 2 leads us to obtain the following expression:

SA;
2

In(Ea=PlotPly (3a)

SA =SA,+
PLy+PLy—PL
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PL, and PL, values are very close to 0.5 because that theoretically, they are equal to 0.5. Nevertheless, if we use 0.5 in
regression, it can create some problems of divergence under the boundary limits or it can give some results out of the
mathematical definition domain of the suggestion function.

PL, > PL,
PL; + PLy mustbe slightly > 1 (D)
PL1 + PLO = 1 + €
Where ¢ is a negligible positive value very near to zero. We obtain then the following numerical application on Eg.
3a,

0.09984 0.53059—-0.46954+PL

SA = 0.1424 + In( ) (3b)
2 0.53059+0.46954—PL
Finally, we have:
SA = 0.1424 + 0.04992 * [n(X210+ Ly (3c)
1.00013—-PL

Nevertheless, we have fixed some variables and make one as a free adjustable parameter to obtain the minimum of
discrepancy with experimental data. \We obtain then the following optimal expression:

0.06105+PL.

SA =0.169785 + 0.06072 * ln(m)

(3d)

The graph below exhibits a plateau effect between steeply vertical asymptotes. Vertical lines can be seen on the graph near
the centre where the function grows without bound. These vertical lines are the vertical asymptotes. To find these
asymptotes, we first find the derivative of the SA with respect to PL and equate the denominator function to zero (i.e.,
where the rational function is undefined).
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Figure 4. Graph Showing the Centre of Plateau
dSA 1 d (0.06105+x
arL — 006072 [w X E(1.00013—x)] (3e)
1.00013—PL
dﬁ = 0.06072 [1.00013—PL 1(0.06105+x)] (3f)
dPL 0.06105+PL dx \1.00013—x
Using the quotient rule and simplifying, we obtain
dﬁ = 0.06072 [1.00013—PL 1.06118 ] (39)
dPL 0.06105+PL ~ (1.00013—PL)?2
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dsA _ [ 0.06072 1.06118 ] @3h)
apL ~ L(0.06105+PL) © (1.00013—PL)
dsa _ 0.064435 ] (3i)
dpL ~ L(0.06105+PL)(1.00013—PL)

The function attains vertical asymptotes at 0.06105 + PL = 0 so that PL = —0.06105 or at 1.00013 —PL =0
where PL=1.0013

Table 3. Table showing Estimated Values of the Parameters using Formulated Model

:)?tﬁzzlty Penetration Level Speed of Adoption
IUexp PLexp PLcal, PLcal, SAexp SAcal;
0 0 0.0000 -0.00316 | 0 0.0000
1.27 0.115 0.12374 0.32332 0.11416 0.07172
1.55 0.142 0.16374 0.64340 0.17637 0.08227
1.72 0.182 0.19441 0.69312 0.18727 0.08181
2.18 0.365 0.30450 0.84477 0.23041 0.14554
3.18 0.676 0.63943 0.86409 0.23810 0.21967
3.22 0.709 0.65311 0.76270 0.20450 0.22885
3.78 0.791 0.82176 0.61865 0.17123 0.25508
3.12 0.581 0.61867 0.38784 0.12690 0.19568
3.39 0.703 0.70938 0.46659 0.14184 0.22713
4.39 0.905 0.93623 0.58224 0.16393 0.31053
4.49 0.953 0.94793 0.67938 0.18416 0.35612
4.76 0.966 0.97141 0.98329 0.34843 0.37649
4.88 0.986 0.97865 0.99764 0.44444 0.43121
PLcal, is the estimated value of PL using model 1 (Eq. 1).
PLcal, is the estimated value of PL using model 2 (Eq. 2).
SAcalj is the estimated value of SA using model 3 (Eq. 3).
Table 4. Standard Errors and Deviations of Formulated Models
SD SE
PLcal; 0.03077 0.00822
PLcal, 0.28884 0.077195
SAcal; 0.08615 0.02303

3. Conclusion

This paper was aimed at modeling the correlation between the parameters PL with 1U, PL with SA and SA with PL that
predict the I.C.T. usage of SMEs in Tunisia. The inflection point of the model occurs at 1U = 2.8 (for which PL exceeded
50% (PL=0.5)) with a limiting value of IUc ~ 7.115, being the threshold for which PL reaches its limit (100%). The
computed values for Intensity of use give an indication that the rate or motivation criterion for PL with SA is greatly
accelerated. The model was used to estimate the correlations that exist between each pair of the three parameters. The first
model predicted the variation of PL with IU. The modified second model predicted the variation of PL with the SA
explaining about 62% variation in PL with SA(y? = 0.0655,R? = 0.61651). The third model which had an adjustable
parameter, exhibited a plateau effect at the points (0.9933, 0.4373) and (0,0) near the centre, between two steeply vertical
asymptotes at PL =-0.06105 and 1.0013 predicted the correlation of SA with PL, while imposing boundary assumptions
to avoid problems of divergence; with the final model having a PL as the only adjustable parameter. Due to the small data
points and the dispersion of the scatter plot, we can deduce that the model is reliable. In conclusion, there is a causal
correlation among the three parameters studied in this paper. The success of this model spurs on the formulation of similar
models in this Covid-19 era which has been characterized with evolving penetration of I.C.T.

4, Recommendation

Future researchers may test the model on new surveys at recent periods and for other countries to see to how evolve the
amplitude of parameters and conclude how this fact as a criterion or diagnostic for each specific situation. In this long
period of Covid-19, the I.C.T is more developed in all countries, the electronic learning; administrations, correspondences,
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etc. augment considerably. So, it is excellent idea for any ulterior survey to clearly see changes of values of the parameters
of the suggested equations which may lead to more physical meanings. The parameters of equations can give an idea of
the intelligence (or speed of evolution of technologies etc), when we test it at different countries and or the evolution of
intelligence when tested for different years.
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Table 6. 3D Parameters Interaction Effect

X y z
PL/SA IU/SA SA
PL*SA IU*SA SA
PL*SA PL*IU PL
PL*IU IU*SA 10)
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Table 7. Estimated Relationship between interactions of 3D Parameters

PL/SA IU/SA PL*SA IU*SA PL*IU PL/IU
0.0000 0.0000 0.0000
1.0074 11.125 0.013128 0.14498 0.14605 0.090551
0.80514 8.7885 0.025044 0.27337 0.22010 0.091613
0.97188 9.1848 0.034082 0.32210 0.31304 0.10581
1.5841 9.4612 0.084101 0.50230 0.79570 0.16743
2.8392 13.356 0.16095 0.75714 2.1497 0.21258
3.4670 15.746 0.14499 0.65849 2.2830 0.22019
4.6194 22.075 0.13545 0.64726 2.9900 0.20926
45783 24.586 0.073731 0.39594 1.8127 0.18622
4.9562 23.899 0.099716 0.48085 2.3832 0.20737
5.5205 26.779 0.14836 0.71967 3.9729 0.20615
5.1748 24.381 0.17551 0.82689 4.2790 0.21225
2.7724 13.661 0.33659 1.6585 4.5982 0.20294
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