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Abstract

Inspired by the results that functions preserve orthogonality of full matrices, upper triangular matrices, and symmetric ma-
trices. We finish the work by finding special orthogonal matrices which satisfy the conditions of preserving orthogonality
functions. We give a characterization of functions preserving orthogonality of Hermitian matrices.
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1. Introduction

For an arbitrary field F, Mn(F) denotes all n × n matrices over F, S n(F) denotes all n × n symmetric matrices over F.
Let C and R be the field of complex numbers and the field of real numbers respectively, meanwhile, R∗ be the field of
real numbers without 0. Hn(C) denotes all n × n Hermitian matrices over C. Let f : C → C be the function such that
A f =

(
f (ai j)

)
when A = (ai j).

The real motivation of this paper derived from linear preserver problems which have become the major topic in the
research of matrix theories. Kalinowski in 2002 proved the theorem (Kalinowski, 2002), i.e. if the function f : R → R
which is odd and strictly increasing satisfies

rank(A f ) = rank(A),∀A ∈ Mn(R)

then there exists a positive constant c ∈ R such that

f (x) = cx,∀x ∈ R.

Then in 2003 Kalinowski gave a complete characterization of functions preserving ranks of all matrices, without additional
assumption on f (i.e. continuity or others) that is the function f : R → R preserves rank of matrices if and only if
f (x) = c · x, where c , 0 is a constant (Kalinowski, 2003). Hao and Zhang in 2005 generalized the results of Kalinowski
and gave the theorem (Hao & Zhang, 2005),i.e. for any fixed integer k which satisfies 2 ≤ k < n, the function f : F → F
satisfies

rank(A) = k ⇒ rank(A f ) = k, A ∈ Mn(F)

if and only if there exist a non-zero scalar c and an injective field endomorphism δ of F such that

f = cδ.

Fan in 2015 used the results of Hao and Zhang, characterized the function preserving orthogonality on the spaces of full
matrices, upper triangular matrices, and symmetric matrices,respectively (Fan, 2015), if and only if the function satisfies

f = cδ

where c ∈ F , δ is an injective field endomorphism.

The purpose of this paper is to find new Hermitian matrices that satisfied the conditions of function preserving orthog-
onality,which can further enrich function preservation problems.The idea of Hermitian matrices is inspired by the thesis
(Tang & Cao, 2005).

2. Preliminaries

The following definitions and lemma can be resulted from the paper (Fan, 2015).

Definition 1 The n × n matrices A and B is orthogonal if A, B ∈ Mn(F), AB = BA = 0.

Definition 2 The function f : C→ C preserves orthogonality on the spaces of Hermitian matrices over field if f satisfies

AB = BA = 0 =⇒ A f B f = B f A f = 0,∀A, B ∈ Hn(C);
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Definition 3 The function f : C→ C is the field endomorphism if f satisfies

f (α + β) = f (α) + f (β), f (αβ) = f (α) f (β),∀α, β ∈ C.

Lemma 1 The function f preserves orthogonality on the spaces of S n(F) if and only if f = cδ, where c ∈ F, δ is the
injective field endomorphism.

3. Main Result

Theorem 1 The function f preserves orthogonality of Hn(C)(n ≥ 3) if and only if f = cδ, where c ∈ C, δ is the injective
field endomorphism.

Proof. Since the sufficiency part is obvious, we consider only the necessary part. As f ≡ 0 is satisfied, the discussion is
divided into the following three cases assuming that f , 0.

Case 1 f (b1i + b2i) = f (b1i) + f (b2i), f (1) f (b1i · b2i) = f (b1i) f (b2i), for all b1, b2 ∈ R

For any x ∈ R, let A1 =

 x xi 0
−xi x 0
0 0 0

 ⊕ 0, B1 =

 x −xi 0
xi x 0
0 0 0

 ⊕ 0, A1, B1 ∈ Hn(C), thus A1B1 = B1A1 = 0. By the

definition of f and calculation, we obtain
f (0) = 0 (1)

f 2(0) + f 2(x) + f 2(xi) = 0 (2)

Through analyzing it follows from f (x) = 0 and (2) that f (xi) = 0. It implies that f ≡ 0 which conflicts with the
assumption f , 0. From the above , it follows that f (x) , 0 and thus f (xi) , 0, when x , 0.

For any x ∈ R, let A2 =

 1 1 i
1 1 i
−i −i 1

 ⊕ 0, B2 =

 −x 0 xi
0 x −xi
−xi xi 0

 ⊕ 0, A2, B2 ∈ Hn(C), thus A2B2 = B2A2 = 0. Then

we obtain
f (0) f (i) + f (1)

[
f (xi) + f (−xi)

]
= 0 (3)

From the above f (0) = 0, f (1) , 0, we have
f (−xi) = − f (xi) (4)

Let A3 =

 1 1 −b1i
1 1 −b1i

b1i b1i b2
1

 ⊕ 0, B3 =

 b2
1 + 2b1b2 −b1b2 (b1 + b2)i
−b1b2 0 −b2i

−(b1 + b2)i b2i 1

 ⊕ 0, A3, B3 ∈ Hn(C), thus A3B3 = B3A3 = 0.

Then we obtain
f (1)

[
f ((b1 + b2)i) + f (−b1i) + f (−b2i)

]
= 0 (5)

As f (1) , 0 and (4), we have
f (b1i + b2i) = f (b1i) + f (b2i) (6)

Let A4 =

 b2
1 −b1i −b1i

b1i 1 1
b1i 1 1

⊕0, B4 =

 −1 −(b1 + b2)i b2i
(b1 + b2)i −b1(b1 + b2) 0
−b2i 0 b1b2

⊕0, A4, B4 ∈ Hn(C), thus A4B4 = B4A4 = 0.

By the direct calculation, we obtain

f (1) f (0) + f (1) f (b1b2) + f (b1i) f (b2i) = 0 (7)

With (4) and f (0) = 0, we have
f (1) f (b1i · b2i) = f (b1i) f (b2i) (8)

Let δ = f −1(1) f , we use (6) such that

δ(b1i + b2i) = f −1(1) f (b1i + b2i) = f −1(1) f (b1i) + f −1(1) f (b2i) = δ(b1i) + δ(b2i) (9)

Applying (8) , we can get

δ(b1i · b2i) = f −1(1) f (b1i · b2i) = f −1(1) f −1(1) f (b1i) f (b2i) = δ(b1i)δ(b2i) (10)
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With (8) we have f 2(1) = f (1) f (bi · (bi)−1) = f (bi) f ((bi)−1) , 0,∀b ∈ R∗, hence we obtain

∀b ∈ R∗, f (bi) , 0 (11)

If δ(b1i) = δ(b2i), we conclude that b1i = b2i by (4), (6), (9) and (11).

Case 2 f (a1 + a2) = f (a1) + f (a2), f (1) f (a1a2) = f (a1) f (a2), for all a1, a2 ∈ R

The following conclusions are obtained immediately from the proof of Lemma 1

f (−a1) = − f (a1) (12)

f (a1 + a2) = f (a1) + f (a2) (13)

For any a1, a2, c ∈ R, let A5 =

 1 ci a2
−ci c2 −a2ci
a2 a2ci a2

2

 ⊕ 0, B5 =

 c2 − a1a2
2 −ci a1a2

ci 1 0
a1a2 0 −a1

 ⊕ 0, A5, B5 ∈ Hn(C), thus

A5B5 = B5A5 = 0. Then we have
f (1) f (a1a2) + f (ci) f (0) + f (−a1) f (a2) = 0 (14)

Applying (12) and f (0) = 0, we can get
f (1) f (a1a2) = f (a1) f (a2) (15)

Let δ = f −1(1) f , we use (13) such that

δ(a1 + a2) = f −1(1) f (a1 + a2) = f −1(1) f (a1) + f −1(1) f (a2) = δ(a1) + δ(a2) (16)

Applying (15) , we obtain

δ(a1a2) = f −1(1) f (a1a2) = f −1(1) f −1(1) f (a1) f (a2) = δ(a1)δ(a2) (17)

With (15) , we have f 2(1) = f (1) f (a · a−1) = f (a) f (a−1) , 0,∀a ∈ R∗, hence we obtain

∀a ∈ R∗, f (a) , 0 (18)

If δ(a1) = δ(a2), we conclude that a1 = a2 by (12), (13), (16) and (18).

Case 3 f (a1 + b2i) = f (a1) + f (b2i), f (1) f (a1 · b2i) = f (a1) f (b2i), for all a1, b2 ∈ R

Let A6 =

 1 −b2i 1
b2i b2

2 b2i
1 −b2i 1

 ⊕ 0, B6 =

 −a1 −1 a1 + b2i
−1 0 1

a1 − b2i 1 −a1

 ⊕ 0, A6, B6 ∈ Hn(C), thus A6B6 = B6A6 = 0. By the

direct calculation, we obtain

f (1)
[
f (a1 + b2i) + f (−a1) + f (−b2i)

]
= 0 (19)

Applying (4), (12) and f (1) , 0 , we have

f (a1 + b2i) = f (a1) + f (b2i) (20)

Let A7 =

 1 1 b2i
1 1 b2i
−b2i −b2i b2

2

 ⊕ 0, B7 =

 0 −a1b2
2 a1b2i

−a1b2
2 a1b2

2 0
−a1b2i 0 −a1

 ⊕ 0, A7, B7 ∈ Hn(C), thus A7B7 = B7A7 = 0. We

obtain
f (1) f (a1 · b2i) + f (−a1) f (b2i) = 0 (21)

Applying (12) , we have
f (1) f (a1 · b2i) = f (a1) f (b2i) (22)

Let δ = f −1(1) f , we use (20) such that

δ(a1 + b2i) = f −1(1) f (a1 + b2i) = f −1(1) f (a1) + f −1(1) f (b2i) = δ(a1) + δ(b2i) (23)
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Applying (22) , we have

δ(a1 · b2i) = f −1(1) f (a1 · b2i) = f −1(1) f −1(1) f (a1) f (b2i) = δ(a1)δ(b2i) (24)

Next let us prove δ is injective.

If δ(a1 + b1i) = δ(a2 + b2i), we can conclude that a1 + b1i = a2 + b2i which follows from (23) and the discussion of case 1
and case 2.

In conclusion, the necessity is proved, that is f = cδ, where c = f (1), δ is the injective field endomorphism.

4. Conclusion

The problem of functions preserving orthogonality of Hermitian matrices has proved. But there are other matrices like
skew symmetric matrices and skew Hermitian matrices have no researched which we can attempt to do for further study.
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