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Abstract

In this work the Homotopy Perturbation Method (HPM) is used to find an exact or approximate solutions of Lotka-Volterra
models. Then we compare the HPM solution with the solution given by SBA (Somé Blaise Abbo) method.
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1. Introduction

We are interested in the resolution of nonlinear systems of general form :

% = flu,v)+gu,v)
% = o@u,v) +y(u,v)

in a suitable Hilbert space, where f(u, v) et ¢(u, v) are the linear functions and ¢(u, v) and ¥(u, v) are nonlinear fonction.

These systems model a large number of phenomena in biomathematics. They are also Lotka-Volterra equations type of
the form:

d
d—b; =  au+ buv
d
d_‘t} = —cv+buy

In this article, we use Homotopy Perturbation Method (BAGAYOGO, M, 2019; M.S.H. Chowdhury & et al., 2010) to
solve Lotka-Volterra models. Then we compare the HPM solutions with the solution given by SBA (Som Blaise Abbo)
method (MINOUNGOU,Y., 2019; PARE, Y., 2010). SBA (MINOUNGOU,Y., 2019; PARE, Y., 2010; YARO, R., 2016)
method is a numerical method for obtaining exact or approximate solutions of linear or nonlinear equations.

The paper is organized as follows: in the following section the homotopy perturbation method is explained. In Section 3
we solve two problems. Numerical results are reported in Section 4. Finally, the paper is concluded in Section 5.

2. HPM for System of ODEs

To illustrate the basic idea of the HPM for system of PDEs, we consider the following non-homogeneous, non- linear
system of ODEs ( M.S.H. Chowdhury & et al., 2010; M.S.H. Chowdhury & et al., 2015).

du
d_tl+81(t,u1,uz,"',um) = A (1)
du
d—t2+g2(l,u1,uz,"',um) = A0 )
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duﬂl
d +gm(ts Ui, Uy, - S lUy) = fm(t) 3
t
subject to the initial conditions
u1(0) = ¢y wa(0) = ca, -+, um(0) = cpy 4)
where u,, = u,,(¢) and f,, = f,.(®)
First write system (1)-(3) in the operator form:
L(uy) + Ny(uy,uo, - yup)—fi = 0 (5)
L(uz) + No(uy, up, -+ su)—fo = 0 (6)
L(uy) + Npy(ui,up, -« thy) — fm =0 (N

de
subject to the initial conditions (4), where L(:) = % is linear operator and Ny, Ny, - -+ , N,, are nonlinear operators.

According to HPM (BAGAYOGO, M., 2019; BAGAYOGO, M., 2018; BAGAYOGO, M. & et al., 2019) , we construct a

homotopy for (5)-(7) which satisfies the following relations:

L(uy) = L(vi) + pL(v1) + p [Ny (uy, u, - -+, ) — fi]
L(up) — L(v2) + pL(v2) + p [Na(uy, uz, - -+ ) = fo]

L(uy) — L(vi) + pL(vip) + p [Nm(uh Up, -+ Upy) — fm]

I
o O

|
(=)

®)

where p € [0, 1] is an embedding parameter and vy, v,,- - , v, are initial approximations which satisfying the given

conditions. Consider the initial approximations as follows:

uy () vi(®) = u1(0) = ¢
() = va() =u2(0) =

V() = uy,(0) = ¢y

Mm,()(t)

and

1 () + pui () + prus () + - -
Uz,0(t) + i1 () + prusp(t) + -

uy (1)

u (1)

U@ = U o(t) + Pty (£) + PPUty (D) + -+

where u;; (i =1,2,---,m; j=1,2;,---,---) are functions yet to be determined.

coeffcients of the same powers of p, obtain

)
Substituting (9) into (8) arranging the

L(ui 1) + L(vi) + Ni(uip, 420, -+ s umo) — fi = 0, u11(0)=0

L(ua,1) + L(v2) + No(u10,u20, - s umo) — o = 0, up1(0)=0

L(upm,1) + L) + Nip(u1 0, 42,0, sUmo) = fn = 0, 1y, 1(0)=0
L(uip) + Ni(ui,uop, - sum) —fi = 0, u12(0)=0
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L(uzp) + No(uy 1, un 1, 1) — f2

0, u2’2(0) =0

L(um,Z) + Nm(ul,la Ui, -, um,l) - fm

0, upn2(0)=0

etc

Now solve the above systems of equations for the unknowns u; ;(i = 1,2,--- ,m; j=1,2,---,---). Therefore, according
to HPM the n-term approximations for the solutions of (5)-(7) can be expressed as

n—1

(0 = lim (1) = kz(; 1)
n—1

(1) = lim (1) = ) (1)

k=0

P1.4(0)

¢2,n(t)

n—1

(1) = i 4 (6) = 3t 10

k=0

Pimn(1)

3. Application
3.1 Example 1

Consider a Lotka-Volterra model which describe predators-prey interactions (ABBO, B., 2007) :

d—u—au—c w? + cuy
i 2 1

(10)
dv )

— = av - cv- — couy
o7 1 2
with the initial conditions u(0) = ¢; et v(0) = ¢5.

The exact solution of (10) obtained by SBA method is (ABBO, B., 2007) :

(w,v) = (c1e™, c2¢™)

In order to apply the homotopy perturbation method, we construct the following homotopy equations :
d d
(1 —P)[d—I: —au} +p[7l; —au+czu2+cluv} =0

dv
1-p [E —av

We obtain the following homotopy system:

. 2 =0
P dt av + c1v- + cuv| =

du ’
E—au+pczu u—pciuv =0

(11)
d
d_‘t} —av—clv2+czpuv=0

Assume the solution of (10) to be in the form :

u(t)

u0+pu1+p2u2+p3u3+~-~

12)

v(t) = V()+pV1+p2V2+p3V3+-"
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Substituting (12) into (11) and equating the coefficients of like p, we get the following set of differential equations :

d
% —auy =0
P up(0) = c1, vo(0) = ¢ (13)
dVQ 0
— —avy =
dt 0
d
% —auy — ciugvo + czu(z) =0
P u1(0) =0, vi(0)=0 (14)
vy 2 4 0
— — V| — C1V: + gV =
ar 1 1V + C2uUoVo
d
% — auy — crugvy — cruvo + 2coupuy = 0
P . 12(0) = 0, v2(0) =0 (15)
% — avy — 2c1vovy + Ccalgvy + cougvg = 0

Solving the above equations, we obtain

up(t) = cre”
v = ce™
u(t) = 0
vit) = 0

Forn > 1, we have u,(t) = v,(t) =0

Hence the solution of (10) by HPM is given by

u(t)

1im [uo(r) + pur (1) + pPun() + - |
p—
= lim uo(?)

p—1

= up(?)

1R

VO = lim [vo@) + pri() + prua) + - |
= limvo(?)

p—1
= vo()

Therefore
u(t) = cre™ et v(t) = cre™

3.2 Example 2
Consider a LotKa-Volterra model, describing competitors (YARO, R., 2016)

1
% =3 Bu+10v) + 2uv (u+v = (@ + pf)e')
120 (16)
dv

1 —t
o 7(4u—3v)—2uv(2u—5v—(a+,3)€ )

with the initial conditions u(0) = @ = 6 - 10° and v(0) = B = 10° where a = 68
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The exact solution of (16) obtained by SBA method is (YARO, R., (2016) :

(u,v) = (a/ ch(t) + % Ba + 10B) sh(t), B ch(t) + % (4a - 3p) sh(t))

According to HPM, we construct the following homotopy equations :

du 3 du 3 1 .
(l—p)[E—7u]+p[a—714—7(3u+10v)—2uv(u+v—(a+ﬁ)e)}=0

dv 4 dv 4 1 »
(l—p)[E—7v}+p[a—7\1—7(4u—3v)+2uv(2u—5v—(a/+,8)e )]:0

We obtain the homotopy system:

du 3 10
Iy —p—=v=-2 - 1) =
o 4P puv(u+v—(a+pe)=0
17
dv 4 4
— — V= PpD= 2 2 — — 1) =
i p7u+ puvQu—-5v—(a+Be ) =0
Suppose the solution of (16) have the form:
u(t) = up+ pu; + p2u2 + p3u3 + .-
(18)
V() = vo+pvi P+ pius e
Then substituting (18) into (17) and rearanging based on powers of p-terms, we have:
du() 3
0 =0
0 ar 7"
P up(0) = @, vo(0)=p 19)
dV() _ 4 -0
ar 7707
d 3 10
% — 5 + 2ugvo [t + vo + (a + B)e'] — Vo= 0
Pt o ,  O=n0®=0 (20)
iz Sy — -1 4 2y =
” 7v1 + 2ugvo [2up — 5vp — (@ + Be™'] + 7u0 0
duz 3 ; P
o 7142 + 2upvi(a + B)e’ + 2uyvola + B’ — dugvo(uy + vy)
10
—2ugvi(ug + vo) — 7\/1 =0
P 11 (0) = 11(0) = 0
dV2 4 _ _
— ?vz = 2ugvi(a + B)e™" + 2upvo(a + B)e™" — dugvy(Qu; — 5vy)
4
+2ugvi(Quy — Svy) + 7141 =0
2D

The solutions of above equations are as follows:

I/t()(l) = e’
vo(t) = et
i 3
u(t) = —146210'82 + Teo aﬁz — 2le7 a/ﬁz _ 1462’012,8 +2e% a2ﬁ

1 4 44 1
£
——86711“ B 10 p-10e¥
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107

1Be7 ap® Tap? 14ﬁa2ﬁ+49e%a2ﬁ 7B

111
10eT aB® -
erap 2 2 3 6 2

vi(9)

4 3
—4eTa+4de7 a

28¢7 aft 931 e ap? N 497 apt N 147¢* ap* 21 e ap?
33 396 30 220 22
+7e# ap . 56e 0’ 93leF o?B 224063 0B . 5le o?p3
45 33 396 187 2
2373 a’ B 302e'T 2B 196e7T B 98 23
» 11 3 3
4 5 151 121
+233547e6;a B B 140;317 B 35627 B _206%'33
+27e%ﬁ3 . 28¢5 P 22406 P B2 .\ 49 ¢ o3 B . 196 ¢ @ B2
22 33 187 12 39
217 &> o B2 . 98" o’ B2 497 B 98¢ B 49 ¢% o’ B2
165 3 22 3 2
132881e% B2 140e a2 380¢'™ aB?
4420 B 11 7
1407 af?  65te” af®  16301e7 afp? . 35082 .\ 497 o B
3 7 924 4 12
49 ¢ o* B 343e2’a/4ﬁ+ 24567 o*p 497 a4ﬁ+ 1813¢7 o
9 30 9 2 180
21 2 Lo 9 100 5 4 5
+2865cx B 56679a '8—16e¥0/2,8+ 986790’ ﬁ+ 35te37 ap
181e% a?pB NES a’p 28 ad 56eT @3 2867 @ . 56e7 a?
60 4 5 9 5
56e% a3 40te” a
SR
4907 aft 497 @ 1617 aBt 49¢7 apt 133e7 o
T 99 T 6 T 2 ° T 36
+147 apt 3 490 ¢ B3 N 784 ¢ o B 1566 "7 o B
88 99 187 11
497 2 B3 . 49¢7 2B 322 2P , 127031 e’ a? B
11 8 3 1224
+49e—% 2B , 873 B . 175¢7 g . 145¢% 3
8 88 2 6
14067 B2 . 7843 P2 3136e7 o’ B . 53067 o3 B2
3 187 39 33
+1225% B 3226’ .\ 49¢% o’ B2 1051617 o’ B2
33 3 3 2652
+49e‘% o B2 B 21703 82 . 28 ¢*' o B
4 66 55
4t 2 3t 2 I 2
+llel75a/,8 _213171@,8 _1406;@,8 +35cxﬁ2+9 69
3437 ot p .\ 49 % o* B .\ 24017 o* B .\ 49¢ 7 o*B  3430*B
9 3 72 8 12
2t 2 T 3t o
+28e55cx B g0 a2,8+92e¥ W2f- 62675a B 326171a B

_56e‘% o’ B 56e'7 o
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3

up(t) =

+ 14X B+

+14 a B +

W

+40e%a—40e%a

w@) =

o]

+103e7 2B -

e 3
—-100e7 B

358° +
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112¢7 a® 14e7a® 56e7a°

3
5 + 15 5 + 14«

The approximate solution of (16) by HPM is given by:

u() = lim [uo(0) + pur(o) + prus(o)
= uo(?) +us(t) + ux(1)
and
W) =~ 1113} [vo(®) +vur (1) + p*va(0)|

= vo(t) + vi(2) + v (D)

4. Numerical Results and Discussion

For the example 1, we get its exact solution with both methods (HPM and SBA method). For example 2, in oder to verify
the efficiency of the proposed method in comparison with the exact solution, we calculate the values of these solutions for
different values of z.

The differences between HPM solution and exact solution are shown in tables (1),(2) and the figures (1), (2), and (3). We
can see a good agreement between the results of HPM and the SBA method, which confirms the validity of HPM.

Table 1. Example 2: approximate solution of u by SBA and HPM

! Usba Unpm |u‘vba - Mhpm|
0  0.0060x10°  0.0060x10° 0
0.5 0.0349x10° 0.0349x10° 0
1.0 0.0727x10°  0.0727x10° 0
1.5 0.1291x10° 0.1291x10° 0

2.0 0.2184x10° 0.2183%x10° 0.0010x10®
2.5 0.3635x10°  0.3629x10°  0.0060x 108
3.0 0.6014x10° 0.5981x10° 0.0330x10°®
3.5 0.9927x10° 0.9791x10° 0.1360x10°
4.0 1.6375x10° 1.5902x10° 0.4730x10%
45 27002x10° 2.5573x10°  1.4290%x108
5.0 4.4522x10° 4.0639x10° 3.8830x10°

Table 2. Example 2: approximate solution of v by SBA and HPM

1 Vsba Vhpm |Vsba - vhpml
0  0.0360x10° 0.0360x10° 0
0.5 0.0343x10° 0.0343x10° 0
1.0 0.0414x10° 0.0414x10° 0
0
0

1.5 0.0591x10° 0.0591x10°

2.0 0.0919x10° 0.0919x10°

2.5 0.1482x10° 0.1482x10° 0

3.0 0.2422x10° 0.2423x10° 0.0100x107
3.5 0.3981x10° 0.3980x10° 0.0100x107
4.0 0.6556x10° 0.6539x10° 0.1700x107
45 1.0805x10° 1.0712x10° 0.9300x107
50 1.7811x10° .7450x10° 3.6100x107
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(a) SBA solution (b) HPM solution

Figure 1. Example2 : Comparison of HPM and SBA method solution

(@ u (b) v

Figure 2. Example2 : Comparison of HPM and SBA method solution

(@) u (b) v

Figure 3. Example2 : Comparison of HPM and SBA method solution
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5. Conclusion

In this paper, the homotopy perturbation method was used for finding exact or approximate solutions of Lotka-Volterra
models. Through the examples studied, we have shown that we obtain practically the same solutions with HPM and the
SBA method.
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